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Unkiujunumpyub wyumynmubmipmibp juyubugne b 2014p. Ukuqubiphph 23-hh,
dudp 14:00-ht U.b. Ughhowsbyubh winjui Ugquyhb ghnmlpemb pepnposenp oo
gopdng  ROZ-h «Uhgnithh b wwppuliwb  Jduubhlbkph  $hehlus 024
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Urnmgumup juquiulkpompmu’

Unkbwjunum ppatp fupbh b swbinpubug, M2 h TUSL gpuugupubbpn:
Utinudwghph mimupywé t 2014p. Ognunnul 22-hin

Uwubwghunulub }unphpr;h
ghw. Rununuyup

dhq.-uwp. ghw. noljunp
Lk Qwpwpwbjub

Tewma muccepranyu yTeepxaesa B EpenaHCKOM rOCyXapCTBEHEOM YHUBEPCHTETE

Hayunsi# pyKOBORHTEND: BOKTOP M3~ MaT. Rayx

Apwmen Hepcecan

JOXTOp (bus.~ Mar. HayX

Jleson Mapross

ZOKTOp (bH3.~ MaT. BAYK

Py6en Mausenan

OObenmped bt WHCTATYT  AHEPHBIX
ucenenosammit, JyGma, Poccus

OdHIHATE b ONHOHEHTE

Begymas oprasmsaips:

3augrra cocromtes 23-ro Cemrabpa 2014 roma » 14:00 wacor Ha 3sacegarmu
cmenuanFsMpoRaHHOro cosera BAK 024 “Pusmxa sApa m 3MeMHTADHAIX wacTHn”
aeticreyromero mpx HFLIA (r. Epesan, yn Bp.Anuxanax 2).

C muccepranueit MoXHO 03HaKOMHUTECA B Submuorexax EI'Y u HELUT wu. AWM. Amoxanana

Asropedepar pazocnan 22-ro ABrycra.

VYyenntii cexpeTaph crie.coBeTa HOKTOD (M.~ MAT. Hayk

J.P. Kapaxausu

e ———e S

fariltin) wlw 1ip b bruslyuil wipdks

Uuptiwunhuljut $hghljuh jupbapmgryt punhplibphg b hinbgpidan
(Lhmudhth phopbuh humman) Yud dpqpn pminnn (pwbu-dbhobhluut
htmunny)  hwdwlwpgiph  nundbweppoipmip: Pwgh pwe UkS
whwpbdhwlmb  juwplnpoeymbhg, npubtp  mbkh twb  Yhpwewulwb
tpwbwlimpmit wughu b Junwnnpmubbph  nbumpput Uhengnd  hpwymb
huwlupgbph hunfwp wwppkp dbdnipmibtitp hwpyknt dhenghbp: dwunwugh
junwnnpoidbbph pmop nkunipymbbbpp npng bwpebh hinokgpnn kudwhmpgbph
thopp  Abwthnfunipmibbbp ki Zknbwpwp,  hbubgpdnn  hudwljwpgbph
YJwongnudl ot manullwuipmpiniip yun jupbnp bghp B

Uu  wnbbwpnempminud  monwliuwhpdnad B Ynbdnpd
(bjwbhlulpt  budelopgbph Wb qwpp quubp. htwwquadadd £ owpg
hundwjuipgbph htnbkgphihnupmbp b unugbphlnkgpbfhmpiodip, jueogdond B
wyy hufwlupgkph gmpdiwt Thoulph htnnkgpuitlpg, pligybu twb [pugnighy
ny  Younununnpyd  gwpddwb htnbgpuibkp,  hlinwqoudnd b wwppbp
Ukhwihfwlut hunfwlupgbph hwpudnp phug b gnpwy howdwapdbpmpadiip:
Opwyku gpjws Jubghpibph podwb Ukpng oquuugnpsynid £ wyy hwdwljupgkpp
gnpémnmpmb-mblot othauwubbbpowd bkpiuyuogbbn Jkpanp:

Lhowpth hwjnbph phopbiup wmwhu B N sunhwih  dhjuwbhiuljab
hwduljupgh hlunkgpljhnipput &Hgpjnn huguwihy  (hunbgpbihnupnt puwn
Lhmuypip, Liouville integrability), N qonuq wie gnyq Yninunmunhy (Mmwunbth
thulugdbph  puunnand) qrynpyLlp
Frowe Pyt {F‘ij} =0 ij = 1. N Phopkdp bwb wignud E np bpk hudwlwupgh

owpdiul hwunwwnniibph
(2 N ywthwih) thnyught nopasmpqub by £} = congt (I = 1,. . ¥) dulbphmpp
yntupolm £ b juopugdus, wupn jnnpphttunbibph b hduoyubbph wbnbhl
Atunhnunipudp hﬁldmlltupqu Juipkih & phply N smuhath T¥ wnph Jpw yupddan
plughdwubphh. oph € =®¢...®y  Ynopghtunbbpp (2,27 thmginfudan



