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Within the framework of Hawking quantum cosmology a probleq
of topology change of the Universe allowing to differentiate
between pure and quantum states is discussed. It is shown that
for the pure state Universe the transition of the sphere to
torus is strongly suppressed. The corresponding probabilities
become of the same order in case of the mixed states of the

Universe.
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B.T'.IYP3AIFH, A.A.KOUAPTH

WCTHE U CMEUAHHHE COCTOAHAA
BCEJEHHOM

B paMxax XOYHKMHI'OBCKOZ KBaHTOBOI KOCMOJOTHE OCCYRIAETCH
npodiieva m3MeHeHUA TonoJorumu BceserHol#t, mosBosfgmuas pas/IIATH
YUCTHE KBAHTOBHE COCTOAHMA OT CMEWAHHNWX. [loka3aHO, 4YTO IpK
TCTHX COoCTOAHMAX BceseHHo# ( urpymeyHaa Mofesas ) nepexon cde-
DH B TOp CHIBHO nojyaBieH. COOTBETCTBYMUME BEPOATHOCTH CTAHOBAT-
CA ONHOTO NOPANKA IIPH CMENAHHHX COCTOSHMAX.
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1. Introduction

The wave function of the Universe introduced by Hartle and
Hawking [1] enabled them to calculate the probability of
quantum state of the Universe with 83 topology; simultaneous~
ly they raised the question of calculation of the correspond-
ing probabilities for different topologies. The latter cases
{including torus, hyperbolic space, etc.) were inveatigated in
[2,3] » In these papers only pure quantum states of the Uni-
verse were considered.

Hawking [4] and Page [5] independently put forward the
hypothesis on mixed states of the Universe, which means tran-
sition from the quantum states wave function description to
that based on the density matrix. The investigation of mini-
superspace models using the density matrix, leads to the con-
clusion that both descriptions do not give quite different
results (probabilities) at least for thore models [5] .
Therefore, it is of special interest to consider =zuch n proo-
lem which, first, allows to estimate the density matrix and

second, leads tou results sufficiently deprendent on whether

pure or mired states are allowed. Before we turn to chet prob-
rem on the topology change of the Universe, «» .10 v the
i dilference  between Hartle-liuwking weea ¢ 70 and

s age density matrix.



2. The Wave Tunction of the Universe

The probability of a quantum state of the Universe with
topology Z , geometry ‘q., end matter fields 4: is de-

fined by the path integral [6]
-1IM, 9, ¢l

PlZ L) = \dim,g, ¢l ,

ALZ L +)

where A[ z.\"u ‘1’] is the set of all oriented compact 4-mani-
folds with geometry % and matter fields P , for which
there exists an insertion L satisfying the following

conditions:
1. oM = ¢ )
P~
2. &L = LZ < Ml

3. AM, M M= ML #M_ M T - M
4. \-*g = k,
3¢ \Pi = ‘b )

where # indicates operation of the connected sum of the
t k :

manifolds, L is the differentiel of mapping L , 1 is

the gravitationel action.

The probability ?Li,i\. ‘Hcan be represented in the form[6]l%

Plzne) = ¥ (Z,h4]- %12, 0 4],

where
*+{Z‘\\|¢] = *"[ZIL|¢] < *{zl ‘\n¢3 .
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The function ”4j , called the wave function of the Uni-

%
verse, is equal to

FYIZ,h ) < SA[M.QI\P]GJ, )
RIZ W 4]

where

BIZ, W] = {M‘g‘«p 3¢, pom-¥

DF <M, 5 itg-h, NP4

In the case when
2 =G (-s)=6, +Gz¢¢ ,
h = L\s,l‘* L\Gz )
Cb = ¢G.‘+¢521
‘r\sv 4:.62 are metric and material fields on

Cheo ds (

A
6,6 (&,=-6)) gluing the boundaries &;S,one has

a compact 4-manifold without boundary:
B[S-G, \"6+L‘51+e++s]'*
Bg[szfc@,k.«ﬂ:{M,g,flat,4)%M=¢,
s ‘* = .
2)6 M, s)L“g,_k' 4) \()g <}>§

*Another definition of the wave function see in [7] .



3. The Density Matrix of the Universe

Hawking-Page density matrix is defined as

-1
y[zf’ h’l 43’;2"’ L\ll’ CF"] - So‘[M,%|\P]e , (2)
P

where
- i“ ) ‘ ) i i 7}
z = B ‘. Z‘- Z } hZ'*.L"Z“ } +zr +z"] :

It is interesting that the density matrix P can be
repreaented via the wave function ’\\J « As it follows from

(1) and (2), this can be done as follows:
- ] [} ] 1 (1] \ i t { " 7] [}
PLZJ L’: :‘> ) Z" h ' +'} :'\‘)[Z,h‘f; -Z, ‘1'<|>(}3)
- i B | /] | \
S [Z-Z W, $edT]
Then, the probability searched for must be equal to [4,5]'

PIz,ne)=plZ b2, 4, 4]

Ilm g, 9]
= S O\ [Migv?]e

B, [2(2),h¢)

As it is seen, integration is taken not only over manifolda
divided into two parts by the 3-boundary, but also by all
compact 4-manifolds containing the given 3-manifold: cf.
ATZ b €] ana B [H(Z), b, ).
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This is the main difference between tnis formulation of proba-
bility and the former one. One can come to this conclusion
also from other considerations [4] . Assume, that the Uni-
verse is created as different non-connected parts (pieces).
Then, picking out one of them ("our") one has to integrate
over other "unknown" parts.

