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Utnhhui)ununt.]U]UlU ]Uhtluib. huiut.nuim1lht 1; U.I>. UtJl]uuib.Juib.p uib.quib. Uqqui]pb. 
qpmuiquib. iuipnp.uit.nnp.pui1mu: 
q.p.t.nuiquih 11. hquiquip.' 

'llmzmnb.mqwb. J!'i111IJ:ptfui]unub.hp' 

Unw2Ulmwp qmqumq hpUJ.mJ_a]nth' 

:bP,qtluiJU. qpm. J.Uhquuibm 
l,.U. q.bnp.qiutb. (UUq.I,) 
:bpqUUIJU. q]lt.n. l}D.qt.nnp., UJ.p.n!phunp., 
u q.uu JU11.J.U· uiuq. 
q.,s. lipJmJmwb. (b'll.2:) 
:b]lqtlut)!l". q]lt.n. l}D.qtnnp 
'1.fi. liutp.ut]uuiu JUlb. (UUq.l.) 
:f>]iq]iq111quib. hlnnuiqnlllntpJnthhb.p]i 
P,b.ut.npt.nmt.n, Uzmwptuq 

'lluizt.nUJ.utb.mptJmhJ! qut]uthuttm 1; 20l4J:il". UlUJ.PPlP 1-pb duufl! 14;00-pb U.I>. 
Ulli]uutb.]uibp wbquib Uqqui]pb q]lmwquib iwpnp.wt.nnpput]mtl .qn:pbnl:t fl!U.-]l 
«U]l2mqp h t.nwpp.wquib uwub.pqblipp :J?pqJiqut» 024 uuiubuiqpt.nUlquib J:unphp.q]l 
up.umnuf (375036, bp.bwb,Ulli]umb.Jutb J:uu!wJpblip. 2): 
Utnhhw)ununt)!l"JUlb.p qmplilli 1; btubn]Uwbwt UUq.I,-p. qp.uiquipmbnu:f~ 
Uhqumqppg ummpquib 1; 2014ia. uwp.mp 1-P,u: 

Uuiubuiqpmmqwb Junphpqp qpui. pmp.t.nn1-11.WP 

:bpqtlw)!l". q]lm. J}D.qt.nnp. 8., ti"J<?...W4' I:. '1. '!1JlCl.1Dcr.JUlb 

TeMa ,n;HccepTanHH yniep>IqJ;eHa B ~HOHaJIDHoi!: aayq:Holi .na.6opaTop;(l(H mleHH A.H. 
A;rnxawraa. 

Hayqm,1ii pyicoBOinrrem.: 

O<liHUHam.m1e OIIIIOHeHTLI: 

Beizymwi opraHH3anIDI: 

KaH.!nmaT l}lB3HKO-MaTeMaTH'IecKIJX ·HaYK 
f'esopnrn JI.A. (HHJIA) 
)l;oKTop <timmco-MaTeMaTH'Iecm B:lL}'E, 
npol}leccop, HAH PA lfJI.•Kop. 
KpIOlfKSIH f'.10. (EfY) 
)l;oKTop <timmco-MaTeMaTII11ecKHX HayK, 

Kapaxarum )l;.P. 
JIIHCTHT)'T 4'H3H'IeCKHX HCCJie.l(OBiumif, AIIrrapax 

3au~HTa .l(HCCepTallHH COCTOHTCH 1-ro anpeJIH, 2014 ro.l(a B 14.00 qacoB Ha 3ac~H 
cnenHaJIH3HposaHHoro coseTa BAK 024 "<l>u3mca H.l(pa H 3JieMHTapHLIX lfacTHU" 
.l(eiicTByromero npu HHJIA (375036, r. Epesaa, yJI Ep.A.!rnxaHHH 2). 
c .l(HCCepTallHeii MO)l(HO 03Ha.KOMHTLCH B 6H6JIHOTeKe HHJIA. 
A1nope<tiepaT pa3oCJiaH 1-ro Mapm 2014 r. 

Yt.J:em.iit ceKpempi. cnel.\.COBeTa, .l(.<ti.M.H. 8. c;i"_rq;v.;. 3. )];. f'a3a3HH 

UCiuUSU'lA2I> CVll;Ul,,fi:P..r fl\.n:f'-.Lit'Uq.f>.rC 

UmhuwlJ.inumia-iwu wp.nhw!J.wumia-1mun 

-!?qtubt.ntujp.'U pu:pnp.uuigp.nu mh]uun1nq]lwuhp.]1 uzmqmug hmu:q]lum'Umu 1; 

hp.p.np.I} huiquip.uiu1wq]l qmp.lmp.wqmJ'il ]uuri]lp.'Uhp.]lg uhq]!: .Pwqm:qp.Jtut 
ptltu'UtnUlJP.'U huiuwqwp.qhp.'U muwq hh qw1llwp.h1 U1U1p.php. ptlmh1.11w1]1u 
UJ.p.nghu'Uhp., 'Uhp.mnJWl ptlw'ilmui]ph qw:q_Ul'Utuqp.nt)U]ntb., qhp.}u.P,Ul 1.J.nriwtlnp.nt.t.f, 
qw1.11wp.1w1 iah1hUJ.np.1.11 h ptlwb.UltuJlih hwuwqwp.qp~b.hp.p l;puui.nhhugp.wl 
mp.wqwgmu: U]U uzw'Uwtlnp. b.p.hnt]]U'Uhp.g hw'ilI}p.uwgb.1 b.u h]ltfp mp.I}]l ptlmhmm]p.b. 
]iu:pnp.uwgpmJP. 1llhump1wh hwtfwp.: 

-!?tlw'U1.11w1pu ]lh:J?np.uwgpmJ]l 1.11humJU1mhmtI h]luhwqwb. nb.ump.u 1; 

hwuri:ti.uwhmtf ptlw'U1.11w1pu ]u6:6:tlwhm]U]nthg: U]b. ptlwh1llm]p'U qnnb.UiwgP.tuJP. 
Ulhuwq 1;, np.ntl qwp.n:q 1; odt.ntlwh Uihb.1 qwtftuJUll.J.wb. hhnmtlnp.nt]UJWU tlp.w qmhtln:q 
uwuup.quhp.P, qmiqg, P,h~UJ.b.U hwb hwuwqwp.qg: .!?tltuh1llm]p.b. ]u6:6:tltu&nt]U]nt'Ug 
~wip.wqwug qwp.hnp. rib.p. mup. chuuwuwqwl.J.p.g qp1I1IllJilJlllh h UlUJ.tuqw 
1llh}u'im1nqpwhhp.p hwuwp.: 

-!?tlw'U1.11w1pu p.u:pnp.uwg]lnh uuip.pwtlnp.muhhp.p qwnmgtfw'U qI]uwtlnp. 
]un~gb.I}n1ll'il wiu 1;, np. ~qui pmquwuwuup.qwi]lu ]u6:6:tlw&mJUJWb. mb.umJUJmh, J.Ub.h 
b.p.quwuhp.qw1]1h ]u6:6:tlm&mJUJillUJ:! pwguimp.tlw& 1; pwtlwp.wp. ~w$ntl= U]:q puq 
uiw1llawnntl wnw2hwhb.p.JU ]uh:q]lp. 1; hwh:qp.uuihmu uwhtfwhh1 h pwgmhWJUl 
hwztlht pwqtfuitfwuup.qw1]1h ]u6:6:tlm&mp1mh Ulmp.pb.p. ~m$b.p.: U1u ]ub.:qp.p.u 1; 
'iltl]lp.tlw& 1I11lJw1 wmb.'ilw]ununt)U]nt'ilg: 

