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Preprint YERPHI-1039(2)-88

V.M, TSAKANQV

CHARGED PARTICLE ACCELERATION IN FIELDS
INDUCED BY HEAVY-CURRENT RELATIVISTIC
BUNCH IN ELLIPTICAL CAVITY

A possibility of acceleration of charged particles in
fields excited by intense relativiatic bunch in en elliptical
cavity is studied. It is shown that at arrival of the driving
bunch along one focus of the ellipse the maximal energy gain
of the accelerated particle take;‘place along the other focus
of the allip;a. The e;ergy loss function along both focuses
is calibrated, which makaé it possidble to find the time of
arrival of accelerated charge into the cavity. The method of
expansion in cayity eigenmodes has been used in the calcula~
tion. A necessary number of modes was estimated, the account
of which ylelds the most reliable result. At the number of
particles 10’2 in the driving bunch the acceleration rate
made up about 190 MeV/m, It is shown that for the considered
acceleration scheme the transformation ratio does not exceed
1.5. "

Yerevan Physics Institute
Yerevan 7988
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- through the cavity, we'll proceed from'equat:l.ons for the
vector A and scalar P potentials: )

1 a‘.ﬁ {1 avd _an T
afi - et T ard )
(3)
Ad=4ap.

obtained from the Maxwell equations in the Coulomb-like gauge
V-A = 0. Potentials A and ¢ we'll find as usual in the

form of _ser:l.cs

A(T,2,t)= Z9.0A(%,2), "

$(%,2,t) = 3_zalt)a(T2),

where Fn(f, Z), $,(Z,2) ave the sets of orthogonal func-
tions dependent on coordinates only and satisfying the equa-
Afla + —ci_ﬂ n=0,

ad, + ——$.=0, (5)

a'A,=0.
with boundary conditions on caviiy walls H,. xR |s=0 and
Pa ls =0 (equality to sero for electric field tmgont:lnl com-
ponent). Having divided variables in (5) for functions H..
and ﬂ, » We come, to the following expressions in the general

form in Cartesian ococordinates:
]

A
Anke= a«P,. 5""}:2 ’ Anxs=— T:' Yo cosf E ©

ﬂ""!l g:“ sin 8,2, Pax = Pnsing 2.



Here p = -—K— is longitudinal wave number; .?«n, Y (m,y) are

transverse eigennumbers and eigenmodes of cavity, satisfying

e two~dimensional wave equation
2
AL{Jn"'}\nLPn:O) (7)

with a boundery condition ‘P“/S = 0, ‘
Using orthogonality of A, and ¢n functlona for the expan-

glon unknown coefficients, from (3) we obtain

'ci + C‘)n‘in gj Fled\f,
(8)

q
'Zn(t)='§f; gf’cpndva
v

where U,= 85I [H dv s In< 8nc= f‘P dY  are norms of
functions .Fln and P, . Equation (8) for a point-like driving
bunch  J; = AV30(T-%)6(2-Vat) has e solution

r 0, t<0
t T L PR ’ ’ aﬂ
av, | IHnE(V;t,z)sma)“(t-t)dt, o<t<-‘E %)
n <
Gl £)= 2Un®q | 2,
[ Ana 4, ¥)sinwn (t-t)dt L7V,
L ° :

With respect to .E; = Z (?rn Apg* Ta¥%$,) , the expression
for the loss function of the point-like ultrarelativistic
driving bunch ( Vz=C ) after integration (1) takes a rather

simple form:

v.(sr-q(s)Z 2p, (%, 7/ cos TE2 (10)

.



where n(S)= 0.1/2.1 at S$<0 (in front of the bunch);
9=0 , 5>0 (behind the dbunch), respectively, and

W D
02 [1-(-1)"cos 2=

P (2, %)= T Yo (T)Ya(T) (1)

Note that electromegnetic fields are absent in front of the

bunch due to the causality principle, At finite Lorenti
factor ) the excited wave passes ahead of the bunch by a
quantity AS= aﬂ/?.xz ; therefore, at Y ~ 100 the ultrare~
lativistic approximation is quite justified.

