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1. Introduction

The main goal of this work is to reduce the quantization
problem of a Hamiltonlan system with second-class constraints
[1] in an initial phase space to the quantization problem of
a system with first-class constraints in an extended phase
space, Such a problem was considered in the work [2] too, but
we bring a more simple, to our opinion, solution of this
problem.

After such‘a reduction one can apply the Batalin-Fradkin-
Vilkovisky (BFV) [3,4] quentization of the systems with first-
class constraints to construct a BRST operator and quantum
Hamiltonian for the initial system. :

The theory of a system with second-class constraints is
formulated in a phase space of canonical variables qi, P,
v=1{, ...,n , in terms of which a Hemiltonian H, (q,i', P) is

given,

Canonical variables are subject to the constraint equation



Gu(9',P)=0, =1, .,2m, (1.1)
The constraints have the following Poisson brackets:
{Gd,GP}= @up (1.2)
with nonzero determinant on the surface of constreints:
dst co, #F0 (1.3)
- 1Gy=0 .

Such a theory has 2n -2m independent (physical) degrees of

freedom.

2., The Constructivn of an Equivalent System with

First-Class Constraints

Let us enlarge the phase space by the introduction of the
variebles §, ,a=1,...,2m  with the same statistics as the

constraints G, and with the following Polsson brackets:
-' B
(lo%l=9 M (2.1)

One can take the matrix g » for exemple, as unit (9d.p= Sdﬁ)
in the case of Grassman constraints__a.nd as (g g) s where
1 is the unit mxm matrix, in Bose case. _

Let us consider the dynamical system in the enlarged phase
space with the action

SR



where H = H,(P,q) JAy Gy and A, &are determined from
a

the equations

{H,G¢}=O, L=ty vy 2m, (2.3)

Eqs.(2.3) give the following recursion formula for A, Bs a

power-series over G :

= ,I(K)
Mg A
2= {Ho,Gp o, (2-4)

AS) - (- 1>N(Gp)ﬂ(ﬁs) { a;K'fJ Gﬁ} Gs “’,;:: 7
where n(G) ias the Grassman parity of the constraint G .
If the initiel Hamiltonian commutes with constraints
{Ho, G¢}=O , them H=Ho .
Note that from Egs.(2.3), (1.2) and the Jacobi identity
the following equation comes out:

{H, @up } =0, . (2.5)

The theory (2.2) has a gauge invariance genersted by just
P
2m first-class constraints Gd(P,a,,*;) :

g;d’gﬁ}= 0 (2.6)

cetny

— (2.7)
1 1
{h e d_}?.n

Generslly, the new constraints G are polynomial over 5;’ .
hut in the case

{Ga-)w}u}:o : d;ﬁ)b,:1’ ...}‘Zm (2:8)



they are linear:

o) (2.9)
G = G ¥ Xep ?9

)
The metrix X  is determined by the equation:

X gy g (OyAe) e

which follows from Eq.(2.7).

In the case of Grassman constraints Eq. (2.10) has a so-

lution:

for the Bose constraints:
(2.12)

0. g-t(gw)'/z

In the general cagse new constraints E are polynomial

overxr §

G, Gd+zxotp' p,‘gp‘...ﬂ;‘

Eqs. (2.7) give Eq.(2.10) in zero order of 35' and the
following equations of order §K, K>

D ‘ (2.14)
(Kﬂ)x“’l ,,‘ga,fx,,p(x 1)X¢<r ga'f PLY1- Y« * Duggy-pu *

+ RdM- =0,

where



(-1 (f) ') ) '
Recpfy- ] Rt gy px.)} +{Xeguy Kot 300} (2.15;

and

%) )
Degyytx = {GarXpg g } + {Xeagy - g} +
(2.16)

(x-t) (t) K-1 (K-L+1) )
+Z {x“(" tcer X pgueevs """)} * 5“‘_8*0(8’” Retar(y-gu-e xpflx-zoq...xx)sa-}

where (... ¥...) means (anti)symmetrization over J; in tho case

of (Gressmen) Bose constraints.
1
From Eqs.(2.15) Xu“, is determined as a power-series

over X )

(K+1) X @ yw
xdm---ng u(s yr. ¥x) > (2.17)

() o- uo(v) (2.18)
9.,,...,, < Yy
and
Huo(o) I
et B0 0B Oap Bept e (2.19)
" : » (2.20)

8....8.‘= m wdp dex, ¥ (R

() (1) V-2 4
H&.“‘Uﬁ 22m “P{xdm Hlp t’nwgd'f xﬂ’ + (2.21)

u) {(K)(v-2)
a' 3"’.? [J¢.] le xx)f]



The new system, just like the initial one, has Zn *2m
-2(2m)=2n-2m physical degrees of freedom.