.Pwquwtfmuup.qw1P.'il ]u6:6:tlwhm]U]nt'ilg pwhuiqwui hu phmpmqp.b.1m 
hwtfwp. tlhp.2P.h Uluiu'ilwuiwqmtI wnw2mp.qtlh1 b.h JuMtlwhmJUJW'ii mwp.pb.p. ~wip.hp., 
np.nhgp.g b.h J.Um'ilqw (tangle), ttIP.rimP. JUMT!· q.p.ntlhp.Jmh ~wip.g, hp.qp.m~wip.wqw'il 
~wip.g h hwp.wphp.wqwh l;hmp.nutJluiu: Uwqm]h WJIJ: ~w$hp.p. hwtfwp. w'ilwiP-mP.q 
pwhwA.hb.p. u1llwuw1g qwuitlw& 1; tfb.& pwp.:qmpimuhhp.p. hb.m, pwup. np. WJI} ~mip.b.p.p. 
uwhtfmumtfg uiwp.mhwqmtI 1; OUJ.Ulp.up.qmgp.w gum 11tlwhmw1P.u wiqnp.P.J.Utfhb.p.p. 
qwtI tl]l6:wqhhp.p., p.u~b. p.p. hhp.pp.h hwhqmtf 1; n~ qb-tuJP.b. hwtlwuwp.nttf'ilb.p.p. 
hwtfwqmp.qp.: i.hmhwpmp. w'ilhp.wdhzm 1; tizwq ht b.np. tfhpnriuhp., np.nhg z'ilnp.hP.tl 
qwp.b.tli 1; im&b.t WJI} n~ qhw1P.u hwtfwl.J.wp.qhp.h m ]u6:6:tlwb-mJUJWh hwtfwp. U1llmhw1 
m'iltutJl1I1P,q pwb.wA.hhp., p.u~g h hp.qp.w~wip.wqwh ~wip.p. hwtfwp. mp.tlwa 1; UlJU 
lUUlb.uw]ununt.JUJDL'il.mtI: 
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'lllll2muilllumrolllu uhPAlllJlllQtJnn lllmhulll];µnumia:Jlllu h];!,tfulllijlllu !U1nLJJi1:1.ihp.J1 

• UIJ.tJ.lllh ]umnLFJlllU tflllmp.pguhp.p (reduced density matrix) tl_p.w 
hptfUtJ.lllh unp. Uhrunaji u2wqmtf plllqtfwtfllluupq ]uO:O:tJ.lllhnLFJlllU 
hlll2tJ.lllp.qp hllltflllp.: 

• Cuqhlllump. W h GHZ qwuph uilllmqlllhnq hnllltfwuupq ptj_lll'ilmw3ph 
qpO:wquhp.p ]uO:O:tJ.whmiuiwu wtft]l.mp tJ.hp.1mhmru3mb.: 

• ,(ltj_wumw1ph qpO:wquhp.u gum ]uO:O:tJ.whmiuiwu qwuwqwp.qt1m hnp. 
uqqJ!mup, hwtfwC..w3h np.p qn1miuimu mutu uwumpq ]uO:atJ.wh 
qpO:mquhp., ruhruhmqp ]uO:lltJ.wh qpO:mquhp. b. hp.qmqp qpO:wquhp., 
np.nb.p qmutJ.mtf tu FnLJl b. uwumpq ]uMqwh mpp.mwutp.p 
uwhtfmb.p.U: 

• '1mw1miu1wu b. ]uO:O:tJ.whntFJWU tfp2h t]l.n]ulJ.wuiwqgtJ.whmiuimu 
pwgwhw3mmtf, np.p 2hnp.hpq qmp.hJli l; hhmwqnmt1 qmtfm3wqwu 
iutJ.ml tfmuup.quhp. uimp.m_uwqnq hmtfmqmp.qtp.p. ]ulllltJ.whmiuJmug: 

• fl1upqhp.uw1miu3mu uqqpmup, hwtfwC..w3u np.p. Uhh hmtfwqwp.qb.p.p 
]uaO:tJ.whmiuJm'ilg qm]utJ.wh 21: hwtfmqmp.qp tfpqp.nuiwp.mtfhmp.hp.p.g b. 
np.n2tJ.mtf l; up.w3u t]l.npp.wqm3u .P1n]up tJ.b.qmnp.ntJ.: 

• ~up.qmp. tJ.hp.t_n1hmiu3mh h pu3hlJ.mP.tJ. iuhuqnp.wl.J.wu 2wtJ1.P. 
tJ.hp.1m®tFJlllU hmtfmp.cJ-hpmru3mb. uqqJ!mup, np.p 2hnp.hp.tJ. hump.mtJ.np. 
l; gb.qhwup.mguh1 ~tfP.11mP. tJ.hp.1mhmru3mug b.nwtfwub.p.q 
hwtfwqmp.qhp.p. hwtfwp.: 

U2];µwmlllup);!, ub.p.lJ.mJWQillU]1 

Umthm]unumiuiwu hp.uumqwu mp.111muputp.g pwqup.gu puuwp.qtJ.h1 tu 
uuq.1-p. mtuwqmb. pmdumtf h qhl.J.mgtJ.h1 uuq.1-p. ub.up.b.mp.utp.mtl: 

Sw.mqp.mromu 'ii tµ 

Umhum]unumru3mu iuhtflllJntJ. muiwqp.tJ.t1 l; 7 qpmmqwb. w2Juwmmiu3mh, 
np.nug gmgwqg mp.tJ.wh l; ub.qtfmqp.p. tJ.hp.2mtl: 

Umhum];µnumromu lJ.wnmgt]whpu 

Umhuw]unumiu1mug pwq 1.J.wgwh l; uhp.mhmru1mup.g, tJ.b.g q1m]uutp.p.g, 
wtft]l.nt]l.mupg h 103 hqmtluhp.p. gmuqp.g: Umhhm]unumruiwu guqhwump. hllltJ.WlQ 
qwqtfmtf l; 111 1:2, wiu uimp.muwqmtl l; 10 uiwmqhp. h 1 wrumumq: 

I 

Umb.bm}ununtpJmh pnqmb.qmqntp]nth]! 

