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1. Introduction

In many elementary particle models with spontaneous sym-

metry breaking new light pseudoscalar bosons (P) of the aa&on

type or light scalar bosons (S) of Higgs type are predicted

weakly interacting with, matter» In most of these models the

interaction of these particles with the quarks is proportional

to the quark mass. Therefore one of the hopeful ways to disco-

ver new bosons is [1] the search for radiative decays of quar-

konium J/+- Pf.Sj or T-* Pj, Sy .
The simple formula for the widths of these decays suggested

by Wilczek [1] has the same form for pseudoscalars and acalars:

at m p ( s ) « 0 (« m a ) , where V * JAK T,... (Q
 5 C, b,..J ,

X Q is the model-dependent constant "^p

Recall that this formula reflects a similarity of two dif-

ferent processes of nonrelativistic quarkoniua annihilation.

Indeed, both processes V-*P(5)f end V-*/•/* proceed at
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email distances ~ •f/m.Q . Hence: 1) their diagrams can be cal-

culated with free and nonrelativistic quark lines; 2) their

amplitudes are proportional to the same quantity R«(0) , the

quarkonium S-wave function at the origin.

In connection wifch the fact that J/^ and T radiative

decays experiments have already achieved the level of the

widths predicted by (1), recently the corrections to this for-

mula were discussed: a) radiative — «, corrections [2,3j »

b) relativistic ones which are due to the fact that in real

quarkonia <v/c^> ia not small [4] . In both cases of P- and

S-particles each correction turns out to reduce the ratio

r(V-~P(S)[)/ Г (V-*/•/*") by a factor froai 0.8 to 0.5.

In this work we would like to call attention to the fact

that the calculation of the radiative widths J/f, T - P y ( S ^ )

in the limit
 m
p($) • 0 (really at nrip/

s
»« I^Q ) can be

carried out in a purely relativistic way with an accuracy of

Q(ot
s
) and quite independent of the nonrelativistic approach

to quarkonium. This is possible due to the QGD sum rules (SR)

method [5] which has been proved to be successful in the cal-

culation of masses, leptonic and radiative widths of the quar-

konium levels (see, e.g. recent review [б] ). Moreover, it

turns out that SR for the considered decays need no separate

derivation. They are obtained immediately as a byproduct of

SR for radiative transitions in quarkonium [7-10J . The start-

ing object for all these SR is a three-current correlator

^j J*J*^
 ot c u r r e n

* j\>
s
Q]f*Q generating the quarkonium

vector levels with currents и and j
x
i Q / * Q ( Q Q )

corresponding to interaction of Q-quarks respectively with the



photon and bosons P(S) *

The main observation the present work is based on consists

in the fact that there exists a similarity between this corre-

lator determining the V-+ P(S)y decay amplitude and the

two-current diagonal correlator ^jvjv'^ which determines the

leptonic width Г(У-*р*р~) . On the oae hand, due to the

QCD asymptotic freedom both correlators can be calculated in

the region of current zero masses as a sum of a bare diagram

and 0(<*
$
) diagrams. On the other hand, the physical represen-

tations of both correlators are saturated by one and the same

set of states: the resonances with the quantum numbers of JA*

or Y ( Q s c o r b ). Owing to the mentioned similarity,

the ratio of the radiative decay widths to the leptonic width

can be calculated from the QCD SH with accuracy up to ~ 10*

if all main contributions to the correlators are known. Prac-

tically, we could achieve such an accuracy only for the decays

to a pseudoscalar and photon. As to the decays to a scalar

particle and the photon, the accuracy here is limited so far,

since the perturbative «
4
-corrections to the corresponding

three-current correlator have not been calculated yet. This is

a separate problem which represents considerable calculational

difficulties and is out of scope of this work.

V.'e present at once the list of calculated widths of the

quarkonium radiative decays to the light bosons normalized to

the corresponding Г̂ , widths determined in (1) ( the letters

are simply leptonic widths with a coefficient -* m
Q
 / x

f t

depending on the light boson model):



Г( T-+Pj) -(1.15 • 1-2)r(T)

( 2 Ъ )

o.85 * 1.0) Г„ДГХ

We emphasize again that the results given in (2) are not

corrections to the Wilczek formula (1) but represent complete-

ly independent estimates from the QCD.

