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D.B. SAHAKYAN 

NUMERICAL STUDY OF THE C;\SIMIR EFFECT 

AT A CRITICAL POINT OF THE d=J ISING 1'~lDEL 

The dependence of free energy on the sizes of a lattice 

with periodic boundary conditions is studied. Cases are con­

sidered when one of the parallelepiped's sides is small com­

pared to two others, and then two equal sides are small com­

pared to the third one, 

Yerevan Physics Institute 

Yerevan 1987 



ilpeITpHHT Rl?Vl. -I 0 29 ( 79 )-8 7 

.n .13. c AAKl1H 

1IBCJIEHHOE !13Y1mIIl1E ::>:MEl\TA KA31MV!PA 

B KPl1Tl1qEX::KOtl: TOqKE d =3 MO)lE.Jll !13vlHTA 

M3yttaeTCR 3aBHCHMOCTb CB06o.nnott aHepr>m OT pa3MepoB pemeT­

Iill c rrep>1:o;n>l'.'leCKHMH rprum~HHMli ycnoBrunvra: . PaccMaTpli:BalOTCR c;rry­

~aH. xor~a o,nHB. li3 cTopoH rrapanneJlllIIIliITe~a Mana ITO cpasneHH~ 

c ~YMR ~YI'liMli li TOr~a ~Be pasHHe CTOPOHH MaJlbl ITO cpasHeHli~ 

c TpeTbett. 

Epe:sa.HCK:irlt ~li3H'leCKmt HHCTHTYT 

E:pe:sa.H 1987 

In the recent years the strings have attracted great atten­

tion of the theorists. There exists a hypothesis (1-J] that 

the string yields an exact solution of the d:J Ising mode~ in 

the critical region. So the study of this model becomes more 

i~teresting, since here one can compute the physical quanti­

ties with an accuracy hardly achievable at simul~tion of dis­

crete string models. 

The testing of any theory claiming on solution of the give~ 

model must be calculation of critical indices known from the 

numerical experiment. To author's opinion, the calcula tion of 

constants in the Casimir effect will be the easiest from the 

theoretical viewpoint. The method proposed in Ref.[4] allows 

to calculate a statistical sum with high accuracy. The authors 

of Ref.[4] offer to measure the free energy change from one 

temperature to another by comparing the energy distribu t ion 

functions P ( E, B) , where B: 1/T • So 1 one can easily come 

to the following formula: 

_.J._, 



en l (B1) 
l (Bi) 

en p (E, B2) 
=-(B1-82)E+ PlE,B1) 

He r e the right-hand s ide must not depend on the choice of E 

(i f P(E,B) i o computed prec isely). 

( 1 ) 

Fo r our stu di ed model with a few thousands of spins this 

Method nllows t o ca l cul a te the free energy density with an 

urcuracy ""10-4 - 10-5. Energy distribution after 5000 free 

iterutions was average d over 50000 subsequent iterations. Here 

t• t j nr reasing number of iterations P( E, B) varied by a share 

of' l'L' rc:en t (ncur t h e maximum point where and only where we 

ua0ct Lhe value of the fun c t ion P(E,B) ). At n point B = 0 

we l11tve fnl=Nen2. Using formula (1) we c an compute Fnl 

~t poiutn with larger value s of B , whi. le moving with a s t ep 

.llB = 0 . 025 and finally determining the value of fn Z 1o1 t c: 

cri ti cal point Be~ 0.22166. 

The table l ist s the value s of en l - en 2 f or vori-

ous lengths of the parallelepiped . Herc form.ila ( 1 ) wuo used 

fo r s uch values of E at whi ch P(E1B1) rind P(E1B2) are mtt.Xi -

mally close. At E v n r i ed by a few s t e ps , Enl/N v a r ied 

lesa thun by 10-5. Por the case when t wo s i des e qual L , and 

th>-! th-!_rd one t end R t o i nf ini t y , we obta in: 

En l/N = const + c,j L."- (2) 

.-1hc1·c C1 ::::. o . :;5 - o. J8 . 

'rhe figut'eB at the t a ble s how that the l eng th of the third 

"ide may be c onsi de r e d infinite ly l a r ge . 

In the case when one side h aB a l ength L. and two o the r s 
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are l a r ge, we obtain with t h e accur acy ~0 . 01: 

C2 % 0 . 1 J (J ) 

To compute C
2 

, one needs l arge l attices and corresponn -

ingl y larger calculations. 

I n t h e case of the d =2 Ising model at a critical point, · 

is obta ine d as a s t a tis ti cal sum of free massless Majo r ana 

fermions , with antiperiodi c i .t y condition of wave func t Lon at a 

boundary (in case wh en the latt i ce is infinite in oppoB.i te 

direct i on). 

Fo r fermi ons in d=J wi t h the same boundn.ry conditions we 

would obtain : 

Ci: 3~(3)/ft:nz o . 2869 

this be ing r_-::::rly twice tha t i n formu l a (J) . 1''or the scale< : 

particl~s we would hav e : 

C2=~(3)/2'JC"" 0 .1 913 

It i s l i kely that the d=J Ising mode l is not described by a 

sing l e free particle . 

\ ... ; 
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In c on oJ.usion, the author would like to expresa h i s since re 

grati t u de to A.V.Zamolodchikov, A.A.hligdal and S.G . Mat i nyan 

for the useful discussions. 'l'he author is indebted to V.P.s~-

lakhyan for assistance in the work. 
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Table of values of fn l ( Bc)/N - fn 2 

for lattices with different lengths of sides 

\ 
6,6,40 0.08640 

6,6, 100 0.08652 

12 , 12, 10 0.08616 

15, 15, 16 0.08491 

4,4, 100 0.09064 

1.0, 10, 16 0.08763 

5,20,20 0.08608 

5,24,24 0.08592 

a. 
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