Unm2}1.h qt.J:unuf qp.mwp.qtJ.b.1 l; hnmpJmpP.J.U tfw.pmp. qp6:w.1.J.uhp.p. 
]ullO:tJ.whmJ.UJUlU tp.qp.m2wt]l.w.qmu 2wt]1.g, np.g qwuw1w.qwu qp.amqp. hwtfwp. 
uwhtfmutJ.mtf l; np.uihu 

Eg(tV) = -lnA~ax(tjJ), 

np.mhq tjJ -u qpawqp. 1UJlipw3p.u :pmuqgpwb. l;, p.uq Amax-g tfwpup.uw1 w.p.mwqp.Jl.lll 
hlllhlJ.miruu l; h umhtfwutJ.mtf l; np.ui hu 

AmaxCtV) = max l(tjJlq1qz"'qn)l,lqd = 1, 
qvqz···qn 

np.mb.q Ulllpuptlp.qlllgp.w l; qlllmlllp.tJ.nuf gum pn1np. wp.mwqp.Jllll qpO:lllqub.p.p: 
U1u tflllpup.umtlp. hw2tJ.1Up.lJ.g hwuqhgumtf l; n2 qhw1P.u hwtJ.wulllp.mtfUtp.p. 

hllltfwqlllp.qp, np.p gu11hmump. lnthmtfg qmuh1m hwtflllp. UhJ.Unquhp. tf21lllJ.tJ.lllh 2tu: 
bnlllpJmppJ.U qpawqub.p.p. 11tuipmtf lllJIJ: n2 qhlll]pli hwtJ.lllulllp.mtfUhp.g lmhh1m 
hllltflllp. tf21UlJ.tJ.h1 h qpp.lllntJ.b.11: hhmh1m1 tltrun11g: 

Uh].Unqg hptfutJ.mh l; tfp ruhnp.b.tfp tl_p.lll, hllltflllC..lllJU np.p !J.llltllllJllll.J.wu 
ptJ.lllumlllJpu n-tfmuup.qwup tfmpmp. qpalll!J.P. ]u6:0:tJ.whmJ.UJmug tfpwp.dhpnp.b.u 
np.n21Jmtf l; (n-1)-tfwuup.qwup. b.uJ.Uwhwtfmqmp.qp uqtJ.mb jumnLJ.UJUlU tflllmp.p.gntJ.: 
L.hmhlllpmp. tnmtflUuup.q tJ.palll!J.P ]uO:atJ.lllhnt]UJnLUg qwp.b.Jli l; wp.mwhw1mt1 
b.p.qtfwuup.q qpawqp. ]ummruiwu tfwmpp.gntJ.: U1mu qnqtfp.g hp.qtfwuupqwup. 
qpawqb.hp.p tfwpup.tlp.qwgp.wu hwhqnuf l; qhlllJP.h hwtJ.wuwp.mtfUb.p.p., np.nhp 
lmbtJ.mtf b.h qhlllJpu hlllup.wh1U2tJ.P tfhJ.Unqub.p.ntJ.: 

Uhrunqg hqnp. l; h J.UillJl l; mwJliu hw.2tJ.h1 hnwtlllluup.q qpamqhhp.p 
]uaatJ.lllbmJ.UJnLhg: Unlll2ph hhp.J.UP.u 11P.mwp.qtJ.h1 l; 1.J.wtlw3wqlllu W qwup.b. 
llllllmqwhnq ptJ.1Uumw1P.u qpamqhb.p., np.nhp qwp.tl]:i l; uhp.1.J.lllJWght1 np.uihu 

IW) = allOO) + bl010) + clOOl), a 2 + b 2 + c2 = 1 

np.hl; up. p1Uqpunuf, np.mb.q a, b, c qnp.bwqpghtp.g tJ.hp.gtJ.lllh th qp.lllqmh, pwb.p np. 
'ilp.lllhg t]l.nqhp.p.g ]uaatJ.lllbmJ.UJmlig qllljutJ.wb 21:: U3u qpawqub.p.p 11tuipmtf 

Amax-P. hllltfwp. umwgtJ.h1 l; htmhJllllPl.llul.llC..hg 

A2 _ {4R2
, max(a2

, b2
, c2

) < 0.5 
max - max(a2, b2, c2), max(a2, b2 , c2 ) ~ 0.5 
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np.uib.q R-g a, b, c qnqtlb.pm.J. b.nwb.l]Jw'ilu wp.uimqbwb 2p.2m'ilmqb]1. zwnml]J1q'il l::: 
bp.qp.np.:q hb.p.Jil"J:i.u :qp.uiwp.qi.J.b.1 b.u l]J1.:S:wqub.p., np.nup up.ub.uip.p.q b.u gum 

mnm2J.l.u h b.p.qp.np.:q tfwuuJ:i.qub.pp. m lj_wpnq h'il 'ilb.pl.J.w1mgtJh1 np.UJ.hu 

llJl} =k1 IOOq1 } + k2IOOq2}, 

np.uib.q q1 -g h q 2-g qu11Iw1wqw'il tf}J.wtfwuup.q l]J1.:S:wquhp b.u: U]UUJ.J.l.up. tfmu'ilmqp. 
u]1.tlb.uip]1.w1ni.J. ochni.J.wb pi.J.wuuim3p.u l]J1.:S:mqub.pp. ]uMtJ.mbm]il"JUl.U hmtfmp uuiwgtJ.h1 
l:: hb.uihJUl.l pmumO.hg 

A~ax = max(k~,kD: 

U]u ql}umtf uuimgtJ.mb mp.IJ:Jmupub.pg UlUJ.U1.qp.tJ.mb b.u [l] hn:qi.J.mbmtf: 

bJltiPn.Pll ql}unuf :qp.uiwpqi.J.mb b.u ptJ.mummJJ:l.'il l]J16:mqub.p, npnup qmpb.Jll l:: 
uhpqw1mgub.1 np.UJ.b.u ~npu mpmm:qp1m1 l]J16:wqutpp. umUJ.b.p.UJ.nqjJ.gp.w, m1u l:: 

IW} = allOO} + bl010} + cl001} + ql111}, 

a2 + b2 + c2 + q2 = 1, 

np.mb.IJ. :q]l.mmpqlj_mtf l:: a, b, C, q qnpbmq}J.gub.p.}J. :qpmqmu I}hUJ.pg, pmu}J. np. up.mug 
i.p.nqhpg qmp.hl]l l:: ub.ptunb.1 pmqjJ.um1J.l.u tJ.hqmnpuhpjJ. tfb.2: 

U1u :qb.UJ.pmtf pm'il ]u'il:q}J.pu l:: ]ull:ll:tJ.mbmjil"JWU q.p.ntJ_hp]UlU ~tui.p.u 

mp.mmhm1mh1 ln4.m1 p.utJ.tupjJ.mum tfhbnqa1muub.pp. tf}J.2ngni.J.: "Lzhup np 
1mp.mpmu~mp hntup3mp}J.Jil" tfwpmp l]J16:tuq mup. hjJ.uq UJ.nlJ:l.'b.ntf}J.w1 ln4.tul 
]1.umtJ_wpjJ.mum tfhbnt]il"Jnt'b.uhp, npn'b.p tuui.p.ni.p.n]u hu ln4.w1 mup.mmp (local unitary) 
O.hmi.p.n]unt]il"Jntuub.p.p. chntfwumq: Utuqm3u 11J.l.mwp.qtJ.nIJ. l]J1.:S:wquhpu muhu ~npu 
lnlJ.m1 p.umi.J.mp.]1.mum tfhbmJ.il'Jmhub.p, J1, J2, J3, J4, h hjJ.tfUmqmh ]uu:qp.ph l:: 
q.p.ni.J.b.p.Jmh ~mi.p.g (Pm.ax) qwUJ.hl WJU J:i.utJ_mpjJ.whm'b.b.p.p. hhm: U3u lJ.mUJ.P. 
tuntul.J.b.]_D.1-Jil"Jnlllg qWJWUnttf l:: UpUl.Uill.U, np pU1.Utu0.hmtf gh:qqp.qtj_mb 
tfhbnL]il"]nt'ilhhp.g lnJitul mh}J.mwp jJ.utJ.wpJ:i.tuhm hh h mump. qw]utJ.wb ~hh ptuajiup. 
ghuipill]il"]Illh]l.g: 

