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1. The development of supersyrametry and construction of

new models always progress in parallel directions: in the com-

ponent language and in terms of superfields. The component lan-

guage is more thrifty regarding the composition of fields, as it

includes mainly the set of physical fields, but the expressions

for actions, equations of motion, etc. are obtained quite cum-

bersome. Formulation in terms of superfields is more convenient

which though using many (sometimes a great number of) auxili-

ary fields, combines them in one object (superfield), has an

explicit supersymmetry off the mass shell, simplifies calcula-

tions on perturbation theory and, consequently, the problem c
f

cancellation of divergences, etc. In this connection there

arises the question about determination of the structure of

soiperfields and the construction of superfields corresponding

to the irreducible representations of the supersymmetry algebra.

Despite the voluminous literature devoted to this problem (see,

9»g«» 0 7 )• one cannot say that the problem has ел explicit

and final solution Tor all cases.

In the present work such problem is solved for a supersym-

netry in two-dimensional space-time. Namely, the expansion of

superfields into irreducible representations of the supersym-

netry algebra is constructed for any N in the sense that the

full set of projectors on the irreducible representations is

constructed, the Corresponding coupling equations separating



out irreducible representations are lounc, ana tne solution of

tnese equations is explicitly found. The consideration is

limitted by the case of scalar superfields. The superfields

wxth indices (Lorents and the supersymmetry algebra automorph-

ism groups indices} will be considered separately. The stan-

dard method of induced representations (see [2j) is used in

the solution.

The paper is arranged as follpws. In section 2 indica-

tions are introduced, the supersymmetry algebras are written

and the structure of irreducible representations is described.

In section 3
 5

 based on the results from the section 2,

there are constructed projectors, coupling equations are writ-

ten and the >olution of these equations is shown for irreduci-

ble representations contained in the scalar superfield. It turn's

out that expansion of the superfield into irreducible super-

fields can be done not in a single way (in a sense all the

irreducible superfield representations appear to be equivalent)!.

In section 4 two concrete realizations of the general method

of the superfield expansion into irreducible components are

presented. In section 5 there are considered examples of

superfields obtained in different ways: superfield obtained

as a result of reduction of four-dimensional N=1 and N»2

superfields into two-dimensional apace-time, and also the so-

-called twisted superfields considered in ref.[3]; their

place in the general scheme is identified.

2. Let us consider the N-extended S™ algebra of the su-

persymmetry which is realized in the space of scalar super-

fields ф(Х,0) ; x^( jm = 0, 1) are the coordinates of the



two-dimensional space-time, в£ (oC ~ <;,2 ' d» "1; ••• ; N )

the set of N Majorana spinors. We shall use the following

choice of metrics and *-matrices:

The derivatives with respect to Grassmanian variables are the

left ones.

At such choice the Majorana condition ia the reality Q^ ?

(̂ at ) K ®oc • ̂ he Ŝ j alJbebra is generated by the genera-

tors of the Poincare group

and by the generators of the supersymmetry D ' -

which satisfy the anticommutation relations

• if W fa.

At Lorentz transformations 8* is transformed as follows:

where GO = 6. u), £ = - E , £ = 1 . It is seen

that 6< and Gg, are transformed independently during
. i

] Lorentz transformations, which is due to the Abelian character

of the Lorentz group in two-dimansional space-time.

Let us also introduce the extended 0ц supersymmetry

algebra which together with the generators of the S N algebra

also contains the generators 1> ' which have anticommuta-

tion relations:



f Л*'
а
, Л *

1
} =-i.ff

d6
(cif7% , {В*'", Й''

е
 J - О

8

The irreducible representations will be constructed by

the method of induced ones [2]. Here as an irreducible re-

presentation is ment to Ъе that in which the eigenvalues of

all Casimir operators, except for P
1
* , are defined*

The generators ^
ы
'

а
 form a Clifford algebra with an

even number , 2N, of generatrices. As all the irreducible re-

presentations of the Lorentz group are one-dimensional in a

two-dimensional space-time, and the irreducible representation

of the Clifford algebra with 2N generatrices has dimension

2 , then it is clear that any irreducible representation of

the S
M
 algebra contains 2 component fields: 2 Bose

N—1
and 2 Fermi ones*

Note, that the general scalar superfield forms the irre-

ducible representation cf the рц algebra [1]. This follows

from the fact that the generators $ ' and D ' together

foim the Clifford algebra with 4N generatrices and hence, the

irreducible representation of the JON algebra contains

2
е
-" + 2*

а
 ss 2 component fields; in expansion of the

general scalar superfield ф(Х
}
0) in 6^ just 2 ~

1
 Boae

and 2" Fermi fields are present. Thus, our task is to

expand the 2
1
" -dimensional irreducible representation of the

рц algebra into 2 -dimensional ones of the S N algebra.