mdglglren hmimamd Jouimy Jdgnduoran]
oo Impqdnndy Tmgminn 3 Jiydmb hubuddp JimdBhulmu ymnumldpmy Bdbnudu
‘mup Jdynioamm] yn Jdynmufdiagmbmbahm? dedmd Jighm 2dggpiubmdnmyimd
duhmdmny  hdelmpbmd qdygdnuiiim  gmhBmuinn  dngnom Yhimy
ey ‘mumBmimidyy 3 muldiddddmungy gqn nyqmimhmd égn gmpddnmypivo
Jdqqhdgnmp  Uehpdm?  wup  doubdduy  dugnfuaun] g lmpgdundy
Upwamddh Juudyp gmpbruumy Jdqqymhmojuhud m-b dmpmy (mdnunidpmyg
nyfmmpafigm gmpbmmnn 1 mpnmdnm Jomp qlfmqalyn flmhmpog
{(£'9's] hmngdo nqwn) mudyndnmnmniém hijdmpbmd g3 Tqhhdmndi
Ugnddign]  dumgmpy - pufmbmngz  chfgemp bwhpdme wup dubddug
Ruuun] 1o (wguspioN-1eussiay) nuidunnidun-dgnnngy 3 puhddomgoou qudu
udgmumnZm [p] § Ighhdmndh pmbym gfémam ddtmu] Jodhilty higrmp
twhpdm? (nup Ynubfduy) prunimb Ruoen] go im gq puohdmndl dmpmy
wilydamppiumie gmiJdingn gmphbmnn duy ol mmpguwl wymddmhnd pdugnul
“duy, nmpdmnmhmy {nigndnly § puigd ddu muyg wozuoy-resu gmhiul nymnlm
‘mubym gdfmympymn Iydmoml oflmn gy Thed  ddggnaldwlnmy  Rugum]
nn Tmpgdnndy :(qq pughgipmy ddgnnubdduy ndddyy 1w gddmundm dopmy Jdu
Ruzun] nn) dmpmy qopddgnmyuent Jdg3umm] yn Impgduedy gy pohamddh
dpmidiubmdmy  ndyédgh  Tdgndmufindm  Jimbdgmagp  pdugnup
fg] grunmunnmy

nmppdmZ  duy Imfuwmh 5 muhluémy hdydund  ddu dpmichuthmlmpmy
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WBwbmdl  @bdmhmpmy 3 pudwnpo  dmoldwmgmddmhn]  pdudnuh
‘qmil gmimng dmuldhubugdud lm cogmddmhny] pdu¢nul 3 gymigunldpmg
ne u upbdmhmpmy buhddnmymumo «puombdgmofgp pdudnuh» du 992 3
dundmy, nlim 1 dgymeltd ndimnudndyd n nyimydhn ‘ddgbdmhmpmy buhdbynngy
ddggmuldhangn dyddmunn Jdqnelhwydy qmbmbduddh § Jdygmubgm ndimhatg
‘Unruletangmn Jugdml a_.._ dynyhiny ‘pundgnndulu dqddmn ¢mhdbdd qmbmngun
Bihmhmnympmp pubmn] 3 dyl dugdmb) @qwidonnmddrpng pdudnup

.ﬁu Ugnunm{dmpny hfnmdmdim ddgqqmh-mojuthut qruldwiugdub
du Ynmd <z ‘7] mudggmuldungn  JUgnpivduniun gmng gy dmlmobo
ddgnymbmnjuthuh  qulfym-muidwbugduy, (Inmpbmunmhd  gmpmnminfbmhd
7 dgpdmpmy  huwnampd  bim @moebueml Jdggnmbmofutieh omeb)
néyn Jugbdmhmpmy nffmwungmhd n gmhmnmnb hulmymnfigmy sdwnpmb hugy Uim
_muSmummhd nmimnminbmhd Jugbdmhmpmy Igdmunmh ddgnmulehuthmimpmy
quihndmd Jupbdmhmpmy Tqnund “dmpmy wiydydmnuimy dywldudgpdmpmygm
pmb Uquldhudgpdmpmy lmdulb § Imhul ddybdmhmpmy ¢qnmtm?  nddbly
Tghndghmne nfimwn 3§ Thud dhadqn nqlomdehmngnmp mmbdpmgle ghdmhmpmy
Tgddnmypiomu  gududnmpbehmpbmd 1 Igdbmdmln  bdmh  gydutimimdhdy
aflmnn gy Thwd  ddynnmbmojudodg puafnm-nuldraliogdug,

(1] 6{dnyympmnjuthuth qulehutrugdub nimyp 3 gmhnjmh Igmigunldpmy
mudggnmbmnfutuh nln bdmhmpmy - hqumawne doy ddgyioamnnmy
qmppdmé ny mupbmh ddggohubnd 3 gmom Wdgh lim) B{dgyyunminnmy
qumppdmé nimyn qq gmhnfmh ddggnhwbnpd 5 du gim 3 Gfdggdquiindn nmbmngpdy
Ynquune gmhén :bdmhmpmy hddl Jdgnymbmajuutg nmidhugmdmn gfbhrhuth
nq pwupbmb  (dggumbmojuihut  «quldiubugdubs)  ddgynhatopgd #0 3= g
Quulmnmy Bymdl b} ddnnuumnfirduuh nin mdygpurdmamhmy
nmppume dhdnonmp buhpdme hmimdmnmphmy hugbmnméd? nq nprodmimhmd
1 (Ugggmbmnfufuh aqufhgme  agmbdmin g7 paftuh) qq dggelhgm




Uzhunnwbiph opannwly

. YGurmgh; gopénympmib-wbimb  dodinjuwlwbibpp pdubinuaght
onuljukph Uh swpp unpkjubph bhwdwp, npubn apygbu  wwhdwbugulng
wnnkighwy hwbgbu ki quihu'  «ngopulub»  bfjhgub weowbulp
(oughpuanp), 2hqu ([8]) & CP! ([9]) wunnuwbulubpp:

. YQunnmighy wownwbubh b Ynynbh hwpnbh hbnbputph  hunkgpdon
plhwipugmdibph bnp nuubp:
. 8nyg nwy, ph hyyku jupkih £ uvnwbwg supddut jpugnighy (pupbidus)

hwuwnwnmiubp  oquugnpshpy hudwlupgh dbwlbpynudp gnpdngnipnib-
wilgnih tinthnprmlubithpoud:
. Qunqugiil] inudopd dkpwbhlpobbph muumdiwehpdwu Epnnubpp
npnbp hpdinjus o hudwlupgh Zwdhpaniywbh swrwdquphtt b oblgodaught
furabph whewnmbnt dpw: Yonwphbm] Gebgapd dhhobhloh ugpbulnt
Zunlppnnbjuih wilymbught dwup npybu $htthn supdnud juwwnwpnp  bop
Zudppontyut hwidwlupg  juomghk]  bop bwdwhupgh  owpdiwh
hwwnwinnibtkpp’ Eitmnyg uljgpbmbputt hudwlupgh 2wipchiul
hwumunnlbikphg:
. Quipquighit| Ubpanukp Bpuwnpbduy ub junensbbph hhn Guugws
nudnpd (Eumihijwbbph nuunuwlbawuhptiwl hundwp,
. ZEnlijw; hwdwupgbph hunfwp wewbdimguly Yobdnpd dkjuwithljpuogh
wilpoiingghh dwup,  Juomgk]  qopénnppnib-wilpon Gimihnfuwipobikpp
wbilyoiinuh dwuh hudwp i hbnwgnnk] wju hwdwlwpgbph pinbgphjhnipmbp
(untyykphinabqplhmpaiip)

o Epuwmpbduy  [(Phjubtkp-Unppuupmd  (Reissner-Nordstrém)  ult  Junnnsh

wuwitnwhwpbph hoappgnih dnn swupddnn dwubhy,

o FEpunpbuwy Whukbw-Gugny  (Clément-Galtsov  jud  wpupnb-
nhjwunbuyht) ub jmnnsh opunwhwpbbph hophqatp dma gwpding
unulih,

o Huluwywlwh ywhonuliubnpub punptlw) Teybpe-Neph (Myers-Perry)
ub Junonsh wwwnwhwpibph hophgoup dnn gwpdynn  dwubph, wb
ghypnud, kpp ypoum{wh prjnp gwpudbnpbpp hudouwp B

U 1 bpuks bnpm

Unwohl wliqurd YQumnigyh klt gupdnnmpni-wilygnih
pohnfuwlutibpp Uh zunp Vhhnobblmlunt budwlupgbph hunfup: Unwaght
whqui bhphupugll] Ei wwwwbwih b Ynyabh  jubnppbbph  hlunkgpynn
plnhwbpugnulukph bnp quuebp N-swhwbh RY Bythywh wwpasmpjub, SY
udbpugh b HY bhwbppnppnh dpus Chghwbpuglbinyg  Sphupb-Snipphubp-
qhtunkpthg (Tremblay-Turbiner-Winternitz, TTW) [10-12] b Mnuwn-Yhtunkplhg
(Post-Winternitz, PW) [13] Unghjukpp wnwght wbqud gqpdky ki 4 tnp
unugbphtinkgpng hwdwlupgbp S¥ b HY nwpuénipniitph Ypo: kpunpbdurg
ub uoensubph Uh gwpp Ungljlikph hufwp  puwguhupe wbupny qpdly b
ynnpnhunaitkph b hdweyubbph ubnbhy dbwhnpmipndd, npp tpunpbdurg abe
hnemyh qupwnud pwipding phjwwnhyhunhly vmuthhh’ wwnwhwplkph hophqnih
Unn owpduwh Zwdhpaniymbp phpowd b oundnpulwb Yebdapd dblumithljugh
wbuph: Urwghti wbquu pugwhwpn gpk &b gnpénnmipmib-wblni
thnhnuwljubbtph wpnwhwpeopmbbbpp Fpunpbdug Obubkp-Unphwepad b
Ykukun-Swigny uh funensbibph  wwwwhwpbph hnphqoith dnn pupddnn
dwubhyh dnghih wilnibught Ywoeh hodwop: Gudwjoiuob sugogoljubnpiub
T:puthphlfuq_ Uwykpu-Ntph ub unenyh wwuwhwpbbph hophgaith Uma pupding
Jwubhiyh unpbhg okanlghugh dhongny wnwght wbqud wnwgby &b np



Ynuwuljin umwbphiinkgpdnn hwdwlwpgbp: Tnwglws huwdwlupgiph hudwp
qpybp b pupddmb Lhnwfhph hwutunnniabibpp, hywbu bwh pnpp hbwpudnop
Imbijghnbiuy whlwhi Jwpdiwnb huwmownibhpp

Nuwosnywim pjub biphupuglon hhduulywt wpymbpibpp
Uwnbbhwhinumpput hhubwlwb wpgnibpbbpp pdupluws b wnkbupnunpiub

«dhnihmu» (Summary) pudtmud:

1. Sjubnuyhtt  omujjitkph mumdtwuppdwi  hunhwp  wowpwpldly k&
oqunuugnpsdl]  qopéopmpmib-wilpmb hmbolwbwbbbpp,  juemgdhp Ba
anpénnoipnib-wiynul  indmpooljubbipp puwbuught oquiikph  htwlyuy
Ungbyibph hwiwp' Uhigmyup Eiphywi nmnunbol huonuand dugihuwljob
nuownnu, ZhQuh uhbgoyup nuunotuy, CP* uhignymp nunwibol] hwununnh
duqithuwlub puonnd:

2. Yunmgdl] bt wnwuwbowyh b Yoynbh  jpbghpbbph  pnkgpdng
punhwbpugnufitiph bop quubkp N-supwih RV Bfiphguwh wwpobmppub, SV
udbpurh b HY hhogppoinhnh Jpuw:

Oquiugnpdtiny Wpwljus dbpnnp Yunmgdky b Jkpghpu wnwgupldus Sphdpyk)-
Snupphbkp-dhbnbplthg (Tremblay-Turbiner-Winternitz, TTW) [10-12] . Tnuw-
Jhinnkpiuhg (Post-Winternitz, PW) [13] uUnpbjukph Lnp wnumbphlunkgpdng
punbwipugnudip $¥ 4 HY nwpudnipinubitbph dpu:

3. Qupqugyl) kb Ynupnpd dkpubhiugh stundbwuhpoipiub dkpogubpg,
npnip hpulbdus b Zudhpnnbjwibh jwownuyhtt b wbinibughb  dwukph
wbgwwndwh  dpu: Thunwphknd  iobdnpd dblowbhbugh  ulgpiuljub
Zudpjpnniywmbh whiymbught dwup npybu bhuhwn owpdnd Yunnwpngy bop
Zundhpnntyul hudwljupg gayg b updly, ph hsubu Yupkh & anubiug tnp
hwdwljwpgh pwpddwb l;muthmmmhhhpg Ejubind ulyqpbwbub  hwdwhwpgh
swpduiwb hwuwnuwnndiibphg:

Uju ubpnonp Yhpundl b Qungkpngh mughnbuy As dngbih b gpu whimiboghb
dwuh ypw (app hpblhg bkphuyuginud © Zhquh Yoipolunwhbnphy wwnwbul):
hpohtihu hwdwp Yuengk) b ompddmb hounuwnintibbph dnuiyghntrag miluf
1nhy hwiwlwpg, b wn dung wpdl) bougy dnghih unugbphtunbgplinipjub
hupntih humuwnh wyjpapubpuyghl wewgnyg: A
4. Epuwnipbum) ult junnnsbibph b gwpp uUnghjbkph huddwp pugmhbhwjpn
wkupny gpuky E Yonpphbwwnbkph b plyoagubkph jubnbhl dbenfnumpndh, opp
tpuaphiuwy ub  jmonsh  guonnud pwpdyng  pkpunhyhuwnhy Vwubthlyh'
wuwnwhwpitkph hnphqnith dnwn pwpdiub Zwdhpunyuobp pipoud Eundnpulmb
yntbopd Ukpwbhlugh nkuph:

5. Epuwnpbuwy Okubkp-Loppunpgnd b 9kukhn-Guigny ult jennnshbtph
wwwnwhwpbbph haphqobh dnn pwpddnn dwubhih dogih hofup wembdbngdl
b whiymbuhl dwup, whlgmbuhb dwuh budwp juenigdl) Bb gnpénnmpmb-
wiynh fnhnfuwiwbbkpp: Unwght ghgpod whynibught dwup phpgoud ©
Luwbrunth hugnth hibnphl, npp nih so(3) pupbiud hunfusuhmpmb (i
hinbwpup swpddwh jpugmghy hunnunamb): 2-pn phupoud hudwljupge spuh
pwpbdué hwdwyurhmpnit b pwpddwh fpugnighy huwnannnihikp:

6. Guwywiwb suhnquijubnppub Bponpbiiwy Twytpu-Tiph ub junnngh
wuwhwpibph hophqnith dnwn pupding dwubhyh dnnbih hudop wnwbdbmggly
b 2udhpnnipuih wilpniboght ddup: Ywnwpdb] boobgmbgha pon ghlhly
Ynnpghbwinbkph: 8myg towpdk, op e swhopuiobmpput ghgpmd
wblpnibughlh  dwuhg ul{lmgl.[nr\ ‘(nh.r}nﬂ;glbub) Zudhuniyub  hwdwlungp
Uwpuhuuy  unugbphtunbgpynn b pul qnuyg  ywhaquijubnppab ghygpnud
huduymunwuiub budwulupghl dmpg}n.[m]_ untwgkphbnkgqpynn (hikjol hulwp
wpulpuund b1 gupdiub hwunonoch:



Uohuw bk wgn

Uwnbtwfununipjuin hhdtwwb wpymbpibpp puqihgu plbwpldk & 602
Stuwhwl  $hghfuyh  wudphnbh b Skuwhwb  $hqhljuyh  jwpnpunnnphuh
ukdhtwpubphl, qiimgyly b pwquuph] dhowqquyhit ghunwdnnnjubpmd:
Utidunlp hd Ynnuhg qhynigyty i hkwnbpug dhywqquuht ghnudngnytitpod’

¢  Humboldt Kolleg. X1V International Conference
Symmetry Methods in Physics,
Ognuwnnuh 16 - 22, 2010, Cwnwénp, Zuyuunwi

s  Armenia-Dubna Workshop
Problems of integrable (supersymmertric) systems,

24 - 25 sjnbdpkph, 2012, npbuw, Doruwuaimnh
¢  Armenia-Dubna Workshop

Problems of integrable (supersymmetric) systems, '
24 - 26 YEljpnbkdpkph, 2013, Nniphw, Ontuwuwnwut
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Ughmnnwiph juomguiwdpp

Uwbljununipymip punugus Eikpmsmpiniihg, 5 guijutbnhg, withahnudhg b
86 wimb wuwpmbilon gpuiuinippui guihhg: Usluwwwiph plnhwhnip
Sujuyp 107 by ke

Uohnunwm mbnulnpmd

Ukpwbmpjwh dke hhdtun)npjws £ woluiwinwiph wpnhwlubnipmdp,
Abwlbpuyus kb twuwwnwulibph au obimhpikpp, hugybu hwb guonywbnipiub
ubpyuyugynng  hpdbwliwub ppoyphbpp: Lywd bu wnwugws  wpryniiplbkph
ghnwlutt inpoypp b gopétimiut wndkpp:

Unwghh qiuh wljqpnud phghwimp dhny thplpepugdus £ dhihn gupdnud
juwwpnn  dkjewbhuliwb  hudwlwpgh  hwdwp  g-w.  gmhnjuwlwbibiph
junmgiwi gnpépipwge (1, 2]:

1.2 wywpwgpudmd g.-w. hohnjuulubibpp oquugnpdynud i Eplswh
ahtigmup wuwnwbwyh (oughpwwnp), hiywgte bwh Zhqup (udkphl) (8]
uhbignyup wwwwbwhh b CP! (9] wnwwnwwhh wnwnbkighuny hudwlupgkph
nunwbwuhpmpjub hwudwp:

Bplywd byt wwpwénipmmbnd shigmup nunabwhh ghupmd
hwwnwnnt dugbhuwimt gupnh bkmiméaudp sh uwhanad hunfwijupgh
hinbgpihmpmip ¢.-w. hahrjuwiwibbpew mprwhupnfus Zudhpnniyubnad
thnjuynid £ @ hwdwmpnpmbp b wfiwbmd b 2 hdwnyuhg qought fupsjws
wlhnud:

Zhquh upbigoymp wnwwnwioh ghypoal hwwnwnmb dwqbuwmyub
nuowh tkpdnidnudp whinmd b ooju hudwlwpgh hunkgphijhnipmip, wibogbu
ap Zhquh vhigmpmp wunwimip hunnuamt dwgbhumiut pupnnad &gphn

imusyng sk
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Julnnughlt oquibph Jupph nundbwuhpmpmip dwqbhuwlpuh qpopnmad
hwwnndy juplopoipinch kb ubpiuyughnud, wyn yungunnd dkbp ghmopymd Bup
wyptinpwbpwhl unnb), bhuinjwé uhignuyup wdkphly CP* nunnwbuyh dpuw: U
budwlupgp dund b Lqphu  mddnn bwh  wdbpugh dpu hunwinnch
dwgbhuwwl nuownh wojumpput ghypod: Updh gk, &' Zhquh W' CP!
wunwhulh dpu hhdinjwé hudwlupghpp whghnd be Blyjhgui nwnwiwih’
tnp udbpuyh owrunjhnp dqunud Ewnfkpgh:

Bpypnpgy qiuh tyuwwnwll & juemgh)] nwmobwhh b Yogath hwpnbh
lutmhpbkph  blwubgpinn  plnhwipwgaultkp  N-wpubh Y Edlghopab
nunudnpul, 5¥ wbbpugh b #¥ hhybpponhgh dpwe 8nyg b wpdws, np ke
nihklp «ublpnibughby (Godupaln) Zodhpnnbyub, jupnn Bip npab wdbjugulb
«ounuruyphb» dwu, b wnuhuny sunhnqujubnpmibp 1-n] dbdwgbby (thogught
nupusmpwb swhnquijubmpmilp Jkdwbnd £ 2-nd): Ukbp plwnpmd Bbp
Z{N—-1) swihwbh tdoguyht  mupodmpeymbny  hbnbkopyog hundwlupg
Uk pluyugyws g.-w. thnthniuljmbbbpnwd’

H=H). {nody=a;. dlefo2m).  ij=1l....N-1

b wykpugloud bup gwpwquih twu htwnbyug Abtphg dhymy

HeZ e B v
H= 3@“‘?—%5—— V(o tan \)
2rg  rsinty
2 .
H= E‘p:g + ;&,—;ﬁ%‘—z—; + V({mtanh y).
npmhq‘
V(r) = V.‘r’s‘:(r) = %‘E.Z’.rZ V(r} = Veoulr}) = _%

Jud
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Uspmnwnmbpnud gnyg b wminwd, ph hiyybu junnigh; uvnugwd bop
hwduljupgh g-w. popnpnljubbkpp ogunugnpstng ulgptulwb aublnibughis
hunfwljupgh g-w. hopnpulubibpp: Uguuunwhpnud umugywus kb puguhugin
wpunuwhwjnnipoiibn ayh ghwpbph hudwp, apnkn guewynuyht ynnkighuyp
wunnubulh & Ynynbh wnnbbghugh wbuph b (N-swwih £ Blhywb
nwpwsmpput, $¥  upkpuh L H®  hhwybpponpgh dpuw): Oquuugnpstym]
unwguws pubwdbbpp, wohiwmwipnd junnmigdky kb Jepghpu wnwownljjws
Spbdpity-Snipphbbp-dhtunbpuhg (Tremblay-Turbiner-Winternitz, TTW) [10-12] &
Nnun-dhinnkpuhg (Post-Winternitz, PW) [13] Unghjubph tnp wnuygbppinnkqpion
plghwipugnuiubp 5% U H#¥  nwpwdmpnibbbph  Ypur Uphuwnwbpnud
wyjugnigfus b uyy inp hudwlupgkph umykphinkgpbjhmpniup b uvinwgfud
kh gwpciiwmt poyap jpugnighs hwuwnwnnibbtkpp:

bppnpy g bbpdws b Gnbdopd  dbhwbblmbkph
nunwbhwuhpmpuip: «Unbbopd dkuubbur nkpdhbiny wnjwbnwd b wibyhup
hudiwlwpqbpp, npobg budwp  Jupkh b oowhiwbl) wugbuy  Yosdws
ghpunwghuh D b hwwndy Ynbdopd dbwthnjunipynibiph K gkbkpunnnphbp,
npnbp bwuwlpopgh H hudhjpinnbyubh hkn dhuuht juquiod B inbdapd so(2,1)
hwbpubwghd:

{H.D} = H. {D.K} =K. {H.K} =2D

Uju buwunlmpmbp pny; b woghu  Quunwmpiy Ynopghtwnbkpp b
huwymjubkph  Ywmbnbhy Abwhnpnipmb, npp hwdwhwpgh  uhgqpbolwb
unfpponbywiy  Upbph  dhwsmeh  Gnbgopd  ubjumbhiuh  eondopunlubs
Zunfhpanbyubh wbuph [3): 2wpl k bphy, np wpmuhub Gubnbhly dbuhofunppmb
quiwuub Yabdopd dhnbhiubwb hunlwlwpgh hunlwp hwpnbh sk Lap
swnwynuihb nnprhirnh b dyoegeh hudwywanuwufowb phuopoippub giygpoud
Jupkih & hundwlwpgh pupdnadh whewmnk) punwynuyhb b whijniboghh dwukph,
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ST