Umwgi.J.wb tupIJ:]mhpuhp.g wtfi.p.ni.p. mhupni.J. uhpqm]tugi.J.wb hu umnp.h 
hhpqw3wgi.J.wb WIJ.]ntutuqmtf 

8 

'l111u 'll.1111u111b Pmax 

'lum I Ji=O 1 

'}um II Ul Ji=O pmgp. J, (1+J1-4Ji)/2 
Ji=O pmgp. Jz (1+,/1-4h)/2 
Ji=O pmgp. J3 (1+J1-4h)/2 

p Ji=O pmgp. J4 (1+J1-4J4)/2 
'lmu III Ul a-q-0 ( 1+v'1-4(Ji+Jz)+ )14 

v'l - 401 + h) + v'l - 4(h + h) 
hyah a2 ;?: b2 + c2 

4v'hhh I C4Ch + h + h) - 1) 
hya-h a2 :5 b2 + c2 

p a=b=O (1 + .jl - 4(h + J4))/2 
a=c=O (1 + .Jl - 4(h + J4))/2 
b=c-0 (1 + J1 - 4(h + }4))/2 

q.p.ni.J.hp.]tuu ~wi.p.p. tJ_wppg gmgtu11pi.J.wb l:: umnp.h mhqtu11pi.J.tub 
UJ.UlUll.J.b.p.mtf, np.uihq hhpqm]mgi.J.wb l:: Pmax tlb.bntjil"JtllU qw]umtfg a h b 
UJ.tupwtfhmp.hp.}J.g: 

UJU ql}umtf umwgi.J.mb mpIJ:Jmhphb.p.g m111wqp.i.J.mb hh [2] hn:qi.J.wbmtf: 
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bp.J.lD.J.11} qtiunuf qpqph :qpi.nwpqtJ.mb hh ptJ.mhi.nmJ]lh tUiO:mqhhp, npnhp 
qmph1Ji t hhpqmimguh.1 npUJ.hu 2npu mpi.nm:qp]ml tl]lO:mqhhp]l umUJ.h.J.lUJ.nq]lg]lw, 
UlJ'U t 

IW) = al100) + bl010) + cl001) + dl111), 
a2 + b2 + c2 + d2 = 1, 

pmJ9 Ul]U :qh.UJ.pmtf luh:q]lp t :qptJ.mb hm2tJ.h1 :tuO:O:tJ.mbmiuimu hpqpm2wtp.wqwh 2mtp.g 
lt UJ.lUl hmtfmp ui.nmuw1 pmgmhm]tn UljltnUlhUl]tnnttu]nt'U: 

BmJ9 1; i.nptJ.mb, np tfmpu]ltfm1 UlJ.lIDUlI}:J.lJUll bmbqmJtut! uptfhi.nppq 
:t>muqg]lm 1; gui.n a, b, c, d qnpbmq]lghhp]l, ]lh2g qqm1Jinphh hh2i.nmgph11; :tuu:q]lpg: 
i.m2tJ.h1m hmtfmp oqi.nmqnpbtJ.h1 1; mnm2]1u ql]umtf UJ.UIJ.lqmpmhtJ.wb u:qtJ.mb 
:tui.nmiuimu tfmi.np]lghhp]l tfhian:qg: 

npi.nh:q 

Up:qJm'Upmtf ui.nmgtJ.h.1 t hhtnlt]Ull pmhmo.hg 

A~ax = {4R~, 
12 , 

12 :::; 1/2 + abcd/12 

12 ~ 1/2 + abcd/12 
' 

12 = max(a2, b2 , c2 , d2 ) : 

U]u pmhmA.ltmtf R,q -h a, b, c, d lj_n:qtfhpntJ. mnmgpq pwnmhlj_]mhh mpi.nwqbmb 

2J.12mumqb]l 2mnwil.p.:qu 1;: 'L2hup np a, b, c, d lj_n:qtfhpntJ. lj_mph.1Ji 1; lj_mnmgh1 
i.nmpph.J.1 pwnmulumuhhp, umlj_mJ'U g]llj_1Jiq pmnmhq]mhg, np]lh lj_wph1Ji 1; 
mpi.nmqbh.1 2J.12Whmqpb tf]lmlj_h f 2hm2tJ.mb lj_n:qtfhp]l hhpiamlJ.mhnttuJUIU 
tp.ntp.n:tumiaimug: U]UUJ.puntJ., mpi.nmqb]Ull 2p2muwqb]1 2mnmtjp.:qg, htuh Ul]'U 
qn]ntta]mh mh]l, tf]lmqh 1;: U]'U :qh.UJ.Pmtf, hpp a, b, c, d lj_n:qtfhpg pmnwhlj_]mh 2hu 
lj_mpn:q qmqtfh.1 lj_wtf mpi.nmqb]Wl 2p2mumqb]l lj_hhi.npnhg qi.nhtJ.mtf 1; pmnmhq]nt'U]lg 
:qmpu, UlllJ.Ul 0:]12i.n 1; hpqpnp:q :qh.UJ.pg, wiu]lhpu' tfwpuptfm1 UlJ.lIDU11lJ.lJUll bmblj_mJiug 
UJ.UIJ.lqmUJ.h.U tfhbwqm]h qnpbmlj_]lgh 1;: trmi.nmphhp ltu tfhq UJ.UIJ.lqmpmhmtf. hpp 
tJ.hpnu2iw1 UJ.UlJtfmhhhpmtf qptJ.mb mhhmtJ.mumJ.lD.ttfhhpg :qmnhmtf hh 
hwtJ.mumpmtf, UlllJ.Ul tJ.hp]lh lt ui.nnpph wpdhphhph hmtfghlj_hmtf hh: 

Uju pmhmA.lt]lg mlj_hhm]tn 1; :qmnhmtf, np lJ.m:tutJ.wb $0:mlj_]l 
UJ.UlJ.lUltfh.i.nph]l]lg tfmpuptfm1 UlJ.lIDWI}:J.l]Ull bwbqmJtat! nthp i.nmpphp 
UljlIDWhW]IDlllFJlllUUh.J.1, npnhp I}:UlUUllJ.WJ.lqtJ.ht hu hhtnlt]UlL lJ.hJ.lUJ.: 

U]h $0:mlj_hhpg, njlllhg hwtfmp tfmpuptfwt UlJ.lIDUlI}:J.lJIDl bmblj_mJtut! 

i.nptJ.mb 1; mpi.nmqb]Wl2J.12Ulhwqb]l 2mnwtJ.:qntJ., mhtJ.whtJ.hl hh uwui.n]llj_ :tuO:O:tJ.mb 

