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Л.А.ЗУРАБЯН, Р.Л.МКРТЧЯН

ПРОБЛЕМА УНИТАРНОСТИ ДЛЯ ФОНОВЫХ РЕШЕНИЙ

ПРЕГЕОМЕТРИЧЕСКОЙ ТЕОРИИ СТРУН

Присоединенное действие решений классических уравнений лре-

геометрической теории струн должно задавать операторы BR5T

[1,2]. В работе отмечено, что условие унитарности теории-неот-

рицательной определенности скалярного произведения в ядре опе-

ратора BRST - не следует из общих соображений, и высказана

гипотеза, что выполнение этого условия для произвольных реше-

ний прегеометрической теории является характеристическим свой-

ством супералгебры Ли теории поля струн. Предложена конечномер-

ная модель теории поля замкнутых струн CI] , в ней явно найде-

ны решения классических уравнений, и показано, что условие уни~

тарности в этой модели выполняется не для всех решений. Дана

также новая интерпретация физических векторов теории поля

струн как генераторов сдвигов в пространстве решений уравнений

прегеометрической теории.
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UIIITARITY PROBLEM FOR BACKGROUND SOLUTIONS

OF PREGEOMETRICAL STRING FIELD THEORY

The adjoined action of classical equations solutions in pre-

geometrical string theory gives the BRST operators [1,2] . I

is shown that the condition of unitarity - non-negativity of

scalar product in kernel of BRST operator - does not follow

from general considerations, and a hypothesis is suggested that

the fulfilment of this condition for arbitrary solutions of

pregeometrical theory is a characteristic property of Lie

superalgebra for string field theory. A finite-dimensional

model of closed string field theory is proposed; the classical

equations of motion are solved and it is shown that the unita-

rity property is satisfied not for all the solutions. The new

interpretation of physical vectors as generators of displace-

ments in the space of the solutions of classical pregeometrical

equation is given.
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Introduction

One of the main problems in the theory of strings is the

problem of construction of strings field theory. The simplest

and adequate formulation is achieved in the so-called pregeo-

metrical string field theory in which one doesn't assume a

priori the existence of definite space-time. The pregeometrical

theory, based on the field theory of closed strings, was con-

structed in [1] , and for open string - in [2] .

The pregeometrical theory of [1] is based on the closed

field theory of [3] (correspondingly, the work [2] uses [4] ).

The main object of [3] is ф - the vector of the Hilbert

space H » arising in the BRST - quantization of closed

string. H is graded according to the ghost number, and ф

must have the ghost number (-1). The main algebraic properties

of theory [3] are the following. In the space H there exist

(odd) BRST - charge operator Gl , odd bilinear form (scalar

product) ( , ) and operation * which maps H * H " * H •



Action of closed strings field theory constructed in the

flat space-time is [3] :

The action is invariant with respect to the gauge transforma

tione:

due to the properties [1,3] *

*Ч.ф (3)

(4)

|Ф1 in the (-1) means the parity of Ф .

Properties (3)» (4) imply that H is the (infinite-dimen-

sional) Lie superalgebra with respect to the operation * ;

in particular, (4) is the Jacobi identity, (5) means that 0.

is derivation in this superalgebra, (6) means that odd scalar

product ( , ) is invariant.

The property (5) of Q. means that the latter is derivation.

Then a „natural Question ariaea: whe-ffifr GL is. internal
v

4.



tion? If yes, then the action of Q, may be represented as the

adjoined action of some element % of considered Lie super-

algebra. Ф
о
 must be odd vector due to the odd parity of Q .

Nilpotency of Q. gives the equation % * 4>
e
 = 0 on f

o
 .

These conditions naturally arise in equations of motion of

pregeometrical theory based on the action [3] :

S = ~(<P,<£*4>) (7)

The action (1) may be interpreted now as (7) with substitu-

tion.

Ф = %
 +
 % <P

4
u (8)

where % is the solution of the equations of motion of (7)

which are

% * % « 0 (9)

The (7) with substitution (8) becomes

S = 2 (Ф«,
и t
% * 4ty) * T

It remains to check that the 44 satisfying (9) and such

that Q. = 2
4
P

O

4
 , exists. This is proved, up to some subtleties,

in [1] . The action (j) differs from (1) essentially in the

same way as the action of general relativity JnR from the

same action, but written with metrics Quv in the form

9uv ~ *|juv + hiu/ t where 1|«̂  is flat Minkowski metric.

Choosing other solutions of (9) one gets the other operators

* , among which, probably, there are all the BRSP



operators arising in the quantization of string in the exter-

nal gravitational and other fields, satisfying the equations

of motion of string. It may happen that (9) has other, exotic

solutions having more subtle physical interpretation. In all

cases, it is worth to study the properties of the space of

solutions of (9). In Sect. 1 we discuss the properties of the

solutions of (9)'near the fixed solution 4 0̂ • W e prove that

if we have one-parameter family of (not gauge-equivalent) so-

lutions near *+<> , then the small deviations of this family

from 4̂o a r e &i v e n by the physical states of corresponding

BRST operator d = 2lVo* , i.e. by the elements of

ker Q/lmQ .

The other problem related to (9) is the unitarity problem.