=t X
= =

wyjbugbu np Yupkih £ numdbwohply budwlopgh owpdumb wilnitughty
Umup «inpwbugnye punpuy pupddwb dwuh: Upuyghuny whinibwghlt dwuep
hpbihg bbphuyughmd b top Jdklaubhluiob hunfwljwpg, npwnkn npujbu
Zunfhpniywl hwbnbu & quihu so(2,1) hwhpwhwnth Ywghdhph 7 $miblghwt:
Zpmihghwit hnununwnhy kso(2,1) hubpuhwzfh H, K, D gkubpwunnplbph bt b
hnklhg tkpYugughnud b owpduwh huwmnwnni Ynidepd hudwluwpgh hunfup:
Unt$npu dEpumhjulwl hwdwlupgh hunfhpuanbywih’ wyu diny wrubdbwgdus
whimbght dwep jwpbh b ophoophly apygbu wpwbdpl Zundhpantyuh L
s wyn wilpmbughl hudwlwpgh owpduwl  hwwnunnibpp  (npntip
hhwpht hukh jupdiwb  hwwnwnmbbbp twh  ulgpiuljmi  Ynbdopd
hwdujupgh hudwp):

Qoppapg  guowd aumuwbwehpynud B Yntdnpd dhuwbhlul, npp
wnwgjmd t wnwppip  swhnquijuimipimbukph tpuinpbuw; ub  jJunpnsbbph
qugnmd pwpdynn nhpuwhdbunhy Umubhyh wunwbwpibph hophqouh dma
owpdmup ghuuplkhe: Twwwbwpbbph haphqnih Unwn pupdmu wubny wyunkn
h Uyunnh mikbp, np junupdoud £ vwhiwbught whgnud, wyumbe §nydwd near-
horizon limit, npp phpawl b Byboinkglh hugmuwpidub op, intdnpd hujuphwmbun
nusdwi

Ynupnpd so(2.1) hwbpwhwydh ghubpuwnnpubpp wi nhypmu nitkh

hhkwnlyug \nhupg‘
H = r (\;']!(fpr}a + L{fsi. P Per) — CI(P*;:)) .
K = % (\I;;("!;’r}2 + L. By Pe) + Q(Pw)> . D=ror

npuitin L b q $oilghwbibpp wwppkp kb wupptp ub fjanonylikph ghypnad:
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4.1-nud  wyugmgymd k. np  Ynopghbwwbbph & hdwnipubbph
hudwopunnwuowt ubnbhy — Abunhnjumpjudp wjuwhuh bwdwlupgh
Zudhpuiniqubp  pipmd bt oundnpulub Yobdnpd dkjewbhbugh  whkuph: Uap
unuquiht §aapghiumap

R = VR, pR=_\;TD}_<

Qpubugh {2257 qouyqp §odnununnhy (hh djmau Yuopphlimnbkph b
puwmuitkph hbw, whap k junwpl; hbnbyw dbwihojeopynbp’

Uj bbpy wuows, swpdnuwdp qoun dnpdwy wonwing  pwdwiygnud &
«gununuyhts U «mbdgniboghbs dwubph, payg tnp sunwynuyhtt Yanpohbunnp
pupn juunud ntbh uhqpiuljol Ynnpphiwnbibphg b hdungubphg:

42-nud Jkpp  bodws  wwhdwbughtt  wbgnulp  (near-horizon limit)
grugunpus & hpph punwsunh kpmaptmy ul funmsh ophturh dpus

4.3 wwpwgpudp Wwhpdws b hknlyw) pwowywd dopphu mdyng
hunbwlwpgbph nunwlbwuhpldubp

e 03 qunjubul Ywgihuwlwh Undtnny tpuwnpbidun hpubbp-Lnprpnapyond

(Reissner-Nordstrém) uli hunnnsh wjutnwhwpibph hnphgnih down gupdyny

dwultihy,

e Fpunpbdwy  Whibn-Guygm)  (Clément-Gal'tsov) uk  junnngh
wunwhwpbbph hophqntih unn gupdynn dwubihl,

Uju  guwpugpudmd  juemgdmd th  g-w.  hmpnjuwlwmbbbpp  wju
hwudwlwpghph wbiymbuyhl dwubph hudwp: 2 hudwljupgbph hwdwp & quingk;
E dbjulwl Yppnhljulub Yhw, opp podwbnd b pwpddwh nwppbp diygtpp:
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8myg b wpywd, np wewmghb hudwlwpgh whlyntiwght Yuup ppnid b Lwbhpunth
hwjnbh uimphl, npp ntth so(3) puplijwd hundwyunpmipyni (b htwnbwpup
oupdumi jpugnighy hwuwnuwnnth): 8nyg t wpduws, np kphpnpn hudwulopgp
smiith pupinjwd hunfwywhnipmih b qupduwl |puignighy hwnwnunntbibn:

Jhbqbpopn qumd phwpldoud b juduulet - segonulubngpgul
tpuwphlwy Um}hpu—‘lli:ph (Myers-Perry) ub junonsh wwwnwhwpltph haphqnih
unmn owpdynn dwubhy, wib ghwpowl, Epp wyundwb popap wupulbnpkpp
buduwewp kb Ounlbwuppdnd B oowgu hufwlwpgh wilmbuhtt  dwuh
hinnkqphhnupnip: aghpp wupqbkgubnt hunfwp junwpdnud & nhynihghw puin
g]xlmxl; ynnpghliunnbiiph: Uktnn suthnyuwinipyui ul junenghg unwgynul
hbwnlyuy nbgmligdwd hurdwluipqp

=1 n gt y n-1 R

N ; ! R —. —_— r

I= E (Fg =~ pidyi P, Py + ; 1: N pp=1 :‘E 1: Hi
i j=1 = =

buly qmg swihnpuijunipyui r}hu;_pnuf\

- 2 @ —-1pg | 1 2 &
I= Z((Zn - l)pés?',vj - “i"l)pﬁip/ﬂ; ES E —.:‘-:-—‘—-—- + UZ“" =57t Zy
o il i Py el