IO 

$0:mqhhp (highly entangled states): U]h $0:mqhhpg, npnhg hmtfmp tfwpu]ltfm1 
UlJ.lIDUlI}J.l]Wl bmbqnqiag hwtJ.mump t mtfhhwtfhb qnpbmqg]lh, whtJ.whtJ.h.1 hh 
iahiultmqp :tuO:O:tJ.mb $0:mqhhp (slightly entangled states): fluq Ul]U tl]lO:mqhhp.g, npnhg 
hmtfmp wpi.nmqb]m1 2J.12muwqb]1 i.npwtfmqpbh m mtfhhwtfhb qnpbwq]lgg 
hwtfghqhnttf hh, whtJ.whtJ.h1 hh hpqmq]l tUiO:mqhhp (shared quantum states): 
UiuuiiiuntJ., hpqmq]l $0:mqhhpg qi.nhtJ.mtf hh uwui.npq lt tahiultwq]l :tuO:O:tJ.wb 
i.nppmJtuhhph pwchuhn:q tfmqhpltmiiu]1u, npg i.nptJ.mtf t 

2 
1 abed 

1 =-+--
2 12 

pmhmA.ltntJ.: U]u tjp.O:wqhhpg ]ntjlmhmi.nmq hh lt qmpn:q hh hmtfmptJ.h.1 ]1h2UJ.h.U 
umui.n]lq Ul]UUJ.hU J;i iuhialtmq]l :tuO:O:tJ.mb: i.ui.nmq UlUJ.UlgmgtJ.h.11; hhtnlt]Ull iuhnphtfg. 
npUJ. huqjl ptJ.mhtnm]]lh $0:wqg bmnm]]l npUJ. hu ptJ.mhtnm]]lh qmUJ.nt:qJ.1 (quantum 
channel) qwtnUljl]Ull iuh1h.UJ.npi.n]1 lt qhp:tupi.n qn:qmtJ.nptfmh hmtfmp whhpmcth.2i.n 1; lt 
pmtJ.mpmp, np Ul]U 1Jih]l hpqmqp lt 

1 
A~ax =z: 

trmp.ltnp 1; h2h1_, np hpqmq]l $0:mlj_hhp]1 tfmpuptfw1 UlJ.lIDUlI}:J.l]Ull 
bmbqmiia]l pmnmlj_mu]lh tp.ntp.n:tutJ.mtf t (1/2 - 417) tf]12mqm]pmtf: <l>mui.nnphh, Ul]U 
tf]12mqm]p]l A.m:tu lj_n:qtfmtf qi.nhtJ.n:q tl]lO:mlj_hhpg UJ.Ultnmu:tumhmi.nm hu lj_mi.nmpJUll 
tuh1h.UJ.npi.n]1 hmtfmp., pulj_ iah ]1h2 :qhp mhhh m2 qn:qtfmtf qi.nhtJ.n:q $0:mlj_hhpg :qhnltu 
UJ.UIJ.lqtJ.wb 21;: 

U]u ql]umtf ui.nmgtJ.wb IDJ.11lJm'Uphhpg IDUJ.mqptJ.mb hh [3] hn:qtJ.mbmtf: 

~J.lJ.lD.J.11} qtlunttf :q]li.nwplj_tJ.h1 hh gh:qhwhntp n-mmp]liamu]l W :qmu]lh 
UJ.Ultnlj_whn:q tUiO:wlj_hhp: Iuh:q]lp 1; :qptJ.h1 mhm1Jii.n]llj_ h:qmhwlj_ntJ. hm2tJ.h1 W]U 
tUiO:mlj_hhpp ptJ.mhtnm]]lh :tuO:O:tJ.mbmiaimu hplj_pm2wtp.mlj_wu 2mtp.g: 

Cui.n umhtfmhmh W tl]lO:wlj_hhpg npltl; pwqjlumtf lj_mph1Ji t hhplJ.mimghht 

IWn) = C1!100 ··· O) + Czj010 ··· O) + ··· + Cn!OO ··· 01) 

i.nhupntJ.: Unmhg gh:qhmhpmiuJm'Ug :tum:tui.nhtm q]li.nmplj_tJ.mb 1; tf]1wiu Ul]U :qh.UJ.pg, 
hpp qnpbmlj_]lghhpg :qpmlj_mh hh lt :qmuwtJ.nptJ.mb hh mO:tfwh lj_mpqntJ.: 

Up.tnUlI}jl]WL bmblj_ntJFP mnmtJ.hpuqnt]h wpdhpg qi.nhhtm hmtfmp. UJ.htnp 1; 
lntbh.1 tfwpu]ltfmtfg npn2n:q n2 qbm]]lh hmtJ.ummpmtfhhpp hwtfwlj_mp.qg, np]l 
tmbtfwh tfhiun:qhhp hm]tnh]l 2hu: iltui.n]l mnm2 1; pm2tJ.ht tf]l hnp quui.wtp.wp' 
tp.n:tutf]1wpdhp hmtfWUJ.Wtnmu:tumhnttu]nth lj_mnmght lntbmtfhhp.]1 lt Wn tl]lll:mlj_hhp]l 
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tIP.21.J.: U3u hqwb.wqp. wnwtl_htnt)Cl]ntb.J! qw3wb.mtf !:; b.pwb.mtf, np WJb. JillllJl !:; tnwl.]lu 
qtnb.ht Wn qp.O:wqb.hpp. tuO:O:qwbnt)ilJlllUJ! wnwb.g tuO:O:qwbnt)ilJWU 
hwqwuwpmtfb.hp.J! tmbhtm: 

flpwqwb.nttf wb.hb.wp !:; qwnmght wb.tIP.2wqwb. tP.ntutIP.wpdhp 

hwtfwuiwmwutuwb.nt)il]ntb. Wn b b.pwb.g wtfhb.wtfntn wptnUl.IJ:p.JWl qp.O:wqb.hpp. 

tIP.2h: UJIJ: uiwmO:wnnq qwnmgtl_ht hb. hpqm pp.hqgp.wb.hp. wnw2P.b. pp.hqgp.wb. 

tP.ntutIP.wpdhp hwtfwuiwmwutuwb.nt)il]ntb. I:; n-p3mpp.Jilwb.p. W qp.O:wqb.hpp. b n­

~w$wb.p. tqql.]lqhu3wb. qhqtnnpb.hpp. tIP.21.J., p.uq hpqpnPIJ: pp.hqgp.wb. tP.ntutIP.wpdhp 

hwtfwuiwmwutuwb.nt)il]ntb. !:; n-~w$wb.p. tqql.]lqhu3wb. qhqtnnpb.hpp. b n­

p]mpp.Jilwb.p. wptnwqp.JWl qp.O:wqb.hpp. tIP.21.J.: UpIJ:]ntb.pmtf utnwgqmtf !:; qpqb.wqp. 

pp.hqgp.w, qwtf qn1w1mJ.ilJillb., hhtnhJWl tnhupnq 

IWn} +-+ X +-+ lu1}®lu2}® ··· ®lun} : 

U3u IJ:Il.lWllllJ.ilJWU qlluwtl_np wnwtlhlnt)ClJlllUJ! qw3wb.n1tf I:; hhtnh3w1nuf. 
h)ilh hw3mb.p. !:; WJU qhqtnnpb.hpp.g ]ilhqmq tfhqJ!, wuiw tf3mu hpqmuJ! qtnb.qmtf hb. 
wb.tIP.2wui hu: 

UpIJ:Jmb.pmtf tuO:O:qwbnt)ilJillUJ! qwtuqwb I:; r tfhbnt)il]ntb.p.g, np.J! 
uwhtfwb.qmtf !:; 

1 sin 201 sin 202 sin20n 
= ... =-----

r C1 C2 Cn 

hwqwuwpnt]<lJntb.nq, nptnhq Si (i = 1,2, ... ,n) wb.4.Jntb.J! i-pq wptnwqpp.~ pJmpP.JilP. 
P1ntuP. qhqmnpp. phhnw3p.b. wb.4.Jmb.b. !:;: flpwqwb.mtf r tfhbnt)ilJillUJ! qwtuqwb !:; 
tip.w3b. c1 qnpbwqp.gb.hpp.g b hwb.qp.uwb.mtf !:; hhtnbJWl hwqwuwp_tfwb. tntbnttfJ! 

