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Uwnkhwhimunpjub wpnhuhwiniepinibin

£dutnnught hupnmlwghnt mkjuinnghwibph dpwlniip hwhghuwbmd £
tppopy  hwqupuljwyh - Ywpbopwgoyh - nhphtphg  Jhjp: Punwmnpuy
pYuttnuyght hunImllu‘lpthh nbuy &u  Junwph] wwupphp  pjuinnughi
wpnghuikp, tkpunu pywinughtt qunnbugpnipymb, ghpuhn Ynpunopoud,
Juwnwpu)  phbynpn b pywlinmht  hwdwljmpghyiliph  bpuwynubughuy
wpuqugnid: Tju ipwbudnp kplinygpibpp hwbinhuwgh) ku hhip wipnh puwinnughi
hudnpiwmghuyh whuntpymu bwdwp:

fduwbnught  hudnplmghugh  whumpmimd bhhltwlhwh phumpu k
huliphuwinid pyuwtnnughl d&quwdmpimup: Ujh pdwbwnughtt §nnkjhughugh
wnbkuwl £, npm] Jupnyg b odingwé jhuk) judugwljut hkpunpoipyjul gjpu qunignn
Uwuthfukph qonygp, hisybu twb hudwhupgp Juwbnught uddywbntpmiip
sunhwquiig  jwplnp nhp mbh dudwbwlulhg gqhmput U wywgw
wbkhlininghwtph hudwp:

£dwtnnuyght pudnplughnt vwppwynpoidbph jupmguwb quwynp
junspiinnnt uyl £ np shw puqiuimuhjught pddwdmpimb whunipimi, phh
Epljdwutthught pddduwdmpinibp pugunpyus b pujupup sunthny: Uyn huly
yunfunny wpwgbwhbpp jubnhp b hwinhuwinud vwhdwbl) ' pugwhuyn
hwoll) puquuiwubthljughtt hd&dubmpjutt wwuppkp sunhbp: Uju juinphu k
]hpjws ndyu) mnbiwinunipynip:

Puquuiwubihljuyht  dgqudnipntip  pwbhwlumbu  pumpugpbo
hundwp Ykpohl numbindgjulmd wnwewnlyk; i uddjwdnipjul mupphp sunhbp,
npntighg & puitigip (tangle), Suhnuh phdp, pngbpyub swihp, Ephpuyuhulub
swihp b hwpupbpulwt Fnnpnuyhwt: Uwljuyh wyn sunhbph hwdwp wiwghnhl
putwdlibp nvnwbwip juugws L Ubd pupnmipymbutnph htw, putth np uyy swhbtph
uwhuwindp wupnthulmy t oyynhvhqughw pun pywhnught wygnpppiutph
Jud h&ulukph, hiyh hp hbpphtt hwbgnud bt ny gdughtt hwwuwpnulibph
hudwlupgh: ZEwnbwpup withpudbow b dpwmbl) unp Ukpnnukp, npoug sunphhy
Juphh £ mdk] uyy ny gdwjhtt hwiwlwpghpt m vgdudmpjut hudwp uvnwbuyg
wlwjhwhly pwbwdbbp, psp b Ephpuwymbwlwt sunhh holfwp wpjws & wyu
unbkhimunumeiniind:




a&Jwdnipyut tpjpuswthwlwui suhp ukpnnpkl juwywsd £ Sdhmpnh
Jtpmnidniprut htu: Uoktp np bpdwuthljuyht judddudnipjut htwn Juoydwd
hhttwljwl ubghplbpp msyl bb Sdhguh Jeppisnipyul stnphpy] b niunh wyy
Ytpnidnipimb  pughwipugmup  puqludwuthuhtt hwdwlwpgtph  hwdwp
hwnlnp E, pwih np wjit hqnp dbpan § pupny pughptbph pmsdw hudwp:

2000 p. wpnd. E. Uwgpbpht wowy pupkg Tuhnunh dipnidnipiniin
puqUudwuthljuyhtt hadwlwpgbph hufwp pinhwipugbbne Enutul: Tulugh
wyn Equbwlny dhwpdtp Suhpnh YEpnusnipnit (wpdwd hudwlupgh hwdwnp)
juwenigbjhu wpwowinid B ymidwd dwpbdwwhlwlwb  jubinhpbbp
Uuhpwdbonnipnit Jup wowy pusk) vh unp qunuithwp, npp poy jnwp sk
wju fuughpubpp: Gynuhuh qunutup wowewplp]ty £ uwgu unnkbwinunipyninud
b hpdtwlwt pdwownp juywind b apwbnad, np Sdhqpnh pnismipiut wdwg
gqopdulhg ot bplwswhulwb swgip dhtiinyg b Ubdnipintub bu:

Uju wunbiwjununipioiiiit nith Gpine hhpdtwhwb nipnoipmit. dowlyhy
ugfuwdmput  nmbumpmb b Yuwomgh; Sdhpnh  Jbkpmdnipodh puqum-
dwuithuyhtt hwdwlupgbph hwdwp: dEpetpu h supp Yuplinp wpmyniipbkp b
unwgdl] wyu phwquiuenwd, puyg hhdbwlwh fuunghpubpp ghobe Junud Gu
sinoud:

Usluunnwitiph twywwnwlp

«  Uowll} uJkpngubp, npnig  Jhengn] hbwpuygnp t hwpdly
puquuiuuthjught ug&qusnipiub swhbpp:

*  Upnwdl] pugwhugn pwbwdlbp puquuwiwuaithiught hudwlupgbph
ug&wdmpjut Epjuswhwlwl swhh budwp:

»  Upunwdh] pugwhuyn pwhwdlbp puquudwubthljughtt bunlwlwpgkph
ud&qudnipyut Fpndbpyui swdih hwdwp:

= Jdhpmdh]  plwlwnught pudnplwghugh  hhdtwlwi  Eplnyptipp
hhuuytny bphpwswhwliwt b Fpndbpub swihbph hudwp wnwg]wd
wpnynibpubkph Jpuws: :

»  Upnwdh] wbhwwuwpmpepmbibp, npnup  dhwpdbpnpb  Ynpnpki
Guhmnnh Jtpnidnipniinp Judwywljwub puqUuiwuithljught
hwdwlwpgh hudwnp:

Shunwlwb bnpnypp

=  Upwshlt whqud wpnwdt) b pubwdb pinghwinip bpwdwubhly W h GHZ
Jh&uljubph juggyusnipyub tphpuswuthulwb ymthh hudwp:

= Unwshl whqud wpthwdb) b pubwdl pinhwbnip trwdwuth W u GHZ
Jh&wljubph juggudnipput Ipnytput yuthh hudwp:

=  Unwehl whqud wpnwsyl L pubwdl W b GHZ {h&wlubph JEpugpoid
hwinhuwgny synpu wuwpudbnpwih tpwdwubhl Jhdwljubph fuddqu-
snipjut Epjpusuhwlub swdip hwidwp:

»  Upwohtt wihqud plwbwught Jh&uljubpp nuuwlwpgyt; tu pewn
Ju&&Yudnipyul’ hhttdkny vnwgjud putwdbtph qpus:

=  Upwehlt whquu gnyg L wupdty, np junwpu) phjkynpnh hudwp npugbu
pluttnuhtt  Juwymnhikp Yuwpng i oquuugnpdyk]  dhuyt  uyh
pjubnughtt Jhwlubkpp, npobp vwhlwbmquunmy o poyp & vwenhl
u&gqud Jh&wljubpp:

*  Unwohti wiqud Yuomgyl] bt pomumpmbt pwquuiuwuthl W L
ukwwpupk) Jh&wljubph dhol:

=  Unwghb wiquu wpnwd]h b putwdl juduwjulub puquudwuthl W
{h&wljikph udgusdnipiwt Epypuyuthwlwl swh hudwnp:

=  Upwphtt wiqud wpunwddl] L hunbkpynjughnt pwbwdb Jks pyny
dwulhlutphg punjugud hwdwlupgh pd&gudnipiul kpljpusutiulul
swthh hwdwp:

=  Unwehlt whqud wywugmgyt] b wihwjwuwpnipni, npp gnyg t nuhe
Guhgnh wjwg gnpdulgh &rqphn tkppht kqpp:

Uwnwgdwd wpnniupik tnwbul b Stwlyul wipdt:

ELQudmput  bphpuswhwlmb  swdp  hwpkme Ubpngubph
nibpfbpuwy B U Yupon b Yhpundl] pdSwdnipiub wyp suhbp hwoybm
hwdwp, hiywbu twh twbwnhy ny gduht hwdwuwpmuitph hwdwiupgtp
1nusknt hwdwn bhghluyh wy prwqudunibpnid:

Suwbnughtt yuyninhibph puguhwynnidp poy) L wwhu dhudwuatthly
phEynput pighwipughl) puquudwubthl hudwlwupgbph hudwp:

Unbympniup Supnunh qopdwlhgutph dhol htwpujnp t gupdund
puqUuiwuhly hwdwlupgbph hwdwp oqunuugnpsdk] Guhnunh YEpmidmpinitp,
nnb wpynibwbn Jkpny E




Nuownywiimi ppul bkphw nn unnbkiwhimum piub hh'twlwb npoyplb

*  Unjws lunnipjub dwwnphgubph (reduced density matrix) (pw
bpltjws tnp dkpogh dpwimd puquufuiubhly  jud&]wsnipjub
hwpjunlh hudwnp: '

*  Cughwbnip W b GHZ guuht yun§wbng toufwubhl pjubnught
Jh&wlutph pd&fudnipymt wdthoh Jpnisnipnit:

»  guwitnwhb (pfwljitpt pun ug&usnipyut uuwlupglint bnp
uygporttp, hunfwduyl nph qomipymb nitbkb wwunhly  uddqus
yh&wlhukp, phplwhh pé&jws (hdwlubp b Gpiuyh Jh&wylbp,
npntp quijnud i poyp b uwwnhl ud&ws  whpoyputph
uwhJUwihi:

*  dnuppui b pdSqudmput dhol  thnjujuyuljglusnipjul
ruguhuynnid, nph punphp] Juphih £ hbnwgnunt) juduyufub
pUny Ywuthbukp ywpnibwynng hwdwljupgbph pd&jwsnipiniip:

*  Muh)bpuanipiub ulqpnibp, hurdwdwjt aph Uks hudwlupgtph
lud&]wsnipiniiip Yuigusd sk hudwlupgh Uhypnywpudtnptphg b
npnpymd & Uhuyb thnppugnyt Hnjuh JEjunnpny:

*»  Gupgnh  Jtpmdnipjut b pigbywnh]  phuqopuljul  sunhh
Jtpnisnipymt hudwpdtpnipyut uyqpnitip, nph punphhy htwpun]np
b pughwbpwgilt)  Tuhgnh  Jhpoismipnitp Goundfwutihl
hudwlupgbnh hwdwn:

Unhiunwbiph Ueplujugnud

Uwnbtwpinumpjut hpdbmlub wpymbpubpp puquhge phupldl) th
UUAQL-h whuwlui pudund b ghlniglt) BUSL-h ukdhtwptbpond:

Swwgnmpinibiikn

Unbkiwjunumpjut phduyny] wwugpdb & 7 ghnuljpu wppwnmpimb,
npnbg gnigulp npws b ubniwgph YEpenid:

Uwnbtbwjunumpiub mpnigdubpp

Uwnttwinunipjmibp pugjugwd b ubpwdmpniihg, kg gnipiukphg,
wdthnmthnithg b 103 hynudutph guiiljhg: Unbtwjununipiub pughwbmp swjuyp
Jwqunud & 111 by, uyb wyupmbalnid £ 10 wunaltp b 1 wyyniuad:

Ut junum pjut pnuimwynipjniip

Upwghti qunud phwwpydl bt bowpmiphp dwpmip  Jh&wlubkph
Juddudnipmtt  Epjpuswhwlubl suhp, npp Judwyuwhwb  Jhdwlh  hudwp
nwhywbijnwd E npytu

Eg(‘l’) =—In A%nax(lp):

nputn Y - Jh&wlh wphpuyht $octiyghwis b, hul Amax-p dwpupifug wpnwnppuy
swdynypu kb nwhiwimd k npybu

Amax () = q max KWla1qz - qn)l, lail = 1,

1,92°"dn

npuntn Ywpupdhqughw t junupynid puw popnp wpunnpuy Jh&wlyukph:

Uju dwpuhinidh hwpyuplyp hwhgkgunid £ ny gduyhtt hunjwuwpmdutph
hwiwmbwngh, nph pinhwinip mdmup qunuknt hwiwp dkpnpubp dowljws sk
Broupimiphp Jhdwhikph phwypnd wyn ny qduyhtt hwjwuwpmutbpp mshm
hwfuip dpwljly b Yhpumlk) £ htnbjuy Ukpnnp:

Utpnnp hhdtws E vh phnpidh gpw, hunfwdugh nph juduyuljmb
pjuunnuyhtt n-dwubhjwih dwpmp Jpdwlh hddqudmpmip dhwpdhpopki
nppynud £ (@-1)-dwubhljwbh Eipubwiwmbunpgh upws fnnipjub twnphgni:
Zinbwpup  bowdwubthy Jpdmbh pddqudmpinitp Ywupbh bt wpunwhugnl
Epuwuthy Jpdwlh punnipjut dwwnphgny: Umun Yonqdhg  Epljdwuithiwih
Jhdwmyubpp dwpuplhqughwit hwignud £ gqduyhtt hwwuwpnufubph, npntp
[nsymd b gduyhtt hwhpwhwoyh dbpnnutpny:

Utpnyp hqnp £ b poyp £ wughu hwpdl] Epudwuithly Jh&wlubkph
ug&ywdnipiniip: Unwght htpphtt ghwwpldlp bt judwjwyub W guuph
wunnjubng pywbwnuyht Jh&wlutn, npnip Jupkth t ubpljuymgib) npubu

|W) = a]100) + b]010) + c[001),a% +b? +c2 =1

nplt Uh pughunul, npnks a, b, ¢ gnpdwljhgutpp Ytpggus bh gpuljub, puth np
upwhg thoybphg pddqudnipniip jwhws sk Uju Jh&wlbkph phypnd
A ax-h huthop wnngyky §htnlyn pabwdlp

A2 = {4R2, max(a?,b?c?) < 0.5
M lmax(a?, b?,c?), max(a? b?%c?) =0.5




npukn R-p a, b, ¢ homquitipm] kpwbljjubh wpnwgdws pgpgwhmgsh punuhnh k:
Gpypnpn htpphtt nhuwpl]l) b dh&wlukp, npotp updbnphl G pun
wnwght b EpYpopn duwubthyiibph m jupng b ubpjuyugll apybue

[¥) =k;]00q;) + k;|00q3),

npukn g1-p b q-p uduyuiwh vhudwuihy Jhdwlutp b Uuuhuh dwubwalh
uhdtwnphuyny odim]wd pyminnuyght Jh&wlubph pédjwsnipimi hunfup winmgty
t htinlyw] pmbwdbp

Afpax = max(ki, k3) :
Uju qjjunid winugwmd wpryniipibpp nuugpyws i [1] hnpjwsnud:

pYpopy g phuuplws Bb pluinaughi dh&wibp, npoiip fupbh k
tkplyuyugity npuitu snpu wpnugpyu) Yp&wubph uniybpynghghm, uygh £

W) = a|100) + b]010) + c[001) + q|111),
a?+b%+c?+q2=1,

nputin ghuwplymd t a, b, ¢, q gnpdmihgubph gpulub ghwypp, pubh np bpwbg
thoybpp Yuptigh & ubkpunt) pughuught Ejnnpubph dby:

Upu ghygpmd pomb Jubphph b udgdusnippub  Gpojtpmb  swdb
wpnwhuynt) ooy hwjwphwinn  Ukdmipmitutph  Upengny:  Upkip  np
jnipupwignip  bowpmiphp Uwpnip dhd&wl nibh hhtig wnjhundhuy nfug
hunjwphwing Ukdnipnitiubp, npnip withnthnju ki jnjwy nitihwnup (local unitary)
Atunhnjunipymbitph dudwial: Uwfuyy ghnwplyng Jhwhubtp nihkh snpu
nYuy hunjuwphwing Ubdmpinibbbp, Ji, J2, Js, Js, b hhutwljwb junhph ©
apnybput  yunhp (Pms) Quugl) wje hijwphwinnitph htan: Uju Juugh
wowyknipiniip  Juywind  t Gpwinwd, np pwbwdbnd  phngplpjwd
Ukdmpiniiibpp nyw) otihnwp hinJwphwinn B b nunh Yupws sk pughup
puwnpnipiniihg: :

Unugjws wpymbphtpp wdithmp wbupny tbpjujugjus kb wnnph
ubphuyuglws wnpyniuwlnud

T Nuydwb Prax
Yuu I Ji=0 1
Tuull |w | J=0pughl, (1+/1-45;)/2
J=0 puigh J (1+/T-45,)/2
J;=0 pugh J; (1+J1—4J3)/2
p | J=0pwughl, (1+,/1-4],)/2
Guulll [w [a=q=0 ( 1+1-40, +]) + )
V1=40, +]3) +y1-40; +]13) /

tpk a® > b% +c?
4hls / (40 +)2+)) - 1)
tpk a? < b% +c?
(1+1-40; +1.))/2
(1+1-40;, +1)/2
(1+1-40; +1))/2

o8
Il
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Gpmjbpub  ywhh  quppp  gnigugpjws b uwnoph nbnunpjws
wuwunlkpnwd, npukn bpuyugiwd t Pmex  Ubdnipui jwpnwip a 1 b

wuputinpkphg:

Uju qjunid unnugyws wpnnibpubpp nwuywugmp]ws i [2] hngp) wénud:




Gppnpy gjlunud Ypht ghinwplws B pjubtnwghtt Jh&wlukp, npntp
Yupbih © ubpjuyogil) npybu snpu wptwgpyun Jhéwlubph umybpynghghu,
wjb

|W) = a]100) + b]010) + c]001) + d|111),
a?+b%2+c?+d2=1,

puyg wju nhypnud utinhp knpjus hwpt) judd)wsmpub bppuyuhulwh swhp
b ipw budwn vtnwbw] pugubwyn wpnuhwpnmpnti:

8nyg L wpiwd, np dwpuhdw) wpununpyu) Swdynypp uhdliphly
Pmuyghw k puwn a, b, ¢, d qnpswljhgutiph, hisp qquihnpkh hiowwgnt k juighpp:
Zupbnt hunfwp oquuugnpdil| E wrwehtt qunud wwpqupwidud unfud
hunnpjut dunphgutph dkpagp:

Upmyniupnmid winwgyk | htnlbyjuy pubiwdlip

4RZ, 12 <1/2+ abcd/1?

Aoy = ,
max { 12, 12 >1/2 + abcd/1?
npunkn

12 = max(a?,b?,c?,d?) :

Upu pwbwdtmd Rq -1 a, b, ¢, d Ynnqutipny momghl puwnwiljjuilt wpnwugsus
opowlwgdh swnwhn t: Lokup np a, b, ¢, d Ynnubpny Yuphih b uemghy
wnupphp  pwnwblmiibp, wwluyi ghlhy pwowllpitip, npplt Yupkh k
wpnwgsl]  opowiughs vhwlhu E shwoyws  Ynmikph hippuljubimpyui
thnthnjumpniip: Ujughuny, wmowgsuy opowtugsh swnunjhnp, btph  wyh
gnjuipoth muh, dvhwlh t: Uyb ghypnwd, Gpp a, b, ¢, d Ynnqukpp purwilymib sk
Jupnn Juqul] jud wpinwugdiug spowtugdh hinpnup gunidnud ; punwiilmiithg
nuupu, www Show |k Epypnpn ghupp, wiuhtpl' dwpuhiug wpnwnpiu) Swsnypn
wupquuiku dhdugnyh gnpduilhgh b Yuwmwpkip bu bl wwpqupwind. bpp
ytpniojuy wuwpwbikpmd  qpwés withwjwoewpmdbbpp gqunimd &b
hwjuwuwpnud, wujw JEphtt b vinnpht wpdbpubph hwdplunud e

U  pwbwdbhg wljihwyn t puwoind, np  Yjwpdws  Jpdwlyh
uyupudbnpbphg  dwpuhdw]  wpownpuy Swdlinypp mbh wwppkp
wpunwhuwpnnipimibbp, npnip nuuwiupqyl) tu hbnbyuw Yhpu:

Uju Jh&wljubpp, npng hwdwp dwpuhdw) wpnunpyu) swshnypp
nmjws L wpnwgdiu spguiiugdh swrwynny, winwin] b ki vwunhly judddus

10

Jhdwlubtp (highly entangled states): Uyt Jh&wljukpp, npnig hwdwmp dwpuhduy
wpnugpu] Swsynypp hujuuwp bt wdbbtudky gnpduljght, winfwin]k] i
ptplwhh pddqus Jhdwlubp (slightly entangled states): bulj wyh h&mlikipp, npnig
hudwp wpnwgdu) opowbmgsh wpulwghdh m wdkbudks  gnpswlhgp
hudpijimd G, wiqubdk] &b Lpywhh yh&wlhubkp (shared quantum states):
Ujuwhuny, bphulp Jpduljibpp quninmd ki wwuwnhy b phplwlh juddfumd
whpoypikph puduwing dwlbplnyphi, npp wpymd &

, 1 abcd
R =<4
2 1

pwtwdbng: Uju Yhdwljibkpp jmpwhunmy i b yupny kb hwdwpgl) hbsybu
uwuwnhl wyiyku b pipbwlh ddgws: Zunwl wupugnmgdt) b hknbyuy phopbdp.
npytugh pYuwitnuyht Jhdwlp dweuyh npuku plwinughlt juwuyninh (quantum
channel) uunwpuy phjkwynpwnh b gipjupn §npudnpiub hudwp withpudbon Eh
punjupuwp, np uyl thith bphwyh b

1
Aoy =5

2

Yuplnp Lt Wwhk, np btpyuwyh JhLwbukph dwpupiw) wpuwnpuy
swdlnyph punrulniuptt hothnpdmu | (1/2 - 4/7) dhpwhuypnid: ¢uuwnnpkb, wya
dhowluyph dwju Ynpumd quniny Jhdwhukpp yjunwujpwbunnnt B junmpyuy
phtynpunh hunfwp, hul) ph by ghp noikb we Ynnunid quninjnny Jh&wyikpp ninliu
wupqyud sk:

Uju q(junud utnugiwd wpmynibpbpp nujugpdud Bu [3) hagjwbnud:

2nppnpg qjlunwd ghuwpll) B pighwimp n-pmphpwth W nuuht
wuwwuwbny Jhdwliubp: Mughp £ gpll] wiwjhnhl Gnwiwlyng bwpgl] wyu
Jh&wlibkph pluitnught juggudn pyut Ephpusuhwlwb suthnp:

Cun uwhdfwbwi W dhdwyutpp npht pughumd juntyh & akplyupmghky

[W,) = ¢;]100 -+ 0) + €;]010 - 0) + -+« + 500 --- 01)

wbkupny: Urwbg pughwipmpnibip pwponkn nhnwplgws b dhugb wyb ghwpp,
bpp gupswlhgibpp gpuwb i b puuudnpdus Bh wadub jupgnd:

Upwnumpyuy Swsynyph wru]tjugnyh wpdbpp quuknt hudwp whnp t
(bt dwpuhdnuip npnonn ny gdught hwjwuwpmdubkph hudwlupgp, nph
|msUwb Ubpnpubp hwyinbh skh: Qwinh wowe b puply uh tnp qunuiwp’
thinfudhupdtp hulwyunuupwbimpmb junmgl) ménidtbph b Wa dh&wljikph
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Uholi: Uju iqutuh wrwknipniip juywind £ bpuimd, np b poy) © uwhu
qubitp Wi Jhdwhubph  judddudmpmibp  wowhg  jud&wdnipyub
hunjuwuwpnuliipp mskyne:

bpujwinid  wibhtup &t Junmgly  wihpwlwub  tnjudhupdtp
hudwywinwuhmwinipt We b tpubg wdbbudnn wpnwnpuy  Jh&wlubkph
uholi: Uy wwwdwnm] junmgyl] kb Gpim phiyghwbbp. wnwehtt phtiyghwh
thnpdhwpdtp hwdwuwinwupwinipnit £ n-puphpuih W qh&wlutph b n-
surhuth Bqyhntuywt qEunnpttph dhel, huy Epypapy phtyghwt taputhupdtp
hulwywunwuwinipnmit t n-suthwth  Byjhgtivyyut dEywnputph b n-
pmiphpwih wpnuypuy Jh&wyubph dhol: Upynibipnid uwinwggnud t jpluwyh
phtyghu, Juid gniwnipyncl, htwbyw) nkupny

[Wa) © X & |u;)@®luz)® -+ lup) :

U nmmuuynipyub qjuujnp wewbmpmniip juyuimd £ hEnlyuynd.
Lpk huyunth b uyu JEjnnpikphg phiniq Uklp, wyw dniu bphniup qubdoud Bh
wivhgwuku:

Upgmbpnud  h&&wdmpiniip  Ywhjus t r dbdmpmithg, npp
nwhUywinnwd &

1 sin26; sin28, sin 20,

r Cq (o Cn

huuwuwpmpniim), nputn 6; G = 1,2,...,n) whlpynip i-py wpnwnphy poiwphph
Pinjuh JElpnnph phkpuyhtt wilymbb b Ppufuwimd r didmpmbp jujdws t
Uhuyl ci gnpdwhgitiphg b hwinhuwbmy £ hEnbyu hujuwuupdob (pismup

2 2 2
_ Ci Cn-1 Ch _ .
fy = }1—r—2+---+f— - if—;i—n~2.

£ $miyghwibph dquppp gmguppus b unoph  nbyumpdus
yunlpnd: MTunliphg whthwyn E npunbnd, np Jbpnbgyu) huduwuwpmup fud
nibh dhwl (mdmd fud snitth nudmud piphwipuuybu: Gph hwjwuwpmup snih
nudnud, wuu

Amax = Cn,

12

hul kpk niith nidnud, wyw
Amax = 2rsin@, sin@;, ---sin @, :

f

n

/
n-2 v
N —
’

Uju qilumu utnugywd wpnniuputpp nyuqpiws i [4,5] hopjushbpood:

Zphqtpnpy glund ghuwplplly B S pind (N >> 1) dwubhlubp
wupnithwlon hunfwljwpgbp: Mighp b gpdk gnyg wwy, op /N Lunipjudp
bunfwljupgh pd&juwdnipmiit mbpdbpuwy £ b jwhdws sk hwdwlwpgh
Uhypnuwpudtwnpphg:

Unwgyly L hunbpynpughnt  pwiwdb, npnkn  bhwdwhwpgh
h&&]udmpui bpipusunhwlut swhp juhidus t dhugb dbl wwpudtnphg'
tjuqugny i z punuinphy niikgnn Snuh Jiynphg: Pubudlit nuth htwnlyw; nkupp

1+b —2b 1
7 e (1+bz)’ 0<b, <3
A (N> 1) = 1—b z
> z b, <0

npuntin bz Jkpntigyuy Aynjuh qkwnnph z punugphsh t:
Zudbdwinmpyut  hudwp oyt ddnipmin  hwpdltp E o pduyght
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Enuiulnyg: Uhwpwwnhy b pughtt wpymipibpp gnigunpdus i uninpl, nputn
hnd ghdp uinwugll) t htnbpynjughnt puiiudling, hul) piphwwn gdbpp wnwgyty
L pughtt hwpyunlh Jdhgngny 10-pmphpwih hwdwlwpgh hundwp: buyybu
pund b wwwlbphg wbuwlwi U pdughtt wpymbpibpp unrynibipbpp
hunfpuunud b Ubkd Lonnipudp:

l.A.|...|...|-‘.l..:r.‘.l...l.b_
-1.0 -0.8 -0.6 -0.4 =02 0.2 04 -

Uju qplumd nnnugq s wpyniupibpp nyugpyud L [6] hnpjwdnid:

dkgkpnpny qlumd nhnwplyk) t Slhguh Jipménpiuh piphwipugnuip
trudwuthly  bwdwhwpqbph  bunfwp: Ujn pighwbpugiwi qupudupl
wnwewphyly t wpnd. Uwnpbphh Ynmihg 2001 p., hwdwdugh nph wgjuyg
pjubtnughtl Jh&wlh hudwp whwnp b quiil) ugh wpnwgwy Jh&wlp, nph htwn
vqupup wpnwgpup Ywpubdun b b, hbnbwpwp, wyn uupup wpnugpyugh
wnughtt jupgh quphwghwt hwjwuwp b qpoh:

Uwlugl wju plnhwbpwgnudp gopstwmjwimd mbbp wwhdwiuhuy
Yhpwrnipimb b wijihuyn bp, np phghwipugnudp (hupdbp sk: Zhokup, np pun
wpnd. Uunpbiphh piphwbpugdwt juduyuljwi krupjniphe wihpughtt $niiyghw
Juptjh t phpty htnlyw) nkuph

[W) = Aoluguzus) + Ay |ugvyvs) + Agvaugvs) + Azlvvaug) + Aglvyvavs),

npwnbn (W, vi)-tkpp Juqumy b oppatinpiw) pughu, wnwght snpu gnpéwlhgubpp
npuiljul &b, hul Jbpghtip’ Yndw)bipu, ply npnud
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A.o = maX(Al,A.z, A.3, |A.4,D :

Uwnkiwinumpyub b wowye b puoqud unp dhwnp punhwipugmup
1hwpdtip pupdlikint hundwp: bpnp, wnwght Yuipgh Juiphwghuyh spuwbup Jupny
b upwbwmll) hbyybu dwpupimd, wjimbu ) dhihuimd Ywd nupdh Yhwo:
Zbnbwpwp hpwhwh dwpuhtindp quikm hudwp whnp § wwhwbek], np
tpypopy Jupgh Jwphwghwh htth juhuin pugmuwlwb: Gpypnpn  Yupgh
Juphwghwih hwsqunplp gnyg nkg, np wdkiniptp puguuwlub (hitknt hudwp
withpwdhown & & puupup, np

AiAzAq
2o

M=22+25+2%+2

Uw tnp b whuywubh weiynmpinih b Suhpnh gnpswlhgibph dhel: Ugh
gnug t wunhu, ap, b huljunypmpmis tpidwebhl ghwph, tewdwubhl ghypnid
Cuhqnh qnpswiljhgubpp judwymbub kb b wjwuq qopdwlhgh muh &Hqphin
uwnnphi kqp, npp npnoynud | Jbhwgyuy gnpdwyhghtipny:

Uju qiunid uinugdud wnnniipiipp nyugpyws i [7] hoguwdnmd:

Gapuljmgnipinibiibp

Uunbiwnunpjui hhdbwlwb wpryncbpibpt ..

1. Zwpy t kpupmiphp W nuuh pyuwinught Jhdwlitkph udgqubnipiui
Ephpuswhwlpwb suhp b wpnwsyh] puiwdb, npp pugmhwpn juy &
hwununmy judgudnipjui swhh b wihpughit $nithyghuyh dheli [1]:

2. Gnwpmiphp Yh&wlutph vh pwbh nwukph hwdwp judgJudnippui

Gpnybppub ywhp wpnwhwpngb) b opybu $mbhghw Jhgwlitph inluy
hiuppwinn UEdmpjniiitnhg: Upgymupmd unwgll) b pubwdb, npp

Jupws sk nuwyp  pwghuh  phwpmpinihg b phoipugpmd L
ug&Judnipniitt punn mhwkph [2]):

3. W u GHZ nguuh (h&whbbph huwdwnpmudutph hudwp huwpyl &
d&qubnippub  Epypusunpuljuis  sunpp: Unwgdl £ pwhwdb, npp
quuwlupgmd L pluwinnwht  h&whikplt  pun ugg]usnipyub’
wnwpplipkny vwwnhl, phplwyh b Epuyh pd&dus Jh&wlhbpp [3):

4.  Upwnwd|k t sunhwihy, npp gnyg k tmuhu pl np pubinwghh Jhgwlibpp
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Juwpnn G Swougk) npwbu pwinnwghbh Jwwymnhtbp  Yunwpuyg
phjtwnpunp hwdwnp (1,3

Zupdlp b judwjulwh  p-pmphpwih W nuuh  Jh&wlukph
Eppuswhuljub swhp: Ywemgll) E ogmuugnipb W gh&wlbbph,
EYyihptyyuh JEjnnpbbph b ubyywpupby Jh&wlutph dhob [4,5]:

Unwpwnlydt; E hbubpynjughntt pwhwdl kS pyYn] dwubhlihp
wuwpnibwlnn bwdwlwpgbph ddusmpuh Gplpwsunhwlumb yugh
hudwp: Uyl dbd Lownmipudp hundpbljinid £ pqujhts wpnniuphitph htn o
wpymbwytn  gopdhp Lt Ukd  hwdwlwpghph  Jud&usnipmitn
uljpugpl)nt hunlwp [6]:

Pugwhwjngbj k tnp wriysmpmb tpwpmpiphe hudwlwpgbph Gdhnwnp
qupdwljhghtph dhol, npp uwhdwbmy t £ogphnn winnphh kqp wywg
qupdwljgh b &ggphwn Ybphl kqp ny whblmbwgdwhb gapdwljhgukph
hundwn [7]:

Uwnbhwjunumpjubh wpymibphbpp bipjuugjud b hEunbyw) hopjwdbbpnd:
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Tamapsn Jleson

TeomeTpudaeckas Mepa 3alyTaHHOCTH ¥ pasznoxenue Ilmuzra

MHOI'OYaCTHYHBIX CHCTEM

Peatome

HPeﬂ;MeTOM HCCIef0BaHNA AHccepTalliyl ABAIOTCA TPH OCHOBHbBIE 3aJa4:
BRIYHCIIEHNE B JABHOM BHJE MEPBI KBaHTOBOM 3aIlyTAaHHOCTH JJi MHOIOYaCTHIHBIX
CHACTEM, BBIBOH, KPHUTEPHUA XAPAKTEPUSYIOIKEIO KBAaHTOBBIE COCTOAHNA, ABIAIOIIHECA
KBAaHTOBBIMH KaHAZAMH [JI1 TEJCIIOPTAllHH (CBePXIIJIOTHOI‘O KO,ZLI/IPOBB.HPUI) U

sapepuerne OGobménnoro Pasnoxenns IlIMupTa O TPeX-JaCTHIHO CHCTEMBI.

