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TIPOBIEMA YHUTAPHOCTY I ©OHOBUX PRUEHUN
IPE'EOMETPIYECKO/ TEOPMY CTPYH

[lpucoemuHenHoe JnelicTBUe pelieHyif KIACCHYECKMX YDABHEHMiI Ipe-
TeOMeTPUYECKOil TeOpUM CTDYH IOJRHO 341aBaTh OINEpATOPH BRST
[I,2]. B padoTe oTMe4EHO, YTO yCJOBME YHUTADHOCTH TEODHH-HEOT-
PUIATEJBHO# OINpeneseHHOCTH CHAJAPHOT'O IPOM3BENEHUS B AnDe olle-
paropa BRST - He cjenyeT ¥3 ofuyx cooGpameHuit, M BHCKA3aHA
TUIOTE33, YTO BHIOJHEHME STOr'0 YCJAOBHA MIJA IPOM3BOJBHHX pelie-
Huit [IpereoMeTpPMYECKOil TeOpHN ABIAETCA XapaKTepUCTUYECKUM CBOH-
cTBOM cynepaJaredpd Ju Teopum noss cTpyH. IIpemioxeHa KOHETHOMEP-
Has MOZeJb Teopuy NoJsd 3amxHyTHX cTpyd [I] , B Helt sBHO Haltme-
HH DelleHNMA KJACCHYECKUX YDaBHeHWit, M IIOKa33HO, YTO0 YCJIOBHE YHH-
TApHOCTY B 5TO# MOIE/M BHIIONHAETCA He IJA Bcex pememuit, laxa
TAKKEe HOBAA MHTeplIpeTalma (M3MYEeCKMX BEKTODOB TEOPMM IIOJIA
CTDPYH Kak TeHepaToOpoB CHBKI'OB B IPOCTPAHCTBE DemeHM# ypaBHeHHH
IpereoMeTpUyYeCcKoii Teopun.
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UNITARITY PROBLEM FOR BACKGROUND SOLUTIONS
OF PREGEOMETRICAL STRING FIELD THEORY

The adjoined action of classical equations solutions in pre-
geometrical string theory gives the BRST cperators [1,2] o X
is shown that the condition of unitarity - non-negativity of
scalar product in kernel of BRST operator - does not follow
froﬁ general congiderations, and a hypothesig is suggested that
the fulfilment of this condition for arbitrary solutions of
pregeometrical theory is a characteristic property of Lie
superalgebra for string field theory. A finite-dimensional
model of closed strigg field theory is proposed; the classical
equations of motion are solved and it is shown that the unita-
rity property is satisfied not for all the solutions. The new
interpretation of physical vectors as generators of displace-
ments in the space of the solutions of classical pregeometrical

equation is given.
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Introduction

One of the mein problems in the theory of strings is the
problem of construction of strings field theory. The simplest
and adequate formulation is achieved in the so-called pregeo-
metrical atring field theory in which one doean't assume a
priori the existence of definite space-time. The pregeometrical
theory, based on the field theory of closed strings, was con-
structed in [1] , a:nd for open string - in [2] .

The pregeometrical theory of [1] is based on the closed
field theory of [3] (correspondingly, the work [2] uses (41 ).
The main object of [3] i8 ¢ - the vector of the Hilbert
" space H ', arising in the BRST - quentization of closed
string. H is graded according to the ghost number, and ¢
must have the ghost number (-1). The main algebraic properties
of theory [3] are the following. In the space H there exist
(odd) BRST - charge operator @ , odd bilinear form (scalar
product) ( , ) and operation * which maps HxH —=H .,
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Action of closed strings field theory constructed in the
flat space-~time is [3] :

S=($,a0)+59(P, dnd) (1)

The action 1s invariant with respect to the gauge' tranasforma-

tions:

6'¢'=G/\+2g¢'*/\ (2)

due to the properties [1,3] :

P, % (P, % By) + (_1)|1|(I2I+I3l) b, * (Py *»Pi) +
(4)
+(_1)sa|(m+|a|) 6, * (& % &)= 0
! (5)
A(P»W)= QP » W+ » QW (-1)
@é,¥)= 1", a¥) 6)

{®l in the (-1)"“ means the pardity of ¢ .

Properties (3), (4) imply that H is the (infinite-dimen-
sionsl) Lie superalgebra with respect to the operation * ;
in particular, (4) is the Jacobi identity, (5) means that @
is derivation in this superalgebra, (6) means that odd scalar
sroduct ( . ) is invariant.