R ~R Cn-1 Cn 
f+ = + ... + 1 - --± 1 - - = n - 2 : - r2 r2 

f± :pmb.qgp.wb.hpp. i.J.wppJ! gmgwqpqwb !:; utnnpb tnhqUl.IJ:pi.J.wb 
uiwmqhpmtf: 'l).wmqhpp.g wqb.hw3tn !:; qwnb.mtf, np qhpnb.2JWl hwqwuwpmtfJ! qwtf 
mb.p. up.wq imbnttf qwtf ~mb.p. tntbmtf gb.qhwb.pwuihu: b)ilh hwqwuwpmtfg ~mb.p. 
tmbmtf, wuiw 

Amax= Cn • 

12 

) 
) 

l 

p.uq hJ.ilh mb.p. tntbnttf, wuiw 

Amax = 2r sin 01 sin 02 ... sin Sn : 

f 
nl--------

1 __ .,,..,,...,,...,,....,._,,­
.-.:.-Y~"---

,, .• :~::-;-:."*-;::/ 
,~1':""' ... ," ... 

" ,. .I I 
_,".1" /' I 

I ,'/,, ~' ,//~~ 
I c___------

r1 1·2 
I' 

U3u qllumtf umwgi.J.wb wp.111n1b.pb.hpg muiwqpqwb hb. (4,5] hnqqwbb.hpmtf: 

i.pb.qhpnPIJ: qtlunuI IJ:lltnwpqtl_ht hb. tfhb J.Cltlntl (N » 1) tfwub.pqb.hp 
uiwpmb.wqnq hwtfwqwpqhp: Iub.qp.p !:; qptlhl gmm mwi. np 1/N O:ztnnt)ClJWtfp 
hwtfwqwpqp. tuO:O:i.J.wbnt)Cl]ntb.b. mb.P-tlhpuwt !:; h qwtuqwb ~!:; hwtfwqwpqp. 
up.qpnuiwpwtfhtnphp)lg: 

Utnwgtl_ht I:; p.b.tnhpuintwg)lnb. pwb.wO.b, nptnhq hwtfwqwpqp. 
tuO:O:qwbnt)ilJWb. hpqpw~w$wqwb. ~w$g qwtuqwb !:; tf)lw3b. tfhq uiwpwtfhmpp.g' 
b.qwqwqm3b. z pwqwIJ:p.p.~ mb.hgnq .PtntuP. qhqnpp.g: .Pwb.wO.bb. mb.p. hhtnhJWl tnhupg 

{

1 + hz (-2b ) 
A~ax(N » 1) = -2-exp 1 + ;z , 

1-b z 
2 I 

nptnhq bz-g qhpnb.2JWl P1ntuP. qhqtnnpp. z pwqwqpp.~b. !:;: 

1 
0 < bz < 3 

bz < 0 

i.wtfhtfwtnnt)ClJWb. hwtfwp b.n13b. tfhbnt)Cl]ntb.g hwzqtlht !:; iatl_w3p.b. 
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qmp.nIJ. hb bmnm1t1 np.uitu ptJ.mbmmJpb qmuim.IJ.llbhp. qmmmp.JUll 
pt1tuinp.mp hmtfmp. [1,3]: 

5. Z.m2tJ.tJ.h1 1:: qmtfm1mqmb n-pJmpppmbp W :qurnp. tJ.p.amqbhp.p 
hp.qp.mlmt!J.mqmb ~mt!J.g: limnmgtJ.ht 1:: :qmm1mp1mb W tJ.p.amqbtp.p., 
l::tJ.qtlultuimb tJ.hqmnp.bhp.p h utuimp.mpt1 tJ.p.amqbhp.p tfl12h [4,5]: 

6. Unm2mp.qtJ.h1 1:: pbmtp.uin1mgpnb pmbm&.h tfhb ptJ.ntJ. tfmubpqbhp. 
uimp.mbmqnIJ. hmtfmqmp.qhp.p ]uaatJ.mbmpJmb hp.qp.m~mt!J.mqmb ~mt!J.p 

hmtfmp.: U]b tfhb a2mmp1mtfp hmtfgbqbmtf 1:: ptJ.mJpb mp.:q]mbpbhp.p hhm h 
Ulp.:q]ntbmtJ.hm qnp.bpp 1:: tfhb hmtfmqmp.qhp.p ]uaatJ.mbmpJnLb.J! 
b.qp.mqp.h1m hmtfmp. [6]: 

7. PmgmhmimtJ.ht 1:: b.np. mnb.~ntp]ntU hnmp]ntppp hmtfmqmp.qhp.p ~tfp:qmp. 
qnp.bmqp.gutp.p tfp2h, np.g umhtfmb.nuf 1:: a2qp.pt11 umnp.pb. hqp. mtJ.mq 
qnp.bmqgp. h a2qp.pt11 tJ.hp.pb. tqp. nl mb.qJmb.mqbmJpb. qnp.bmqpgb.hp.p 
hmtfmp. [7]: 

Umhb.m]ununt.p]mb WJlil.lmbpuh11~ bhpqwiwgtJ.wb hb hhmh1w1 hn:qtJ.wbbhpnt.tf: 

1. L. Tamaryan, D.K. Park and S. Tamaryan, 
Analytic Expressions for Geometric Measure of Three Qubit States, 
Phys. Rev. A 77, 022325 (2008). 

2. E. Jung, M. R. Hwang, D. K. Park, L. Tamaryan and S. Tamaryan, 
Three-Qubit Groverian Measure, 
Quant. Inf. Comp. 8, 0925 (2008). 

3. L. Tamaryan, D.K. Park, J.-W. Son, S. Tamaryan, 
Geometric Measure of Entanglement and Shared Quantum States, 
Phys. Rev. A 78, 032304 (2008). 

4. L. Tamaryan, H. Kim, E. Jung, M.-R. Hwang, D.K. Park, and S. Tamaryan, 
Toward an understanding of entanglement for generalized n-qubit W-states, 
J. Phys. A: Math. Theor. 42, 475303 (2009). 

5. S. Tamaryan, A. Sudbery and L. Tamaryan, 
Duality and the geometric measure of entanglement of general multiqubit W states, 
Phys. Rev. A 81, 052319 (2010). 

6. L. Tamaryan, Z. Ohanyan and S. Tamaryan, 
Universal behavior of the geometricentanglement measure of many-qubit W states, 
Phys. Rev. A 82, 022309 (2010). 