N
The number of the latters will apparently be 2 .



We'll act the following way to solve this problem» Instead

of operators $
ы>а
 introduce new ones

where л is a nonsingular numerical matrix, and the

operators 5*'° satisfy the anticommutation relations

d
o
 „, _

r

ot,а

for which the anticommutation relations have the following

form:

It is clear that there is an infinitely great number of such

matrices Я • А1зо assume, that the matrix Я
6
"**'' is

such, that the operators S ' and d ' form t&e Lorenta

group representation at any fixed velues of oc and а . We

shall consider the operators s''
a
 and d

1 > a
 as ones of

annihilation, and the operators д
г
'

а
 and d £ > a - as ones

of production. As the superfleld Ф(Х>9) forms the irre-

ducible representation of the p
H
 algebra, there exists

the only vector j 0 > (Clifford vacuum) satisfying the con-

dition

s
J > a

| o > * d''
a
|o>= о

for all values of а * The basis states of the



tion are obtained by acting of all possible products of the

operators S
2
'

a
 and d

z
'

a
 on |0> . There are exactly 2

such vectors. To expand this representation of the р
ы
 algeb-

ra in those of the бщ algebra, note, that the vector

in virtue of anticommutation operators S '* and d"
4
'" is

annihilated by the operators S ' :

m
1 ?
 ...,m

K
 >- 0.

So, it can be considered as a vacuum state of the s ' opera-

tors' algebra representation. The basis of the irreducible

representation of the S^
1
* operators

1
 algebra (hence,

that of the jj}
01
'* operators algebra too) is obtained to be the

action on the vector |mi,..-j ГПк^ of all possible products of

the operators s
2 | t X

 • The dimension of this representation is

N

2 . With respect to the assumed Lorentz properties of opera-

tors s and d
1
'

0
 this representation is also an ir-

reducible representation of the S N algebra. Thus, each vec-

tor |nrii,"«,m
K
> generates an irreducible representation of the

S
N
 algebra (oi

1
 dimension 2 ). So far as there are 2

N
such vectors, we obtrin 2 irreducible representations of the

"> N

O N algebra each one of which has 2 dimensions. Dimen-

sion of the space formed by the direct sum of spaces of such
2N

representations is 2 and hence, it coincides with the space

of the component fields which is described by the scalar su-

perfield ф(Х,0) . So, construction of the S N algebra

irreducible representations contained in the superfield ФГХ,0)



is realized as. follows: the Cliffor-u vacuum j 0 > is found,

2 vacuum vectors |rrii
?
..., m

K
^

 a r e
 constructed by it, and

then through each of such vectors an irreducible representa-

tion of the S
N
 algebra is constructed.

3. Now we shall describe irreducible superfiel-'s which

comply with the irreducible representations of the S N algebra

obtained in the previous section. The superfield complying with

the vacuum vector Irrii,..., ППк.> will be denoted by ф
т
 ..,

 m

It follows from (2) and (3) properties of the operators S and

cl that the superfield ФсП| ••.» тц satisfies the con-

ditions (they are sometimes called coupling equations)

0, mefm
1
,...,m

K
}

(4)

О, т^ \т
ь
...,т

к
}

Inversely, the set of conditions (4) defines the irreducible

representation. Really, since the operator d r.r.ticommu-

tates with the S operators, riî  solution of (4) forms the

S H algebra representation. This J3 rot a trivial represen-

tation, as it contains at least one constructed by the vacuum

vector |гп
1
,...,тк^ • That is why its dimensions с1т,,...,тк

must be no less than 2 : dm,, •••; m* > 2
N
 - There are

2 different sets of equations of (4) type (in accordance

with the total number of different vacuum vectors) and, con-

sequently, 2 different superfields ф
т
 .,..т„ . Since

the sum of dimensions of all the superfields (by the superfield

dimensions we mean the number of independent field components

equal to the dimensions of the corresponding representation)

2N
can not exceed 2 , we conclude that



— ь •

Thus, each one of 2 euperfields фщ,,..., m
K
 complies with

the nontrivial irreducible representation of the S
H
 algebra.

It is also easy to construct the full set of superprojec-

tors on the superfields ф
т 1
 ...

? m i t
 • Formally, to construct

them, we'll proceed as follows. Consider a system of N com-

mutation relations (see (3))

+ d*'
mi
 d

1
'"

4
) • 1

(among the values of mi,.., m
M
 there are no repeating onesj)

and multiply their right hand sides and left hand sides, cor-

respondingly. We obtain

н

1=1

(5)

where the following denotations are introduced:

,т^ у



Note that in the right hand side of (5) there are 2 summands.

Fhe common term in this sum (see (6)) has indices which nume-

rate the cofactors in which the production operator d* stands

first (by cofactor we mean a pair of operators in the p=renthe-

ses in (6)). It is obvious that all the cofactors commutate

with each other.