=

Ujtmhbnb Yuwupymd b ynnpnhtunabph b hiwmuibph «puy wn
puy» wbgnd phyhwipugyms uwdkphy ynnpnhtiwwnikph, npp pouyp b owmgha
huwubl Gohnuiubbbph phy whgundub b unfkh puyiht sty supddwh
tnp $nibighntiu whjwhe huwauantd, wjpuhuny wymgmgkiny hudwljupgh
hinnbqplphmpyoitp:  Unfiht’ husdwlwpgh hunfup gew.  hatnrubuibkph
juomgnulp  pnyp B wnwghu qubi) oupduiuh  |pugnighy  (puphywd)
hwunwwnthikp b unjugmgh)  hundwlupgh unuyykphlnbgnbihmpniip:
Unugymu & np hkinn sunhaquljminipiob b Junnnshg unuigynn (pnnihgdws)
whlpnmtughl  bulwlwpgp  dwpupduy umwbphinekqpyny & pull  qnugq
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sunhoqubwbnpui  phgpod  hudwyunowujput - hodwlwupghtt  dwpupduary
wnuyiphlinbgping (hilgae hwdwp wwuoumd £ 1 supddmb huunmnnd:

Udhothowd  pudtinud pupljus &i wnbkbwpmumpyut hhdbuiub
wprynibpbkpp:
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[UEPEMEHHBIE JEACTBUE — YTOJ B KOH®OPMHOW MEXAHHKE
PE3IOME

1. Ebii0  NPEeS/IOKEHO  WCMoNL30BaTb  NepemeHHble  gedcTBue-yron  ans
MCCACAOBaHUA KBAHTOBbIX KONeL,. Bbiav NOCTPOEHSI NepemeHHbie JedCTBUE-YTON ANA TpexX
Mozeneii KBaHTOBbIX TOYEK, OCHOBaHHOM Ha CuHIyAspHOM (EBrangoBom) ocunnaatope 8
NOCTOAHHOM MarHUTHOM MOAe, CMHIYAAPHOM ocuunnaTope Xurca M CUHIYNAPHOM cpt
OCLMANATOPE B NOCTOAHHOM MarHUTHOM none.

2. Buina npeacTaBneHa Npouesypa NOCTPOEHWA HOBbIX WHTErPUPYEMbIX CHUCTEM

N2

MCXOOA W3 YMe W3BECTHbiX, MeTOAOM AobasneHns “pagmancHON” 4acTh K ”yrnosor\n_y"
[amMUAbTOHMaHY. Mcnoabayn 3ToT meTog Gbil NOCTPOEH Khace nHTerpupyembix 06o6uieHnin
OCUMANATOPA M 33434 KynoHa B N-mepHOM eBKAMA0BOM fpOCTPaHCTBe RN, chepe s" n
runepbonouge HY. BbiAK NOCYMTaHD! ABHbIE BLIPAKEHNA NEPEMEHHBIX JeAcTBue-yron ans
cMCTEM € OCLMANATOPHBIMWM M KYNIOHOBCKAMM NOTeHunanamu Ha Eswimgosom
npocTpaHcTBe, Ha chepe 1 Ha runepbonouae.

B KauecTBe npumepa Obinn noctpoewbi ofoBuiervA Ha chepe m Ha runepGonouae
LBYMEDHBIX CYNepUHTErpUpPYeMbix CUCTEM HEAABHO NPpeaCTaBneHHbIX B patoTax Tremblay,
Turbiner, Winternitz [10-12] # Post, Winternitz [13]. bBbino  AoxasaHo
CYNepUHTErpupyemocTb HOBbIX CACTEM M HANWCaHbl BCE BO3MOMHbIE DYHKUMOHANbHO
HEe33aBMCUMbIE MHTErpasibi ABUKEHUS.

3. BbiAM PasBuUTLi METOAbI UCCAEA0BAHUA KOHPOPMHBIX MEXaHWK, OCHOBaHHEIX Ha
pasaeneHim paguanbHoi W YIoBoi YacTei FamMnnbTOHMaHa CcTembl.

Bblia MANOCTPMpOBaHa 30dEKTUBHOCTL 3TOr0 MeToga Ha npumepe paunoHanbHon
mogdenn A; Kannogwepo M ee YINOBOA uacTW (KOTOpas npeaCTaBAAeT w3 ceba
KyGoKTaeapuUYeckuit ocumanatop Xurca). as nocresHei {yrnoeoit Yactu} 6sin nocTpoeH
AONHbI Habop ¢YHKUMOHANBHO HE3aBUCUMBIX WHTErpanoe [LBWXKEHWA, TeM CambliM

npeacTasanf anbTepHaTUBHOE AOKAa3aTeNbCTBO CYNepuHTErpupyemMoCcTn CUCTEMbI.
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4. Bbin0 A0Ka3aHo, 4YTO NpU NPUMEHEHWUU COOTBETCTBYIOWEro KaHOHWYEeCKoro
npeoBpazosaHnn, KOHOOPMHYIO MexaHWKy CBA3AHHYIO C JABMMKEHMEM MaCCHBHOW
PENATUBMCTCKOM YacTuusli B  6am3m  ropusoHTa cobuitvin  {near-horizon motion)
3KCTPEMabHOM YEPHON AbiPbl MOXKHO NpmBecTH K “0BbiMHOMY” BMAY KOHPOPMHON
MEXaHWKW. BbiI HaNUCaHbl ABHbIE BLIPAKEHWA 3TOr0 KaHOHWYecKoro npeobpa3oBaHWs
Ans BONbLIOTD KNACCca SHCTPEMBAbHbIA YepHBIX Abip.