1.

PaspaGoTar  MeToj BBIBOAA  anrebpaM¥ecKoro  ypaBHEHHMSA A
reoMeTpH4YeCcKOM MephI 3allyTAHHOCTH B CIydae MHOTOYACTHYHBIX CHCTEM.

OTH ypaBHeHWd 3aNHCAHbl B ABHOM BHZe H pelleHH AN HamGolee
MHTEPECHBIX CJy4aeB. OTO TIO3BONMJIO MONYYHTh AHATHTHYECKHE
BBIPRXKEHMA I IeOMETPUIeCKOH Mepbl KBAHTOBOH 3AITyTAHHOCTH KaK I
COCTOAHMH UIpHHAIIeXamux Kiaaccy W, Tak H [  COCTOSHUH,
CHMMETPHYHBIX II0 OTHOINEHMIO K I€PECTaHOBKE OJHOH Naphl YaCTHIL.
Bamxaitimue cerapabenbHble COCTOAHMA He 0043aTeBHO e[UHCTBEHHEL, a
CIJIBHO 3amyTaHHBEIE COCTOSHHA OKPYXEHBl OJHONApaMeTPHIeCKHM
MHOKECTBOM PaBHOY/JaleHHBIX cellapabeIbHBIX COCTOAHMM. BO3MOKHOCTD
IPMMEHEHHUA Pa3/IMYHBIX TPeX-KyOHTHBIX COCTOAHMIL [JIf TeeIlOPTAIuu
¥ CBEPXIUIOTHOTO KOLVPOBAHMA PACCMOTPEHA C TOUKM 3PEHMSI KBAHTOBOMA
3aIlyTaHHOCTH.

2. TpoBepoBckas Mepa 3allyTAaHHOCTH BBIIMCIEHA AHATUTHYNECKH HJiL
PasJIMIHBIX THUIOB TPeX-KyOWTHBIX coCTofHMit. KoHeuHbie pesyisrars
OJA KDKFOTO THNA BBIPAKEHSHI B TEPMMHAX JIOKAJbHO-HHBAPHAHTHBIX
BeawduH. JroT dakr cam Do ceGe O3HAYAET JOKANPHYIO HHBAPHMAHTHOCTE
I'poBepckoii Mmeph. IlokaszaHo, YTO aHaJIMTHYECKHE BBHIPOKEHHA [IJIA
PA3IWYHEIX TUIOB TPEeX-KyOHMTHBIX COCTOAHWE HMEIOT IIPaBHIBHEIE
TIpefiesIbl ¥ COBNAZAIOT HA IpaHuuax. VsyueHHe OKaTbHBIX HHBADHAHTOB
TAK )K€ ITOKAa3bIBaeT, 910 ['poBepoBCKas Mepa HEKOTODEIX THUIIOB He 3aBUCHT
OT MHBApHAHTHOM Ga3ssl TpeX-KyOHTHOTO COCTOAHHS.

3. TIlpefcTaBieHO aHAJTHTHYECKOe BhIPDKEHHE A TEOMETPHYECKOH MephI

BAI[yTAaHHOCTH JAJ  COCTOSHMM, KOTOphle ABJAIOTCA  JIHMHeiHOM
CyIeprosuiyeif JeTHIpéX OPTOrOHATHHBIX (aKTOPHMIYEeMBIX COCTOSHMIL
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BEIICHWIOCH YTO, TEOMETPUYECKAd Mepa STHX COCTOAHMH, B 3aBHCHMOCTH
OT TAPaMeTPOB COCTOAHMA, UMEET TPH Pas/IMIHBIE BBIPAKEHIUA. Kaxxzoe
¥3 DTHX BBIPRKEHHH JOIyCKAET TeOMETPHYECKYIO HHTEPIPETanio, {ro
ABMACTCA emé OZHMM INATOM K IIOAHOMY HNOHHMAHMIO OOmX CBONCTB
KBaHTOBO#M 3aiTyTaHHOCTH. TaK HashbIBaeMbIE JBOAKUE COCTOSHHSA, KOTOPHE
JIXAT Ha TIOBEPXHOCTH pasflie/fiomuil pasHble ofnacTu OIpesieeHus,
061afaoT BeckMa WHTEpecHbIMH croiicrBamu. IlpezcraBneno feTanbHOEe
obcyxgeHme CBOHCTB TBOAKHX COCTOAHUIH,

Haiigens: 6mmxaiimme cenapabenpHble COCTOAHMA ITPOM3BONBHBIX I~
qACTHYHBIX W-COCTOSHMI, IIOKAa3aHO, YTO IIA CHJIBHO 3aIlyTAHHBIX W-
cocrogHuii OGmmxafimee cerapabesbHOe COCTOSHHE €IUHCTBEHHO. B
EBK/IMIZOBOM IPOCTPAHCTBE OHO XAPAKTEPHU3YETCH eMHIIHBIM BEKTOPOM.
Brarogaps 3Toi AyalpHOCTH MEXZY €IMHUYHBIMH BEKTOPAaMU H CHJIBHO
3aITyTaHHBIMH  W-COCTOSHUAME, HaliieHa TreoOMeTpHMJYecKad Mepa
3aTIyTAHHOCTH STHX COCTOAHUH.