Thus, assuming that

tho, '\'Z )

“wy \Jv\kV\QWVI
where ch , is supposed to be connected, one has
V)
A }x
D(zour' \1"“" '<¥Qu\> - d l' th \no\v:! ““k"""’" # wnknown

(4)

P[Z *Z ! \ﬂo\ar* weknow 4:’ qb ]'

Quy uwle NOW W hkv\oww

4, Topology Change of the Universe:
A Toy Model

Let us turn now to the discussion of the problem which,
as distinct of minisuperspace models, leads to results (proba-
bilities) depending on whether pure or mixed states of the
Universe are considered, i.e. the wave function or the den-
sity matrix is calculated.

Consider the probability of the topology change of the
Universe without matter and with cosmological constant. Then
o4

4-torus of metric



ds®= 8w Pt Lz[JS;"+O‘31Z+J$:+0\3':],“%';‘1, (5)

is a compact gravitational instanton, i.e. satiafies the cor-
responding Einstein equations (Ri g = 0)e

Proceeding from the fact that one can insert both 3-torus
73 and 3-aphere s>  into T4 (of dimension L > 1), one
can calculate the relative probabilities of aphere-torus
(s> + 12 ) ana sphere~aphere (s3> s3  with different
~adii) transitions using the action (for details see [2] )

2
1.._L Soﬂ WK
R e?
M

where ¥< is the second fundamental form of the boundary

?

of 4-manifold (3-sphere and 3-torus),
As it is shown in {2] y, 1f the Universe is in a pure

¢ "
state, from the probability of transition from Z  state toi

RUESZNA D) TEODT
(6)

one has the expression

PHH(SS—»'T}) _q68 -16
— >~ Q << S - ()

3
P (s > S?)

While deriving this, the volume of 3-torus was taken equal

to that of the final 3-sphere. Thus, the transition with topo-~

8 .



logy change is suppressed.

Now let us derive the same transition probaebilities in
the case when the mixed states are allowed. The transition
probability will then be determined by the Hawking-Page density

matrix:

-PHP(Z’_>Z")=9(Z'LZ'}Z"_Z'); w ! 7 (8)

or (the shaded region indicates integration over unknown topo-

logies)

P (T2 = (22045220
= P\\H(Z)-‘-?(Z)’ Z =2 -Z ,"

where ~;I M . %]

s(E)=2 e
(M) cB LB (), 4]

In the problem under consideration [V\ = T4 with metric

(5) for which
IT7T =0,

30 faras R= A =0 and °M = & .

Hence, the probability ratio searched for turns to
3 3
P (S>T)  expl2(4-6m R3] + 1
‘P.hk..( S 33 T ex P [2 (R,‘z-?zﬂén} L2]+ 1

9



or

—PHP<SB"')T3) G‘XP(ZLI-X) + 14

= - (9
N 3 - 4 ::'0((1)} )
P (S*»S})  expisliex) +1
Wp P
where
2422 37-\_4.
f2wiRE P =x , O<x <3wl’;
¥Eo and F{q are the radii of the initial and final
spheres.

The function o((x) increasing within the whole varia-

tion range of X is graphically shown as:
X ¢
1 ok (%)
2
/J, X
16 LA 3y? LA

Jne can see that at F31$W30 , a3 distinct of the case of
pure states, these transitions are equally probsble. It is
interesting, that at R1= Ro x(x)= 0.5 , i.e. the
probability of the sphere to remain unchanged is of the same

order &s that of turning to a torus (cf. with the Wheeler's

10



ideas on the space-time foam [8] )e
Thus, the considered problem on the topology change is
an example allowing to differentiate the pure states of the

Universe from the mixed ones.

This paper is a result of discussions with S.W., Hawking
and D.N. Page on quantum cosmology. To them and glso to
S.G. Matinyan and R.L. Mkrtchian - the permanent partners in

our discussions - we express our sincere gratitude.

1t



2e

3.

7.
8.

References

Hartle J.B., Hawking S.W. Wave Punction of the Universe.
Phys.Rev., 1983, vol.D28, p.2960-2975.

Gurzadyan V.G., Kocharyan A.A. What Topology Could the
Universe Be Created with? EPI-968(18), 1987.

Gurzedyan V.G., Kocharyan A,A. The Topology of Created
Universe. in: "Quantum Gravity-IV", Ed. M.A. Markov, V.A.
Berezin, V.P. Frolov, World Sci., Singapore, 198T7.

Hawking S.W. Quantum Cosmology, Preprint DAMTP, 1986,

Page D.N. Density Matrix of the Universe. Phys.Rev., 1986,
vol.D34, p.2267-2271.

Hawking S.W. The Quantum State of the Universe. NuclPhys.,
1984, vol.239, p.257-275.

Kocharyan A.A. (in preparation).

Wheeler J.A. in: Relativity, Groups and Topology, Gordon
and Breach, N.Y., 1964.

The manuscript was received 21 October 1987

12



B.I'.TYP3AJfIH, A.A.KOYAPAH
YMCTHE U CMEHAHHKE COCTOAHKA BCEIEHHON
(32 amrysickom ssHke, mepesop I'.A.llansma) .

Pemaxrop JI.II.Mykasn
Texumuecknit pemaxTop A.C.ACpamaH

Hommacato B meyars 27/XI--87r. BO-09579 Qopmar 60x84/16
OfceTHas neyaTs.y4.u3x.a. 0,5 Tupax 299 su3.l. ¢ K,
3ak.un. % 814 NHmexe 3624

Ornevarato B EpeBaHCKOM (U3N4ECKOM KHCTUTYTE
EpeBan 36, Maprapsana 2

Vi



The address for requests:

Information Department

Yerevan Physics Institute
Markaryan St., 2
Yerevan, 375036
Armenia, USSR



MHaexc 3624

EPEBAHCKWA SUINUECKUR UHCTWTYT