The prc;perty (5) of @ means that the latter is derivation.
Then a.natural question arises: whether @ ia internal deriva-
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tion? If yes, then the action of @ may be represented as the
adjoined action of some element Y, of considered Lie super-
algebra, Y, must be odd vector due to the odd parity of @ .
Nilpotency of @ gives the equation ¥, *» Wy, =0 on ¥, .
Thege coﬁditions naturally arise in equations of motion of
pregeometrical theory based on the action [3] :

2 .
S=§'§\¢)¢*¢) (7)

The action (1) may be interpreted now as (7) with sﬁbstitu-

tior..

¢ = Y, t+ Sq;qu (8)

where ¥, is the solution of the equations of motion of (7)
which are

Yo #» ¥, =0 (9)

The (7) with substitution (8) becomes
2
§=2 (¢qu y o ¢90) *39 (4’1") ‘pqu * ¢qu)

It remeins to check that the (), satisfying (9) and such
thet @ =2Y¥,* , exists. This is proved, up to some subtleties,
in [1] . The action (7) differs from (1) essentially in the
same way as the action of general relativity Jg R from the
same action, but written with metrics 9}"’ in the form

Qpv = Npv + h},v » where fyy 1s flat Minkowski metric.
Chooming other solutions of (9) one ge*s the other operators
Q=2%, * , among which, probably, there are all the BRST



operators arising in the quantization of string in the exter-
nal gravitetional and other fields, satisfying the equations
of motion of string. It may happen that (9) has other, exotic
solutions having more subtle physical interpretation. In all
cases, it is worth to study the properties of the space of
solutions of (9). In Sect. 1 we discuss the properties of the
solutions of (9) near the fixed solution ¥, . We prove that
if we have one-pdrameter family of (not gauge-equivalent) so-
lutions near Y, , then the small deviations of t'his'fa.mily
from \Po are given by the physical states of corresponding
BRST operator Q@A =2W,* , i.,e. by the elements of
ker Q/ImG. .
" The other problem related to (9) is the unitarity problem.
It .is well-known that the most important property of any BRST
operator (A is the fact that the physical subépace ker G/ImG
has positive norm, which means that the S-matrix is unitary
on this subspace. For any BRST operator @ arising in the
process of quantization of physical system this property 1s
satisfied due to the Fradkin-Vilcovisky theorem [5] . But ge-
neral operator @ = 2¥,* , which pretends to be BRST ope-
rator, arises in a completely different way, and the unitarity
property far it a priori may not be satisfied. One may suggest
that all the solutions of (9) possess it, and that this fact
is a characteristic property of string field theory Lie super-
algebra. |

In Sect. 3 we have conatructed finite-dimens:':onal model of
string field theory, possessing many of its algebraic proper-
ties.



1. Let Y, be the solution of (9), i.e.
‘Po » q)o = o
Suppose also that there exists one-parameter family of not
gauge-equivalent solutions of (9) with properties
W(t)* W(¢)=0, WY(O)=% , teR

Then, expanding W(t) near ¢ = 0, we have

2
(P, + taY, + -J-CZ-A%+ ) (Y r tay, + l;ALIJ‘,_+...) =0

which leads to equations

q’o* A\Pg =0
A"P1*Aq)1 + WO*A‘Pzio

Defining Q= 2%We * , we rewrite these equations as

aAY, =0 (10)

QAY, = - AY, * AY, (11)

The triviel solutions of (10) - AW = QA - lead to
gauge~transformed Y, solution. So, nontrivial solutions are
in one~to-one correspondence to vectors from physical space
ker G/ImQ . This is the main result of this analysis.

The second equation - (11) - means that the square of physi.
cal vector must be a null-vector, gauge-equivalent to zZero.

The problem of finding solutions of (11) is not solved as yet.




2. Let's consider now the unitarity problem for the back-
ground solutions of pregeometrical string field theory. Her-
miticity and nilpotency of @ don't provide, in general, the
unitarity of theory. The last property means that physical
space ker G/IrnG. has positive metric. The space ker @ has
only non-negative metric.

Since in the pregeometrical approach we get operators & ,
which a priori have only the properties of hermiticity and
nilpotency, the positivity of the metric in the space
ker Q/ImQ is not guaranteed. This is the unitarity problem
for pregeometrical string field theory. Evidently, most satis-
factory would be a situation when all the solutions of (9)
glive the cperators G..= 2Y, # which satisfy the above-mention-
ed unitarity property. .

Presumably, it is the characteristic property of string
field theory superalgebra. However, it may also happen that
one has to impose some additionel conditions on the solutions
of (9) to obtain the unitarity solutions only.

The necessary and sufficient condition for non-negative
definiteness of metric of ker @ is given in [8] . It is
the following: ker @ hes non-negative norm iff ker,Q -
the set of null-vectors from ker @ is linear space. The
simple proof is given in [8] . We heve failed to epply this
criterion to pregeometrical string field theory [1] , and
we shall consider the problem in Sect. 3 on a finite-dimen-

3ional model.