7. L. Tamaryan, 
Nonstrict inequality for Schmidt coefficients of three-qubit states, 
Phys. Rev. A 88, 042333 (2013). 
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Ta:Mapm JlenoH 

feoMeTpHqecKaH Mepa 3anyTaHHOCTH H pa3JIO)K€HHe illMHp;Ta 

MHOroqacTHqHbIX CHCTeM 

Pe310111:e 

Ilpe,zi;MeTOM HCCJie,n;OBaHID.! ,zi;nccepTaIJ;HH .ffBIDIIOTCH TPH OCHOBH:&Ie sa,zi;a-qn: 

B:&I'iHCJieHne B .ffBHOM BH,n;e Mep:&I KBaHTOBOH sanyTaHHOCTH ,zi;mr MHOrO'iaCTH'iHI>IX 

CHCTeM, BbIBO,lJ; KpHTepID.! xapaKTepnsy10m;ero KBaHTOBI>Ie COCTO.ffHID.!, .ffBIDIIOID;HeCH 

KBaHTOBI>IMH KaHaJiaMH ,zi;mr TeJienopTa:a;nn (cBepXIIJIOTHOro Ko,zi;npoBaHID.!) H 

saBepIIIeHne 06o6rn;eHHoro PasJIO)l(eHH.ir llIMH,n;Ta ,zi;mr Tpex-'iaCTH'l:Ho:ll: cHcTeMI>I. 

1. Paspa6oTaH MeTo,zi; B:&rno;u;a aJire6pan'l:ecKoro ypaBHeHID.! ;u;mr 

reoMeTpH'ieCKOH Mep:&I 3anyTaHHOCTH B CJIY'iae MHOfO'iaCTH'iHI>IX CHCTeM. 

3TH ypaBHeHID.! 3aIIHCaHI>I B .ffBHOM Bn,zi;e H pemeHbl ,lJ;JI.ff Han6oJiee 

HHTepecH:&IX CJIJ'iaeB. 3To II03BOJIHJIO IIOJIY'l:HTb aHaJIHTH'i€CKHe 

Bblpa)l(eHID.! ,lJ;JI.ff reoMeTpH'ieCKOH Mepbl KBaHTOBOH 3aIIyTaHHOCTH KaK ,lJ;JI.ff 

COCTO.ffHHH IIpHHa,n;Jie)l(arn;Hx KJiaccy W, TaK H ,lJ;JI.ff COCTO.ffHHH, 

CHMMeTpH'iHI>IX TIO OTHOIIIeHHIO K nepecTaHOBKe O;zI;HOH napbl 'iaCTHIJ;. 

BJIH)l(aHIIIHe cenapa6eJibH1>1e coCTOHHID.! He o6.ir3aTeJI1>Ho e,zi;nHCTBeHHl>I, a 

CHJibHO 3aIIyTaHHbie COCTOHHH.ff OKpJ)!(eHbl o;u;HonapaMeTpH'ieCKHM 

MHO)l(eCTBOM paBHOY;zI;aJieHHbIX cenapa6eJibHbIX COCTO.ffHHH. Bo3MO)l(HOCTb 

npHMeHeHH.ff pa3JIH'l:HbIX Tpex-Ky6HTHl>IX COCTO.ffHHH ;u;mr TeJienopTaIJ;HH 

H CBepXIIJIOTHOro Ko;u;npoBaHID.! pacCMOTpeHa c TO'iKH 3peHH.ff KBaHTOBOH 

3anyTaHHOCTH. 

2. fpoBepoBCKa.ff Mepa 3aIIyTaHHOCTH Bl>I'iHCJieHa aHaJIHTH'ieCKH µ;JI.ff 

pa3JIH'l:H:&IX THIIOB TPex-ey6nTHl>IX coCTOHHHli. K0He'l:H1>1e pe3yJibTan1 

;zI;JI.ff Ka)l(;u;oro THIIa Bblpa)l(eHbl B TepMHHax JIOKaJibHO-HHBapnaHTHbIX 

BeJIH'iHH. 3TOT <j:JaKT caM IIO ce6e 03Ha'l:aeT JIOKaJibHyIO HHBapHaHTHOCTb 

fpoBepcKOH Mep1>1. IloKa3aHO, 'iTO aHaJIHTH'ieCKHe Bbipa)l(eHHJI ,zi;mr 

pa3JIH'iHI>IX THIIOB Tpex-ey6HTHl>IX COCTOJIHHH HMeIOT rrpaBHJibHJ>Ie 

npe;u;eJibl H COBrra;u;aIOT Ha rpaHHIJ;ax. l'.faJ'ieHne JIOKaJil>HbIX HHBapHaHTOB 

TaK )Ke IIOKa3bIBaeT, 'ITO fpoBepoBCKa.ff Mepa HeKOTOp:&IX THIIOB He 3aBHCHT 

OT HHBapHaHTHOH <j:Ja3bl Tpex-KJ6HTHOro COCTO.ffHID.!. 

3. Ilpe;u;CTaBJieHO aHaJIHTH'ieCKOe Bbipa)l(eHHe ,zi;mr reoMeTpH'ieCKOH Mep1>1 

3aIIyTaHHOCTH ,ZJ;IDI COCTO.ffHHH, KOTOpI>Ie .ffBJI.fflOTCH JIHHeHHOH 

cyrrepnosn:a;Heft 'l:eT1>1pex opTOrOHaJil>HbIX <j:JaKTOpH3yeMI>IX COCTO.ffHHH. 
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B:&lllCHHJIOCI> 'ITO, reoMerpn'lecKaJI Mepa ::JTHX cocTOHHHil:, B 3aBHCHMOCTH 

OT rrapa.MeTpOB cocTOHHHH, nMeeT Tpn pa3JIH'iH:&Ie BI>IpIDKeHHH. KIDK,ll;oe 

H3 ::JTHX BI>IpIDKeHHH p;orrycKaeT reoMeTpH'leCr<yIO HHTeprrpeTa:a;nro, 'iTO 

HBJIH€TCH ew;e OAHHM IIIaTOM K IIOJIHOMY IlOHHMaHHIO o6w;nx CBOHCTB 

KBaHTOBOH 3arryTaHHOCTH. TaK Ha3I>IBaeMI>Ie IJ;BOHKHe COCTOHHHH, KOTOpI>Ie 

Jieli<aT Ha IIOBepXHOCTH pa3p;eJIHIOlll;HH pa3HI>I€ o6JiaCTH onpe,11;eJieHHH, 

06Jia,11;aroT BeCI>Ma HHTepecHI>IMH CBOHCTBa.MH. Ilpe,11;cTaBJieHo ,11;eTaJII>Hoe 

o6cyli<,ll;eHHe CBOHCTB ,ll;BOHKHX COCTOHHHH. 

4. Hail:,ll;eHI>I oJIIDKaHIIIHe cenapa6eJII>HI>re cocTOHHHH npon3BOJII>HI>IX n­

'laCTH'lHI>IX W-cocTOHHHH, noKa3aHo, no ,ll;JIH CHJII>HO 3anyraHHI>IX W­

cocTOHHHH OJIHJKail:Uiee cerrapa6eJII>HOe cocTOHHne e,11;nHCTBeHHO. B 

EBKJIH,ll;OBOM npocTPaHCTBe OHO xapaKTepn3yeTCH e,11;HHH'lH:&IM BeKTopoM. 