The rest of this paper contains derivation of the SR and

calculation of the resulting estimates (2). This procedure does

not differ in essence for decays to pseudoscalars and scalars.

Therefore, both types of J/i' decays will be considered si-

multaneously in Section 2» In Section 3 we*11 give the corres-

ponding results for T decays*

2. The QCD Sum Rules for J/t - Py, Sjf Decays.

So» let us consider a three-current correlator

where j
M
 = C ^ ^

 i s t h e е 1 е с
'Ь

Г 0 1 п а
в

п в
'Ь

1 с
 С -quark current

corresponding to the emission of the real photon ( к • 0);

jpS icy
v
c- C L ~ ^

&
)
 i a t n e

 curz^^t of с-quark interaction

with massless pseudoscalar (scalar) boson P(S) ((<^-к) «О),

jtf
= С
Г#

С
'
 l s

 *
ne
 current corresponding to creation of

J/t, ̂ ,... -meaona (at ^ * m^, m^,,... ).

In the region 0^*0 (really at ^ « 4 m ^ )
t
 where m

t
 ie



the с-qua? л: current mass, the correlator (3) is a vacuum

fluctuation at small (~4/m
c
) distances ала can be calculated

in QCD. Fig
b
 \a

f
b,o presents various types of QCD diagrams up

to 0(ot
s
). lor SR we'll need ь, few first derivatives of (3) at

Q " = 0 point, precisely, the derivatives of invariant ampli-

P S • '; *
tudes £> ' id"'} ,. r-utalning the whole dyjiamical information

on the correlator t.'.i:

P P Z

(4)

In Refs.[7-10] the aame correlator wa3 considered in a
2

more general caee, (Q - к) j4 0» in connection with the calcu-

lation of J/^-*9t^' ( j' current) and Х-о~*У^Х (j current)

radiative decay widtlio. Using the calculations made there we

obtain the expansion of & ' (̂  ) at ^ = 0 up to

<2 ч * *

where ф = — <0) -^ GJ*GJ.|O> (4naJ;"
2
 is the well-

known gluon condensate density coefficient [5j > so that cj ф

ia a relative contribution of the Fig. 1b type diagrams cor-

responding to the с -quark interaction with the gluon conden-
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sate. According to the results of [8-10J :

p
 - .

 n
^

n
*^ f n .

2
« - 5 n * 6 1

s
=
.

c
s

=

More complicated is the situation with the coefficients
P S

d
n
' determining the contribution of the two-loop 0(<x

s
)

diagrams with gluon exchanges (of type shown in Fig* 1c)
c
 The

only information we have are the first four coefficients?

P iP ,F ,p

сЦ яЗ„92, d-=2.76, cL-2eO4 and d, «ИоЗЗг which were

calculated in [9] along with other coefficients determining

the perturbative 0(«
s
) correction to the SR moments for

J/<f/ -» n
c
 Y decay. In order to estimate d

ft
 at пУ4

 е
 we

use the following trick, bet us represent the 0(<*
s
) diagram

contribution (Figeic plus all similar diagrams)
8
 which we de-

note by Д. (q ) j, in the form of a dispersion integral:

Recall, that the Ъ&те triangle diagram of Pigda has an

ginary parts

о For completeness„ we present the corres*

ponding expression for.the scalar current eases

8



(8b)

Written in terms of the с-quark velocity у , the integral

(7) at lerge a contains a factor (i-v )
n
 , which damps the

Im Д
1
 asyznptotica at v-*i (s-*oe) „ on the other hand,

the dominant contribution to the imaginary part of the diagram

0(«
s
) at v-*0 has a Coulomb-like form ~l/v (for details

see [б] ), so in general

I A j [ ^ ] (9a)

Restricting ourselves to the first two terms of this expansion,

we determine the coefficients a and b "empirically", sub»

stituting (9a) into (7) and equating at a =3.4 the integration

result with the known values of ^ d , , ~cL , respectively.