Thus, the problem reduces to finding of trgnsvorso eigen-
functions ‘*H..("i') of the elliptical cavity. The wave equation
(7) for elliptical boundaries is studied in [9] . Its solu-

tions represent Mathieu's functions

Cen(gm;})Cta(gm,n)  even solutions
Yoo (§,7)= : (12)
Sen(4m,}) S€n(Gm,7)  odd solutions ,

where ( f, N ) are elliptical coordinatess Ce,(Sen) ,'ce..(se,.)
are modified and angular Mathieu's funotions; Qmn = -‘éb"—"-c;
are parametric seros Cen(Sts) 8t ¥=§o (boundary ellipse
with eccentrioity o= Ch-’h ); Cp 1e fooal distenmce. If
the driving bunch trajectewr¥ 1ies in the plane of the ellipse
semi-major axis, then the 0dd modes are not exoited, since "
they are antisymmetric relative to it. '

An elliptical cavity i- siiarmcterized by the pruonool ot
two chosen directions along ihe olnpn" focuses F.'(0,0) ’
Fe(0,%) . In this case slectromagnetioc waves excited in one



focus of the ellipse and reflected from the lateral surface
ere oncentrated in the other focus along which the aécelarateﬁ
bunck may be injected. Calculations éhow that such division of
trajectories of the driving and accelerated bunches yields a
most optimal energy transfer between then.

At ‘such division of trajectories (Fig. 1) the loss function

{10) takes the form:

-]
Ve, (8) =-r(s) 2 2P, Cez (0) et} (0)eos =22

(13)
Vi, (8) =~ (s) 5 2P, C¥, (0) ceq (O) ce(ycos 2>
2 ¢
For the distances behind the driving bunch S<(4h2+00')'k-.0 >
where h 1s the nearest distance from the bunch trajectory
to the lateral wall, fields do not manage to reflect from the
waells and reach the driving bunch trajectory. Therefore, for
such distances the field pattern on the driving bunch trajoc;
tory 1s to coincide with the pattern when the point-like rela-
tivistic bunch crosses two parallel planes. For this case we
imow an exact analytical expresgion for the loss function [10;.
Fig. 2 shows the ratio of the loss funct:l.on‘ in the elliptic
cavity to that at the bunch travelling normally to two planes
with account of 500 and 1000 first excited modes. In the second
case the relative error does not exceed 1D % and the spresding
appears only near the bunch where the series (13) has loga-
‘rithmic divergence (at S = 0), which also agrees with the
results of [10]. Such divergence vanishes when considering
extended bunches. ’
Consider a uniform driving bunch of duration T. For the



loss function of such bunch, according to (2), we obtain

VF:(S)" ’% B0 '(l'f:; 2 28] gip, 28 a::es ingide the bunch
(14)

v (s)=- Zi&-('—"'—"?fi—smﬂ- cosay(E- 7 behind the bunch.
1

Fig. 3 showa the loss function V(T) along both focuses
with account of 1000 first excited modes. Wake-fields are
excited along the first focus by a uniform bunch of electrons,
0.5 cm at length, the number of perticles being 1013. The ca~
vity size is given in Fig. 1. One can see that the splashes
of electiromagnetic fields with alternating polarity appear in
both focuazes of the ellipse, The. peaks are shifted along the
movement direction by ~8 om. For the given sizes of the ca-
vity this epproximately corresponds to the time interval re-
quired for excited in the tirét focus fields to reflect from
the lateral surface and reach the axis of the other focus.
The difference of ~ 1 cm occurs due to the longitudinel sise
of the ca.v:ity. Thus, the basic contribution io the loas func-
tion at such acceleration scheme comes from fields reflected
from the lateral wall. | '

The fields reach the second foous at & distance ~ 6.4 cm.
Accelerated bunch of electrons may be injeoted at a naximm
point of V(T) Zfunction along the second focus. Here.the
maximal rate of acceleration attains ~ 190 MeV/m. The peak
width is 0.5-0.8 cm., At points with a negative value of loss
function the oppositc-a:l.gh particles (positrons) can be scce-
lerated.

However in such scceleration scheme the transformatior

9

A



ratio turns out to be very low. Indeed, one can readily see
from (14) that the principal excited mode yields a maximal
transformation ratic equal to 2. Insofar as the trajectories
of bunches ere equivelent from the viewpoint of cavity excite-
tion, then from the energy conservation law we can show that
with account of all excited modes the transformation ratio for
symmetric driving bunches cannot exceed 2 [11] . TFig. 4 pre-
sents the dependence of the transformation ratio of the con-
sidered acceleration scheme on the number of excited modes.
Obviously, for such schemes the transformation ratio does not
exceed 1,5 . High transformation ratio mey be obtained when
using nonstandard driving bunches [7,8] - linear, piece-linear
- the obtaining of whiqh is connected with certein difficult-
ies, Another pessibility to increesse the transformetion ratio

mey be the utilization of sequence of heavy-current bunches.

In conclusion, the author would like to express his sincere
gratitude to E.M. Laziev for the posing of \2e problem and

permenent interest in the work.
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