It -is well-known that the most important property of any BRST

operator GL is the fact that the physical subspace ker Q/lmG

has positive norm, v/hich means that the S-matrix is unitary

on this subspace. For any BRST operator Q. arising in the

process of quantisation of physical system this property is

satisfied due to the' Fradkin-Vilcovisky theorem [5] . But ge-

neral operator Q - 2 4 Q * » which pretends to be BRST ope-

rator, arises in a completely different way, and the unitarity

property for it a priori may not be satisfied. One may suggest

that all the solutions of (9) possess it, and that this fact

is a characteristic property of string field theory Lie super-

algebra.

In Sect. 3 we have constructed finite-dimensional model of

string field theory, possessing many of its algebraic proper-

ties.



1. Let Yo be the solution of (9), i.e.

Suppose also that there exists one-parameter family of not

gauge-equivalent solutions of (9) with properties

4 4 t ) * 4>(t) = o , Ч Ч О ) = Фо
 7
 t e R

Then, expanding 44t) near *t = 0, we have

which leads to equations

% * &% = о
A% * = О

Defining Q = 2 % * , we rewrite tliese equations as

s =0 сю)

(11)

The trivial solutions of (10). - ДЧ^
 s
 Q A - lead to

gauge-trans-fprmed % solution. So, nontrivial solutions are

in one-to-one correspondence to vectors from physical space

ker Q/lmQ. . This is the main result of this analysis.

The second equation - (11) - means that the square of physi-

cal vector must be a null-vector, gauge-equivalent to zero.

The problem of finding solutions of (11) is not solved as yet.



2. Let's consider now the unitarity problem for the back-

ground solutions of pregeometrical string field theory. Her-

miticity and nilpotency of Q. don't provide, in general, the

unitarity of theory. The last property means that physical

space ker GL/ImQ. has positive metric. The space ker Q. has

only non-negative metric.

Since in the pregeometrical approach we get operators GL ,

which a priori have only the properties of hermiticity and

nilpotency, the positivity of the metric in the space

ker Q,/ImGl is not guaranteed. This is the unitarity problem

for pregeometrical string field theory. Evidently, most satis-

factory would be a situation when all the solutions of (9)

give the operators Q = 2 % * which satisfy the above-mention-

ed unitarity property.

Presumably, it is the characteristic property of string

field theory superalgebra. However, it may also happen that

one has to impose some additional conditions on the solutions

of (9) to obtain the unitarity solutions only.

The necessary and sufficient condition for non-negative

definiteness of metric of ker Q is given in [8] . It is

the following: ker б has non-negative norm iff ker
0
 Q

the set of null-vectors from ker Q is linear space. The

simple proof is given in [8] . We have failed to apply this

criterion to pregeometrical string field theory [1] , and

we shall consider the problem in Sect. 3 on a finite-dimen-

sional model.



3. The finite-dimensional model of closed string field the-

ory discussed in this section possesses the main features of

original theory. The main idea is to replace the infinite-

dimensional Lie superalgebra by the finite-dimensional one

(denote it A) with simultaneous change of Z -grading by £
г
 -

grading.

According to the properties of original superalgebra, A

must have invariant odd scalar product ( , ). Also, A is

real superalgebra, the functionals ф now will be odd elements

of A. All these properties exist in one of the real forms of

simple complex Lie superalgebra Q(m) [6] ; that real form

has the following realization. The original functionals ф

can be expanded in ghosts zero mode Co : ф = (Я
о
+Я1)+C

o
(B

e
+Bi)

(indices 0 and 1 mean even and odd parity, respectively). We

initiate ф and this expansion by the matrices:

-в,

L(B
0
+B,)\

=
ЯЛ /

(Я,в) (12)

The 2--grading is defined as

/ л., IB,\
1-8, , Яв / .;'

fit , I6o
= 1

Matrices flo * во have the form

(13)



are:

(14)

The matrices of the form (13), (14) give the superalgebra

Ц,(Р,ОЛ of traceless superanti-Hermitian matrices.

The desired superalgebra, which we consider as finite-

dimensional model of string field theory superalgebra, is de-

fined as

|ф| I4M-H

It is easy to check that such graded commutator also has

the form (12). The scalar product is defined as

(я! Во^

It is invariant, i.e.:

Now, to obtain Q- operator, we have to solve the equation:

with odd tfo which has the form:

10



where Gt and К are odd and even matrices from Ц

respectively. Then (15) leads to equations:

or, parametrizing GL and К as

we get the equations:

In analogy with [7] we now assume that the physical space

is the space of cohomologies of Q. on subspace of vectors,

satisfying

(16)

which in our model is given by the Я
1
 -type matrices.

The action of QL*[H'e, ]+ on ф is given by

а(я,в)= (§я+ мв,

where

KB= L[K,Bo-B,]
+

The (17) is analogous to the formula ( [7] ) for the action
r" si

of Ql -operator d = Gt + COK+ a c o ^ o n * h e s t r ing func-

11



tional ф*Я+- Со В :

5 MB + Со (UB+ Kfl)

In the space of A-matrix the even scalar product is defined:

Now, from the invariance of thi3 scalar product (( , )}

there follows the hermiticity of Q. s

Then we have

, в)'=((ая,о),(о,в))=(н) ((я,о), (оДв)) =

i.e. GL is hermitian in the space of little matrices.

Due to the relation

йДя = мкя

the GL also is nilpotent on the space ker К .

On this space -one has to check the criterion of unitari

ty 18] .

The first nontrivial solution of (15) arises when dimen

sionality of ^,E,m is 2x2.

These solutions are:

ИНЧ,

12



2)

Both solutions don't satisfy the criterion of [8] , and

hence don't possess the unitarity property.

The other finite-dimensional model of string field theory

is given in Ref. [9] .

13,
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