Here we should take into account also the ot
s
 -correction to

the с-quark mass [5»б] • The latter mass in the dispersion

representation (7) is implied to be normalized "on the mass

shell", whereas during the explicit calculation of th-э Fig,1

QCD-diagrams the Euclidean mass ^ ( P
 =
"

m
c )

 i 3
 t^en*

Finally we obtain:

tt « 2.7 Ь * -2.8 (9b)

The comparison of (7) (wherein (9) is substituted) at ft =1,2

with — cl. , — d
A
 convinces us that the omitted in (9)

unknown terms of expansion in positive powers of v are in-

essential. The difference is 30% and 8%, respectively. At n



this difference must substantially decrease* Thus, we can ra-

ther precisely estimate the coefficients d
n
 at л > 4 (up to

2
those n values at which the subsequent term ~(°4/v) becomes

essential). Unfortunately, for the triangle diagram with scalar

current 0(<*s) correction has not yet been calculated at all.

As a rough estimation, below we shall simply assume d
n
—d

n

taking into account the fact that for two-$urrent correlators

<j J ) and \\ j у these corrections are close to each

other [б] •

Using dispersion relation over q and unitarity, we can

easily obtain physical representation of the correlator (3)

in the form:

>
2
 - m.?

v
'

w

where in a sum over all 4* -resonances, e*g* for J/^
 t

the matrix element < J/\pJĵ j 0^ = g" m ty*

leptonic width:

determines

( «p, la the J/ty polsriasation vector)
 c
 while the satrix

elenente

:P
(12)

dcitermine the radiative widths we ens interested in

10



'•V •

in the llait n^pj'O . The continuum contribution (DD,«.)

In (10)» denoted by dote we replace as usual by diapersion

integral taken from the imaginary part (8) with respect to

the «j -correction (9) over the region s > s
0
 » where

Differentiating ( Ю ) at q «0 and equating the obtained

expression

-
 2n

.,

(— ) • • • • I

with the r.h.s. of (5a) ((5b)), we come to the set of SR mo-

ments* In their physical part at large n the J/*H contri-

bution dominates. Being equipped with experimental data [11] ,

in- the sum over highest ф -resonances we take into account

five levels: •* - { +(3685), *(3/72), ^(4030), f(4i60)
f

+ (4415) } with the corresponding constants ff. derived from

leptonic widths according to (11)* Further* it is natural to

This relation is valid in any nonrelativistic quarkonium model

I because, as mentioned above, both sides of it are proportional

11



to the ваше ratio RM0)/R,(0) » At the same time it is оЪ-

vious that gluon or relativistic corrections will not change

(15) significantly. Finally, since we use sufficiently high

moments of SR in order to derive the amplitude A(J/^-*P(Sb),

the accuracy of (15) is inessential.

Compare now the obtained SR to the well-known 5R for the

two-current correlator f"L
v
 = (jpj

 v
) [5»6j (the diagrams of

Fig. 1d,e,f):

3 ггц, 2n*2 (n*2)\nUn*2)

4>
which, aocording to (11), deteraint the leptonic width

Г( J/H» "*/**/**) • Bq«(i6) corresponds to the initial choice of

the correlator:

The difference from the standard choice [5*6] is by one power

<̂  or in term of moments a-* n*-i
 (

 so that the iaaginary

part in O K ) [5} ia

(17)

The coefficients b
n
 calculated in [5] determine the gluon

condensate contribution (diagrams of Fig.ie type). Dots in

l.h.s. of (16) denote the oontinuum contribution (the integral

12 .



!

from (1?) with the weight 1/s"** over the region s > S
e
 ).

The advantage of QCD SB method is that from (16) a* well

as from similar SR for other two-current сс -correlator* «11

QCO parameters of interest are unambiguously fixed [5»6] :

m
c
a 1.26 + 0.02GeVj ф »(1.7 + O

e
3)»1O"

3
, оц(т

е
)«

* 0,2 + 0.05 • Moreover, if we account for five higher T* -

resonances in the l.h.s. of (16) and choose yf&
0
 • 4*4 GeV,

we obtain at i 4 n. 4 4 rather stable prediction for leptonic

width:

rCJ/f-J^V) » 4.5 * 4.6 keV. (18)

This result is to be Compared with experimental number 4*7 +

+ 0.3 keV. At ri > 5 the Ф Ь
а
 power correction becoaea

>3OJ6, so that SR naturally do not work* She estimated unoer-

tainty of (18) does not exceed 20% and ooneiste of QCD para-

meter uncertainty as well ae of experimental error* of hlfber

^ -resonance leptonio width*.