It isn't difficult to see that in the gauge §,=0
o=1...2m the constraints G trensform into G and
the action (2.2) into the initial sction because H=Ho on
the surfece of constraints. This is a classicai equivalency
of the two systems.

Let us pass to quantum equivalency (equivalency of quantum

S-matrix).

3. Quantum Equivealency

One can apply BFV [3,4] or Faddeev-Popov procedure to
quantize the system {2.2) with the first-class constraints
(2.13). The Faddeev-Popov quantization procedure is more
muitable to prove the quantum equivalency of the system (2.2)
with the initial one having second-class constraints. )

The gauge-invariant action, corresponding to the theory

with the first-class constraints Cﬁ* s is:

Oz = Stgd«gdﬁ éj,'* Pi.éi' - H - A*Gy) d_""- 3.1

The gauge symmetry is generated by the generators G, . The

gauge transformation of § looks as follows:

- P IA _ pPy - (3.2
65‘1“'6 {Gﬁgd'}”e XPX gxd-‘-”. 4
The omitted terms in Eq.(3.2) turn into zero on the surface

§.°0 .



Eq.(3.2) shows that we can take §d=:0 as the gauge
fixing conditions. The quantum theory in this gauge 1s des-

cribed bty the following functional integral:
Z=gd$dpdld§6(§d)AFp exp [LSGI], (3.3)
The Faddeev-Popov determinant Ap is determined by Eq.(3.2):

Dgp = Sdeth" - Sdet ™ (3.4)

The integration over }ﬂ,f in Eq.(3.3) gives

Z= gdq, dp (EI 6(Gx)) Sdet '/E{Gd Gp } exp [LJ (P;c:}i - Ho)dT] (3.5)
which coincides wiéh the well-known expression of the quantum
generating functional of the theory with second-class con-
straints.

Thus, the initial theory with second-class constraints can
be replaced by the theory (2.2) with the first-class con-
straints Ei‘ . Then applying the BFV quantization procedure
the following BRST operator () and quantum Hamitonien (Hy)
for the initial theory we obtain:

Q=G,c* (3.6

and

[}

Hy= HY {Q, %}, (3.7)

ol
whare C are the ghost functions of the statistics opposite



to that of functions G, , and ¥ is an arbitrary function

over the enlarged phase space and ghost varlables,

The authors are indebted to S.G. Matinyan, R. Mirtchyan,
A. Sedrakyan ernd H, Hudaverdyan for helpful discussions.

10



2.

3.

4.

REFERENCES

Dirac P.A.M. Quantum Mechanics. - Canad. Journ. Math.,
1950, v.2, p.129; Proc. Roy. Soc., 1958, v. A246, p.326.
Batalin I.A., Fradkin E.S. Operator quentization of dyne-
mical systems with irreducible first- and second-class
constraints. ~ Phys. Lett., 1986, v.180B, p.157.

Fradkin E.S., Vilkovisky G.A. Quantization of relativistic
systems with constraints. - Phys.Lett., 1975, v.55B, p.224.
Batalin I.A., Vilkofisky G.A. Relativistic S-matrix of
dynamicel systems with boson and fermion constreints. -
Phys.Lett., 1977, v.69B, p.309.

The manuscript wes received 10 February 1988

11



_9a.l.Zr0PfH,P .1 MAHBEIfIH

EPCT KBAHTOBAHME TAMWJBTOHOBHX CUCTEM CO CBA3MME BTOPOIO-
POZA : "

(na aurmitckoM ssHKe, nepeBOA 3.H.ACIaHAH)

Peparrop J.0.Myxadr
TexuuuecKu#t pezaxTap A.C.AOpamsp

lloznucano B neuars 12/I¥y-88r. BO-03092 dopmar 60x847/I5
OfceTHas mevyaTs.yR.4w3zh.d. 0,5 Tupax 299 ax3. U.8 X.
3aK.Tan, ¥ IS4 WHTIeKC 3624

OrnevaraHo B EpeBaHCKOM (M3MUYECKOM MHCTUTYTE
EpeBar 36, Mapxapsna 2




The address for requests:

Information Department

Yerevan Physics Institute
Markaryan St., 2
Yerevan, 375036
Armenia, USSR



MHaekc 3624

EPEBAHCKU OU3NYECKUM MHCTMUTYT