5. BbiN0 AeTanbHO WMCCNEed0BaHO ABMKEHWE PENATMBMCTCKON uactvubl 8 61au3u
ropr3oHTa COBbLITUIA 3KCTpemManbHOW 4YepHO Abipbl Reissner-Ncrdstrém ¢ marHWTHbIM
MOMeHTOM. BbiN0 NOKa3aHo, YTO YINOBaA YaCTh 3TOA CUCTEMbI SKBUBANEHTHA CheprYecKoit
33gaye flaHaay, N MMeeT CKPbITYHO CUMMETRUIO (NOCTORHHYIO ABWMeHMWs), Bbina HallgeHa
KPWUTUYECKaA TOYKA, KOTOPaA OTAENAET padnnuHbie $asbl 3¢pHeKTMBHOrO NepuoaUYecKoro
ABWXKEHUA. BbiN0 aHANU3MPOBAHO ABUKEHWE PENATHBUCTCKON YacTUbi 8 61131 ropusoHTa
COBbLITUI 3KCTPEMAaNbHOM YepHOU abipbl KnemeHT-lanbuos {AMnaToH-AKCHMOHHAA YepHan
Oblpa). B OTAMYMM OT Npeabifyliero CAyyas, YrioBaa 4acTb 3TOW CUCTEMbi He umeeT
CKPbITbIX CUMMETPUI ¥ COOTBETCTBEHHO AONONHUTEAbHbIX MHTErpanos ABUXEHUA. Bbina
HaligeHa KpWUTMYeCKas TOuYKa, KOTopaa oTdenAeT ¢asbl ABWMEHWA B NPOTUBONOAOHHLIX
HanpaBieHUAX.

6. Bbina WUCCnepoBaHa WHTErpUPYEMOCTb VI/IOBbIX CUCTEM, NOMYYaeMbiX W3
OBUKEHWUA YacTUUbi 8 61U3M ropu3oHTa CoOLITUIA IKCTPEeManbHON YepHoi Abipbl Maliepc-
Meppu NPOU3BONLHON Pa3MEPHOCTA B CAYYae KOr4a BCe NapamMeTpbi BPaLLeHUA POBHbI.
AnA  nonyyeHHbiX  MHOrOmepHbiX  cuctem  6bLin0 npoussegeHe  “nowarosoe”
npeobpasosaHne K 0606ueHHbIM chepUyHeckum KoopauHaTam, onpejenss OAMH Yron Ha
KaMAaom lare, yTo no3soAmnno Ao6UTbCA pa3feneHUA NepemeHHLIX YU NOAYYMTb HOBbIN
VHTErpan ABUKEHNA Ha K3KA0M Liare,

BbiN0 [OKa3aHO CYNepuUHTErpMpyemocTb HOBbIX CUCTEM W NPOAEMOHCTPUMPOBEHO, 4TO
YrNOBble CACTEMBI NOJYYAEMbie W3 HEHYETHO-MEPHbLIX YepHbIX Jblp MaKCUMAAbHO
CYNepUHTErpupyembl, a 8 YETHO-MEPHbIX CAYYanX YrAOBOW CMCTeMe He XBaTaeT O4HOro

UHTerpana aBuMeHua 40 MaKCUMaNLHON CYNeprUHTErpupyemocTu.
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ACTION-ANGLE VARIABLES IN CONFORMAL MECHANICS

SUMMARY
1. We have suggested using the action-angle varables for the study of a
(quasi)particle in quantum ring. We have presented the action-angle variables for
three two-dimensional singular oscillator systems, based on (Euclidean) singuiar
oscillator in constant magnetic field, singular Higgs oscillator and singular CP'
oscillator in constant magnetic field.
2. We have suggested a procedure of constructing new integrable systems form
the known ones, by adding a “radial” part to the “angular” Hamiltonian. Using this
method we have constructed a class of integrable generalizations of oscillator and
Coulomb systems on N-dimensional Euclidian space R¥, sphere 5" and hyperboloid
H¥. We have computed the explicit expressions for action-angle variables for systems
with. oscillator and Coulofnb potentials on Euclidean space, on the sphere and on the
hyperboloid.
As an example, we have constructed the spherical (§%) and pseudospherical (HY)
generalizations of the two-dimensional superintegrable models introduced by
Tremblay, Turbiner and Winternitz and by Post and Winternitz. We have
demonstrated the superintegrability of these systems and have written down their
hidden constants of motion.
3. We have developed the methods of study of conformal mechanics, based on
separation of the radial and angular parts of the Hamiltonian of the system.
We have illustrated the effectiveness of this method on the example of the rational As
Calogero model and its spherical mechanics (which defines the cubocrahedric Higgs
oscillator). For the latter we have comstructed a complete set of functionally
independent constants of motion, proving its superintegrability.
4. We have proved, that by applying a proper canonical transformation one can

bring the conformal mechanics associated with near-horizon motion of massive
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relativistic particle in the field of extremal black holes in arbitrary dimensions to the
conventional conformal mechanics form. We have written down the explicit
expressions of the above mentioned canonical transformation for a large class of
extremal black holes.

5. ‘We have studied in details the near-horizon motion of massive relativistic
particle in the field of extremal Reissner-Nordstrom black hole with magnetic
momentum. We have shown that the angular part of this system is equivalent to the
spherical Landau problem, and has a hidden constant of motion. We have found a
“eritical point” that divides the different phases of effective periodic motion. We have
andlyzed the near-horizon motion of massive relativistic particle in the field of
extremal Clement-Gal'tsov (Dilaton-Axion) black hole. In contrast with Reissner-
Nordstrém case, the angular part of this system does not possess hidden constant of
motion. We have found a critical point that divides the phases (both effectively two-
dimensional ones) of rotations in opposite directions.

6. ‘We have inspected the integrability of spherical mechanics models associated

'with. the near horizon extremal Myers-Perry black hole in arbitrary dimension for the

special case that all rotation parameters are equal

We bhave performed a step-by-step transformation to generalized spherical
coordinates, constructing a new constant of motion on every step.

‘We have proved the superintegrability of the new system and demonstrated that the
spherical mechanics associated with the black hole in odd dimesnsions is maximally
superintegrable, while its even-dimensional counterpart lacks for only one constant of

the motion to be maximally superintegrable,
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