How when we have fixed all parameters, let u* divide. SR

obtained above (i.e. the equality of l.h.e. of (14) and

by SR (16).

Resulting set of combined SR momenta ia the i'ollowingt

2m
c

s —

«• •" (19)

where

13



R*-(2n*3)(2n»5)/[(n4)(n»2)],

into account (15), the factor determining higher reso

nance contribution is

.p(S) 7

0 л f o f t are the continuum contributions into ft -th

moment of three-current and two-current SR, respectively.

The obtained SR (19) contain minimal power of n\- the

parameter which is known with limited accuracy» Besides that,

due to (15) and to the fact that both triangle and diangle

diagrams (the last in option (17)) have the same behavior at

V-* \ • (»•-*••) the contribution of higher states in (19)

( +' «resonances plus continuum) turned out to be < 10%

already at n ) 2 . Finally in (19) substantial cancellation

of power and perturbative 0(»
t
) corrections to three- and

two-current correlators occurs* This circumstance somewhat

enlarges the region of reliable moments over n (at n. «8

both corrections are still < 20%) as compared with SR

(16).

Predictions for A(J/*-»P<S)/Wratio following from SR

(19) &£% rather stable* At whole f 4 n £ 8 interval of. moments

variation of-this ratio, is. £ 1Я%*_1е*аг1Ъе1евв. in. .order
U



to avoid uncertainties due to higher states contamination

(small ri ) and ot
s
-corrections (too high a ), we limit

ourselves by 3 4 n 4 б interval. In this interval variatiofi

of SR predictions is £ 5%»

Acoording to (11) and (13), the ratio A(J/*-*P(S)fl)/^

obtained in this way determines the J/t radiative decay

widths in the units of P(J/t -*J**f*~) leptonic width:

(the Wilczek formula analog in our approach). Substituting intj>

'20) the values of A/ff obtained from optimal SR moments

3 i ̂  < 6 we at laat come to predictions f?r J/+-*P(S)y

radietivs decays presented above iu (2).

I^t v.?: discuss now how one can obtain the analogous «eti.»

for Ь -quarkonium decays*

3» Estimates for, T* radiative decay widths»

УО-ЛЙЙЛХ;?, the derivation of SR (19) carried o\it аЪот*

•••*.;, c m ' i . r . u f . Q T b q k

кх1у t c

<ffl -- 'У'Л ^ fiow®ve*4 &t* 1 * i s w e l l

.5wsf. it. zeslity SR fas' h ̂ uujrkenivm жа*к mi вь veil es

?;УГ скеашнх±ат.с The bb -ayntem levels аз* placed cloeer i s

tbs шав scale, so that at fl J£ 10 i t :la difficult to isolate

the lowest T" state oontributiono therefore fcere

than in 6.C -«a** one must trust in the duality of higher
i

s ta tes 9sA feaxe quark loop» On the othsr hand,, th» pcm&j? oorret

15



tions ю г лох too high moments are negligible being ^ { ^ v ' ^ V

of the corresponding charrBonitun corrections. The main correc-

tions are perturbative ones, their calculated values are reli-

able in O(ot
6
) up to n 4 10.

At the same time in the considered problem the situation

is substantially improved for low and intermediate moments,

since a rich experimental information [11] about b-quarkaniu*

vector levels Is available. We can in fact take into account

five levels» sited higher than V • Besides that, bb-system

is more nonrelativistic than cc -one* Therefore the status

of both approximation (9) and relation (15) here is better.

First, let us consider the b -quark analog of SR (16).

As it was shown in [12] (see also [б] ), from these SR one can

extract Ъ -quark mass n^ ( p
2 =
 ~ "̂ ь ) • 4.23 + 0.05 GeV.