BJiaro,11;apH ::JTOH AYaJII>HOCTH Meli<,ll;y ep;nHH'lHI>IMH BeKTopaMH n CHJII>HO 

3aIIJTaHHI>IMH w -COCTOHHHHMH, Ha:0:,11;eHa reoMeTpM'leCKaH Mepa 

3aITYTaHHOCTH ::JTHX COCTOHHHH. 

5. IloKa3aHO, 'ITO rrpn N >> 1 reoMeTPH'!eCKaH Mepa 3anyraHHOCTH ,ll;JIH 

rrpon3BOJII>HI>IX N-KyonTH:&IX W-cocTOHHHil:, 3a MCKJIIO'leHneM 

MaKCHMaJII>HO 3arryTaHHI>IX W-cocTOHHnil:, HBJIHeTCH ¢YHKu;neil: o,11;Hoil: 

nepeMeHHOH n 3aBHCHT TOJII>KO OT BeKTopa BJiox c HanMeHI>IIIeil: z­

KOMIIOHeHToil:. 3To 03Ha'!aeT, 'iTO B03MOJKHO H3TOTOBHTb W-COCTOHHHe c 

TPe6yeMOH 3arryTaHHOCTI>IO, H3MeHHH BeKTop BJioxa TOJII>KO o,11;Horo 

Ky6HTa. Ha OCHOBe 3TOTO, B HBHOM Bnp;e BbI'lHCJieHa reoMeTpH'leCKaH 

Mepa KpynHOMaCIIITa6HI>IX w -COCTOHHHH, OilHCI>IBarom;ax 3TH CHCTeMI>I 

BCero HeCKOJII>KHMH napa.MeTpaMH. 0KoH'laT€JII>HaH ¢opMy-Jia CBH3I>IBaeT 

,ll;Be BeJIH'lHHI>I, a HMeHHO reoMeTpH'leCKaH Mepa 3anyraHHOCTH H BeKTOp 

BJioxa, KOTOpI>re JierKo nop;,11;aroTCH H3MepeHHIO B ::iKcrrepnMeHTax. 

6. 06o6m;eHHOe Pa3JIO>KeHne lliMHATa 'lHCT:&IX Tpex-Ky6HTHI>IX cocTOHHHil: 

co,11;epli<HT 'leTI>rpe IlOJIOli<HTeJII>H:&IX rrapaMeTpa H O,ll;HH KOMIIJieKCHI>IH. B 

OTJIH'!He OT p;Byx-'laCTH'lHOro CJIY'laH, OHH He npOH3BOJII>HI>I, a CTapnrnil: 

Ko::i¢¢nu;neHT lliMHp;Ta HaJiaraeT cTporne orpaHn'leHHH Ha ,11;pyrne 

Ko::i¢cpHu;HeHTI>I. BI>rBe,11;eHo HecTporoe HepaBeHCTBO Meli<,ll;y 

Ko::i<P¢Hu;neHTaMH lliMH,ll;Ta, r,1J;e CTapIIIHH K0:3cp<l>HI\HeHT orrpep;eJIHeT 

TO'iHJIO BepXHIOIO rpaHI> ,ll;JIH He,!l;HarOHaJII>HbIX Ko::i¢<l>HI\HeHTOB, HJIH, 

'ITO TO JKe caMoe: TPH He,11;HaroHaJII>H:&re Ko::i<P¢nu;neHTa orrpe,11;eJIHIOT 

cTporyro HIDKHIOIO rpaHI> AJIH cTapnrero Ko::iipipnu;nema. KpoMe Toro, 

IIOKa3aHO cym;ecTBOBaHHe ern;e OIJ;HOTO HepaBeHCTBa, KOTOpoe 

ycTaHOBJIHBaeT BepXHroro rpaHh ,ll;JIH rrocJiep;Hero Ko::iqiipnu;neHTa. 

18 

Tamaryan Levon 

Geometric measure of entanglement and Schmidt decomposition 
of multipartite systems 

Summary 

The thesis has three main goals: to compute analytically entanglement 

measures of multipartite systems, to derive a criterion indicating quantum states that can 

be used as a quantum channel for perfect teleportation (superdense coding) and to 

complete the Generalised Schmidt Decomposition for three-qubit systems. 

1. A method is developed to derive algebraic equations for the geometric 
measure of entanglement ofthree-qubit pure states. The equations are derived 
explicitly and solved in the cases of most interest. These equations allow one 
to derive analytic expressions of the geometric entanglement measure in a 
wide range ofthree-qubit systems, including the general class ofW states and 
states which are symmetric under the permutation of two qubits. The nearest 
separable states are not necessarily unique, and highly entangled states are 
surrounded by a one-parametric set of equally distant separable states. A 
possibility for physical applications of the various three-qubit states to 
quantum teleportation and superdense coding is suggested from the aspect of 
entanglement. 

2. The Groverian measure is analytically computed in various types of three­
qubit states. The final results are also expressed in terms of local-unitary 
invariant quantities in each type. This fact reflects the manifest local-unitary 
invariance of the Groverian measure. It is also shown that the analytical 
expressions for various types have correct limits to other types. From the 
consideration of local-unitary invariants we have shown that the Groverian 
measure for some types should be independent of the phase factor, which 
appear in the three-qubit state. 

3. We give an explicit expression for the geometric measure of entanglement 
for three-qubit states that are linear combinations of four orthogonal product 
states. It turns out that the geometric measure for these states has three 
different expressions depending on the range of definition in parameter 
space. Each expression of the measure has its own geometrically meaningful 
interpretation. Such an interpretation allows oneself to take one step toward a 
complete understanding for the general properties of the entanglement 
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measure. The states that lie on joint surfaces separating different ranges of 
definition, designated as shared states, seem to have particularly interesting 
features. The properties of the shared states are fully discussed. 

4. We find the nearest product states for arbitrary generalized W states of n­
qubits, and show that the nearest product state is essentially unique if the W 
state is highly entangled. It is specified by a unit vector in Euclidean n­
dimensional space.We use this duality between unit vectors and highly 
entangled W states to find the geometric measure of entanglement of such 
states. 

5. We show that when N >> I the geometric entanglement measure of general 
N-qubit W states, except maximally entangled W states, is a one-variable 
function and depends only on the Bloch vector with the minimal z 
component. Hence one can prepare a W state with the required maximal 
product overlap by altering the Bloch vector of a single qubit. Next we 
compute analytically the geometric measure of large-scale W states by 
describing these systems in terms of very few parameters. The final formula 
relates two quantities, namely the maximal product overlap and the Bloch 
vector that can be easily estimated in experiments. 

6. Generalized Schmidt decomposition of pure three-qubit states has four 
positive and one complex coefficients. In contrast to the bipartite case, they 
are not arbitrary and the largest Schmidt coefficient restricts severely other 
coefficients. We derive a nonstrict inequality between three-qubit Schmidt 
coefficients, where the largest coefficient defines the least upper bound for 
the three nondiagonal coefficients or, equivalently, the three nondiagonal 
coefficients together define the greatest lower bound for the largest 
coefficient. In addition, we show the existence of another inequality which 
should establish an upper bound for the remaining Schmidt coefficient. 

·1 /I, ,,.,. .. ~ .. -
d~ {p[5. 
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