3. The finite-dimensional model of closed string fizld the-
ory discussed in this section possesses the main features of
original theory. The main idea is to replace the infinite-
dimensional Lie superalgebra by the finite-dimensional one
(denote it A) with simultaneous change of Z -grading by 2, -
grading.

According to the properties of original superaigebra, A
must heve invariant odd scalar product ( , ). Also, A is
real superalgebra, the funciionsais d> now will be odd elements
of A, All these propertiea exist in one of the real forms of
aimple complex Lie Superalgebra Q(n) [6] ; that real form
has the following realization. The original functionsls ¢
can be expanded in ghosts zero mode Co : P=(A +A)+ Co(Bot B4)
(indices O and 1 mean even and odd parity, respectively). We

initiate ¢ and this expansion by the matrices:

&= Ao+ Ay i-(Bo*Bi))

= (a,8 (12)
Bo" 81 ’ Ho"-ﬂ1 ( ’ )

The 22 -graeding is defined as
.Ho ? i'81 - Hf )’ LBO -
dea (‘81 ’ Ho =0 ¥ d‘ﬁ Bo,".ﬂi .'1

‘Matrices Ag , B¢ have the form

%0 beot = try (13)

0, ¥ o =-od, Y'=-Y%




A4, By are:

(O’ F | (14)
ip*, ©

The matrices of the form (13), (14) give the Superalgebra

a.(P,Q) of treceless superanti-Hermitian matrices,

The desired superalgebre, which we consider as finite~-
dimensional model cf string field theory superalgebra, is de-
fined as

s (- e

b = \P=[¢1\P]1

It is easy to check thaf such graded commutator also has

the form (12). The scalar product is defined as

(b, W)= otzpy = stz(i,’,q‘* BY+iB®(AY - .ﬂ?))=
=istz (A3 B + A8+ &'A) - B AY)

It is invariant, i.e,:

1L (IWI+IAD ¢

(¢: Ew’/\]i)=(_1) ("Py[’\)“’]t)

Now, to obtain @- operator, we have to solve the equation:

= o °' =0
2% ¥, = [Wo Yo+ (15)

with odd Y, which has the form:
a, ik

q’o= ! ~

K,-&
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—~ A )
where B and K are odd and even matrices from U (P, Q) ’

respectively. Then (15) leads to equations:

aa=LK2 [K:a]—:‘:o

?

o~

or, paremetrizing @ and K as
~ 0,9 g, 0
Q"‘(t*,O)’ K=(o: m)

we get the equations:
2 +
qq,‘"=-e , qq=-ma, qm-fg:O

In analogy with [7] we now assume that the nhysical space

is the space of cohomologies of @ on subspace of vectors,

satisfying

a 4 .
a_c._,""o (16)

which in our model is given by the A, -type matrices.
The action of G =[%., ]+ on ¢ 1is given by
4

Q¢=a(g,5)=(§H+MB, aB*’KR) an

where

QA=[Q,8]. +[Q,8], , MA=[K, (8.~ A)] -
KB=i[K,B.~ Bels
The (17) is analogous to the formula ( [7] ) for the action

-~ a9
of @ -operator Q=0 +CoK+3c, M on the string func-
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tional ¢=A+ CoB :

QP = GA+MB + Co (AB+ KA)

In the space of A-matrix the even scalar product is defined:

(A,B) = ((5,0) , (0, B))

Now, from the invariance of this scalar product (( , ))

there follows the hermiticity of @&
L \
(L%, 1z, %)= (1) "7 (S, [%,¥]s)

Then we have

@a,8Y=(@n,0, 0,8)=H"""(a,0, ©E8)=
= (-)"*"*(a,38)

L d

i.e. Q is hermitian in the space of little matrices.
Due to the relation
QG A= MKA

~

the @ also is nilpotent on the space ker K .

On this space -one has to check the criterion of unitari-
ty (8] . | .

The firat nontrivial solution of (15) arises when dimen-~
sionality of q,t,m 1s 2x2,

These solutions are:
- I.Eq ) €. - 'i.81,mg- o, %2
1 - m- =
>t (52,-“')’ (‘m?vi")’ ¥ (%» 0

. 2 e
|m‘|=‘e!‘722‘la+m!%=oi 'Qe|a='13|z=ei +|€e)”,

»
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S S R

2) [k, b [l me (91,0
e-(-C:,-lh)’ m-(-m:,-i!,) ! Y=o , q,)
Imel=i€], q,me=B:qa , 19,1 =1q4|"= 2710

Ei€R, b, me, 9, 9.,95,9,€C

Both solutions don't satisfy the criterion of [8] , and
hence don't boaseas the unitarity property.

The other finite-dimensional model of string field theory
is given in Ref. [9] . -

'13,
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