At the same time <*
b
(m

t
) • o.2 corresponds to л*(т^) ж0.15.

We have repeated the analysis of these SR with account of

current experimental information on T-resonances* If we take

m
k
-4.21 GeV, Vi"

0
«11.3 GeV, *

s
 • 0.15, then a very stable

value of ГЧ'Т-Х/"*)- 1.15 «• 1.2 keV is obtained in the whole

1 4 n £ 9 interval of moments. Substituting mfc , oc.k(mb)

into combined SR for A(T~P(S)f)/jgrr ratio (analogous to (19)),

w* also obtain a stable set of moments with strong reciprocal

cancellation of ©t, -corrections and higher state contributions*

In 4 4 n 4 8 interval the (A/g)~. values following from SR

vary in the limits of 2.5% (in Py case) and 5% (in Sy case)

Substituting these values into corresponding formulae for

widths analogous to (20), we arrive at estimates presented in

(2) for T-*Py. Sf decays.
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Let us note that in the SR moments we have used for

ratios где contribution of higher states is < 8% and et
$
 -

co-rrection ia <15%. Recall, that these small values come

from the above mentioned cancellation of corresponding contri-

butions into three- and two-current SR. The separate contri-

butions are of course somewhat higher than in J/4* case*

Thus we сове to the conclusion that for radiative T*

decays into light bosons SR seem to be as powerful as for

J/t decays*

4с Conclusion*

We. emphasise that notwithstanding that QCD parameters are

with limited accuracy, the SR moments used above are

to their values due to minimal power of quark

mass and successful cancellation of «
s
-corrections. The es-

•fciMsst-eu accuracy of predictions presented in (2) is ~ 10%

i'or If?
 t
. T -

&
 P|* decays end ~ 20% for J/ty , T-*Sr

os?@0« One can be convinced t&afc етеа ^ 50% violation of (15)

cannot cause variation of these results more than by 10% for

J/f and 20% fox" T о At the same time such violation is

aonrealiatic since it destroys stability of SR at lower mo-

ments»

йо-0,- tlmt results obtained above demonst^sts that from

•fehe QCD point of «lew davia-feion from nonrelativistic Wilczek

* (1) 'i&rmot be substasitialo At the same time the J/tf „

s?lfHl«j are pz-isdicted to Ъе somewhat higher than (1),

j/f ,. T"*S|j- ЙЙДЙ-Й Ъ© lower taan (1)
o
 It can be

that this difiereKce arises alreadj at the le°

17



vel of bare triangle iliagrams with pseudoscalar and scalar

vertices. The сerr. :,tiona are close to ench other and don't

remove this relation.

Further, .from predictions listed in (2) it follows that

bb -system is really more nonrelativistic than charmonium,

since T widths are closer to F^ than the corresponding

J/+ widths.

We shall not discuss in details current experimental lxgac

boson limits from monochromatic photon searches in J/+ , T

decays* Note only that ot
s
 - and relativistic corrections tc

(1) calculated in (2-4] still leave some room for axion and/or

light Higgs existence. According to our results (2), the expe-

rimental limits already forbid this possibility.

The problem of discrepancy between radiative width calcu-

lations by means of nonrelativism plus corrections and by me ana!

of SR remains open, since we yet don
 f
t see direct relation

between these two approaches. The SR method advocated here

has in fact controllable accuracy. Besides that, in this way

we may calculate not only the ratio P(V-» P(5)y)/nV-/»*ju")

but also leptonic widths themselves, i.e. the absolute norma-

lization of (2). At the same time the nonrelativistic calculat-

ion of leptonic widths along with uncertainty of ware function

at the origin contains rather uncontrollable value of ot
s
 -

correction.

The authors would like to acknowledge valuable discussions

with I.G.Asnauryan, S.G.Grigoryan and S.G.Matinyan.
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Fig.1. a - diagram of three-current correlator in zeroth

order of oc
s
 ; vertices with momenta <^ , к , q,- к

correspond respectively to j
v
 , L , j currents;

Ъ - one of the gluon condensate diagrams;

с - one of the O(OL
S
) perturbative correction

diagrams; d,e,f - corresponding diagrams for

two-current correlator*
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