It is easy to ensure that the operators P 1 *" , apart

from the condition (5) - the equality of the sum of all the

operators to unity - also satisfy the conditions

p"V

m€

п
Я Ц — П||с

Hence, the operators r represent themselves the set

of 2 suporprojectors sought for; the result of their action

on the general superfield is expressed by

In the end of this section we shall show the possibility

for an explicit solution of the coupling equations (4)* Any of

the coupling equations has the form

<H> * 0, (7)

where d is an operator having the form

PI

'•i

I 11



d > 6 + Э,

9 - T р*"а е« , a = E<fа (э/aej?) , the
tors P ' and а ' may depend on the derivatives of spatial

coordinates. It follows from the condition (d)
z
 a o that

|6
7
Э} ж о. ft means that one can linearly transform the co-

ordinates 6% a в
я
 -+• Q

l

A
 so, that в *©,' , 3 = Э/Эвг

are satisfied. Then the solution of the equation (7) can be

represented as

ф - exp { в', в; } ф
1
 , ~§r Ф, =0 ..

 (8)

Solving thus the first one of the coupling equations (4) and

substituting the solution of type (в) into the second coupling

equation, we again obtain an equation of type (7) for ф
1
 .

The solution for Ф, , in its turn, is presented in the form

of (8) and is substituted into the third coupling equation and

so on. Finally, the solution of the coupling equations (4)

looks like

where ф
т < т

 is a superfield of general form, but

depending only on some N independent linear combinations of

2N variables ©£ ; B0"*^ is some matrix.

Note, that it follows from (8) that each one of the condi-

tions (4) twice reduces the number of independent field compo-

nents so, that the number of independent components of the so-

lution of the set of N equations (4) (equal to the number of

12



independent components of the auperfield ф
т < к

..,т
к
 ) is

equal to 2
2 N
: 2

N
 » 2

H
, i.e. фт, ...,тк

 i s a n
ontr

iv
ial ir-

...,тк

reducible representation of the S
N
 algebra.

In section 2 it was noted that there is some freedom in

the choice of the matrix л by means of which the

operators S*
> a
 and d '* were introduced. The other mat-

rix fi
1
 ' " proving the satisfaction of the relations (2)

and (3), apparently, generates another expansion of the super-
1

field ф into irreducible representations. The S H algebra

\4л1Л

irreducible representations generated by the matrix Я are

the linear superposition of the irreducible representations

generated by the matrix Л .It means that among the
irreducible representations generated by the matrix Я

must be equivalent ones.

We'll now show, that it is really so. Consider the sets

{m
t
 ...,m

K
\ and {П|,...,Пе} and the superfield Ф

т
,|—;П1

К
 .

Construct the auperfield

Ф'= П d
f
'

mi
 П d

2
-°J

 A

Ct satisfies the conditions

с!
г
'
т
ф'= О , me{n

v
..,n

f
j

(9)

coinciding with those for the superfield ф . It

means that the superfields ф p.nd ф_
 П о

 are

equivalent irreducible represrntations of the ^,,.5
e(
'
a
 genera-

13



tors' algebra. The superfields ф' and ф
П 1
 ,

 nt
 may be

different representations of the Lorentz group. If the weight

factor M is possible to choose so that the superfields ф =

» М ф ' and Фп,,...,Пе will relate to the same representation

of the Lorentz group and the field ф" will still satisfy

the conditions (9), then the superfields Ф
т1г
..

)П
,

к
 and Ф

п
,
;
.,.,Пе

turn out to be equivalent irreducible representations of the

S
N
 algebra (the weight factor И, for instance, can be con-

structed from the product of different powers of operators

( Э
о
 - 3i) and (fl

0
 + 8,)

4. Here will be presented two examples of the choice of the

natrix /$
ete
/
l
r
e
 and construction of the corresponding expan-

sions of the superfields. Аз the first example consider the mat-

rix

f

which realizes the rotation in the space of the "usual" spin,

not affecting the "isotopic" index. Its explicit form directly

follows from the expressions for $*
>a
 and Ъ*' and from the con-

dition that S*'* and d*'
a
 satisfy the anticommutation relations

(all the other anticommutators are equal to zero). Let us re-

14



strict ouraelvee to the case with N-1; the generalization in

case of N > 1 is obvious.

The operators s* а*"
1
 &

Л
 are equal to

According to the general theory the superfield ф(Х/01 >

expands into a sum of two irreducible representations of the

Sf algebra:

The solution of these equations has the form

ф
в
=

The corresponding auperprojectors are

P. • -d'V-hM&T-^fa-
 l

Then, representing the expansion of ф , ф
в
 and ф< super-

fields as



= я

ф,=я,+ (e/S
1
 ie Л?) A

+

we find the connection between their components:

The drawback of such an expansion of N«1 scalar superfield

into irreducible опез is in its nonlocal character which

shows itself in the presence of 4O , у*-3ц , v'idy ope-

rators.