Iloxasamo, uro mpuz N >> 1 reomerpuyeckas Mepa 3aIlyTalHHOCTH /A
mpowsBoNbHBIX  N-KyGuTHBIX ~ W-COCTOSHHMH, 33  HCKIOYEHMEM
MaKCHMAJIBHO sény'ra.HHLIx W-cocTosnui, apmgerca QyHKIUEH OZHON
ImepeMenHO#f M 3aBHCHT TOABKO OT Bekropa Biox c HauMeHbIIeR z-
KOMIIOHEHTON. DTO 03HAYAET, UTO BO3MOKHO M3TOTOBUTh W-COCTOSHHE C
Tpefyemoit 3aITyTaHHOCTBIO, M3MeHdAA Bekrop Bioxa TOMBKO OAHOTO
xy6ura. Ha ocHope 3TOTO, B ABHOM BMJE BBI'IMC/EHA TeOMETpHYecKad
Mepa KpyTHOMAcIITaGHHIX W-COCTOSHMI, OIMMCHIBAIONAA STH CHCTEMBI
BCEro HECKOJBKMMH mapamerpamy. OKomuaTenbHas GOpMya CBA3bIBACT
JBe BeJIMYUHbI, 3 UMEHHO FeOMETPHYECKas Mepa 3aNyTaHHOCTH M BEKTOP
Brnoxa, KOTOpBIE JIETKO NOAJAIOTCA UBMEPEHHIO B OKCTIEPUMEHTAX.

O606mertoe Pasnoxernme IIMMUATa YMCTHX TPeX-KyOHUTHBIX COCTORHHI
COIEpMT HEeTHIPE TIONOXKTENBHBIX IAPaMETPa H OfHMH KOMIUTEKCHBIN. B
OTNMYHME OT AByX-4aCTUHHOTO CIyYasd, OHU He NPOM3BOJIBHEL, 2 cTapumi
kospdumumenr IlIMugTa Hamaraer CTPOIMe OFPaHMMEHHA HA ApyTHe
K02 PHITIEHTEL. BriBegeHO HeCTpOroe HEepaBEeHCTBO MeXEy
xoapduuuenramu [Ivuzra, rae crapuii Ko3(pHITMEHT oupesesseT
TOWHYIO BEPXHIOW TPaHb JJIi HeJHATOHATBHBIX x02(dUNHEHTOB, WIH,
4TO0 TO KE CaMoe: TPYM HeAHaroHajpHble Ko3d¢uuMeHTa OmpenersioT
CTPOTYI0 HIDKHIO TPaHb 11 CTapiiero xoadduunerra. Kpome Toro,
[OKA3aHO CYIECTBOBAHWE eme OAHOTO  HEPaBeHCTRa, KOTOpOe
YCTAHOBJIMBAET BEPXHIOIO TPaHb /YIS OCTeAHETO KoagunmenTa.
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Tamaryan Levon

Geometric measure of entanglement and Schmidt decomposition

of multipartite systems

Summary

The thesis has three main goals: to compute analytically entanglement

measures of multipartite systems, to derive a criterion indicating quantum states that can
be used as a quantum channel for perfect teleportation (superdense coding) and to
complete the Generalised Schmidt Decomposition for three-qubit systems.

A method is developed to derive algebraic equations for the geometric
measure of entanglement of three-qubit pure states. The equations are derived
explicitly and solved in the cases of most interest. These equations allow one
to derive analytic expressions of the geometric entanglement measure ina
wide range of three-qubit systems, including the general class of W states and
states which are symmetric under the permutation of two qubits. The nearest
separable states are not necessarily unique, and highly entangled states are
surrounded by a one-parametric set of equally distant separable states. A
possibility for physical applications of the various three-qubit states to
quantum teleportation and superdense coding is suggested from the aspect of
entanglement.

The Groverian measure is analytically computed in various types of three-
qubit states. The final results are also expressed in terms of local-unitary
invariant quantities in each type. This fact reflects the manifest local-unitary
invariance of the Groverian measure. It is also shown that the analytical
expressions for various types have correct limits to other types. From the
consideration of local-unitary invariants we have shown that the Groverian
measure for some types should be independent of the phase factor, which
appear in the three-qubit state.

We give an explicit expression for the geometric measure of entanglement
for three-qubit states that are linear combinations of four orthogonal product
states. It turns out that the geometric measure for these states has three
different expressions depending on the range of definition in parameter
space. Each expression of the measure has its own geometrically meaningful
interpretation. Such an interpretation allows oneself to take one step toward a
complete understanding for the general properties of the entanglement
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measure. The states that lie on joint surfaces separating different ranges of
definition, designated as shared states, seem to have particularly interesting
features. The properties of the shared states are fully discussed.

We find the nearest product states for arbitrary generalized W states of n-
qubits, and show that the nearest product state is essentially unique if the W
state is highly entangled. It is specified by a unit vector in Euclidean n-
dimensional space.We use this duality between unit vectors and highly
entangled W states to find the geometric measure of entanglement of such
states.

We show that when N >> 1 the geometric entanglement measure of general
N-qubit W states, except maximally entangled W states, is a one-variable
function and depends only on the Bloch vector with the minimal z
component. Hence one can prepare a W state with the required maximal
product overlap by altering the Bloch vector of a single qubit. Next we
compute analytically the geometric measure of large-scale W states by
describing these systems in terms of very few parameters. The final formula
relates two quantities, namely the maximal product overlap and the Bloch
vector that can be easily estimated in experiments.

Generalized Schmidt decomposition of pure three-qubit states has four
positive and one complex coefficients. In contrast to the bipartite case, they
are pot arbitrary and the largest Schmidt coefficient restricts severely other
coefficients. We derive a nonstrict inequality between three-qubit Schmidt
coefficients, where the largest coefficient defines the least upper bound for
the three nondiagonal coefficients or, equivalently, the three nondiagonal
coefficients together define the greatest lower bound for the largest
coefficient. In addition, we show the existence of another inequality which
should establish an upper bound for the remaining Schmidt coefficient.
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