As the second example consider the case when the matrix

Я '$ realizes rotation in the space of the isotopic

spin. Let If be an even number: N*21. Let us group the multi-

tude of 21 Majorana spinora ©into two ones: 9
W
 ,•••; 6^ *

Introduce new coordinates

and operators

16



In terms of p and n these operators have the form

я„ _Э__

fhe operators S and d have the following anticommutation

relations

'} { ? ,sf'} = о ; {sf.t

о

It is seen from these relations that the operators S^ and

S
2
 ( cif and dg ) in virtue of diagonality of the matrix

»
 c a n b e

 identified with the annihilation and pro-

duction operators, respectively.

Let us in this example too restrict ourselves to the sim-

plest case of N=2 (1=1). Only note, that in the general case

of arbitrary 1 the expressions for the superprojectors on

the irreducible superfields coincide with those constructed

by the formulae from ref.[4] .

The index A has only two values at 1=1: A= oC =1,2.

According to the general theory, the scalar superfield ф

expands into four irreducible superfields:

= Фо
 +
 Ф1

 +
 $г * Ф« ,

17



satisfying the coupling equations

The solutions of these equations are

Each of these four irreducible superfields has 2 + 2 indepen-

dent component fields.

5. In this section we shall consider some of two-dimensio-

nal superfields met in the literature and determine their place

in the general scheme. As the first example consider the reduc-

tion of H"1, d«4 scalar superfield ф* (х,9) to N»2, d*2 sca-

lar superfield ф (Х,в) (the indices (2) and (4) designate

dimensions of spaces where the superfields are determined).

In a four-dimensional space ф expands into four irredu-

cible representations ф
0

(4)
 , ф}

4 )
 , " ф ^ , ф,^ of the al-

gebra of R, , Dd » Doc operators determined by conditions

18



The fields фо** and ф^
;
 are ordinary chiral and antichiral

superfields. The auperfields ф
1
 and ф

г
 do not singly

form Lorentz algebra representations, but only the superfield

ф
(
 t ф

г
 is the irreducible representation of the

aupersyrametrv algebra known as vector superfield.. Now let us

reduce tc a two-dimensional space. We shall assume that the

fields $
W
 are independent on X* , X

2
 ; identify (X°, X

s
)

of the four-dimensional space-time with (*°
;
 Я

1
) of the two-

-d.rmene.ional one. The transition from Got and 6* spinors

to 4^ and 4 . ones in the two-dimensional space realize by

Here we obtain correspondences D
et
~

e
"~clt

;
 Д* —" CLg

( d, and dg are given by (10) for A=oC =1,2) which, in

their turn, bring to the following correspondences for the fi-

ф exactly are solutions for eqs.(11). Note, that the

transverse vsctor field S\\ (Э fij, - 0) in the four-dimen-

sional space-time has natural reduction determined from the cor-

reapondence <tf*+ ф * } — ф/« + ф г

( 2 ) .Namely,

*" and ф

= О; here fl™« ^ 3 V ( У, - У«) , where У, ,

are the first components of the superfields ф, *" and

respectively^

As the second example consider the so-called twisted chi-

ral N=2, d=2 superfield %
 T

 considered in ref.[3j . It

is de&cribed by (in denotations of ref.[3j )

D + X = 1 - Х = 0 ,



When вес , Bei t D A from ref. [3] be correspondingly iden-

tified with Ц^ , d, , dj , it is seen that X
 ж
 Фг (see

(11), (12) ).

As a final example consider N=4, d=2 twisted multiplet

mentioned in this work. It is characterized by (we directly

write in our denotations):

where we identified D
ae
t , 3)^ from ref.[3] with d

f

dt"
a
'

d>
 . respectively.

With account of

from the last two equations we obtain

A
 t

It follows, that X is a subordinate auperfield expressed

in terms of ф , and that <p satisfies the condition of

being "Hermitian":

a
^ V (13)

Note, that such condition of being Hermitian is possible, since

in accordance with section 2 the superfield (dc) ф forms

:he same representation of the algebra of operators R, , £ot

20



as ф does, and the operator (d
2
)*/a is a Lorentz-xn-

variant one. Finally, N==4, d=2 twisted chiral superfield is

the "double-chiral" superfield Ф(ц)̂
1
2Хг,1)(г,г) which sa-

tisfies the condition of reality (13). In such a form this

supermultiplet was introduced and used for construction of the

finite 6 -model in ref.[5] , where it was obtained as a re-

sult of reduction of the double-chiral N=2, d=4 superfield

satisfying the condition of reality.

21
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