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Introduction.

The theories of relativistic particle may be considered as
a convenient laboratory for studying different ideas, concern-
ing such important theories as theories of relativistic string.

It is well-known that different theories of relativistic
particle differ in a way by which spinning degrees of freedom
are introduced. In the present paper we propose & new theory
of relativistic particle which has properties of spinning
‘particle and superparticle simulténeOusly.

The action for a relativistic spinless and massless (we
don't consider massive case in this paper) particle is

(qa k2 (1)
s=\4var

where :'J:F(‘l:) is a parametrized world-line of particle in the
d-dimensionel space-time, © is einbein. One may say that
(1) is the action for d scalar field "interaciing" with one~
dimensional "gravity", Coriespondingly, (1) is invariant with



respect to'reparametrizatien of parameter T . It is well-known
that this gauge invariance permits one to remove the negative
norm states, which arise in quantization of time component of
:.t:" , and eventually (1) describes a massless spinless relati-
vistic particle.

One may extend (1) by introduction of d Grassmann vari-
ebles YF [1,2,3] which are one-dimensional spinors end 4-
dimensional vector. In this case the action must possess local
supersymmetry which removes the negative norm state arising
from time component of ‘PF . Corresponding action is that of
one-dimensional supergravity interacting with 4 matter super-
multiplets [3] . In terms of superfield, depending on T and

one real grassmannian verisble 22 , it reeds:

s«[dz E D.x"Da X",
' (2)
Z""(Z!z zﬂ‘):' (t'vae) .

XF(Z) = :r"('c) r 2wt are scalar superfields. E is su-

A
perdeterminant of zveibein E\, (M,N are world indices and

A,B - flat ones). Derivatives Dy are defined es

M _8 B
Dp= E: O Eq Ew = 84

Action (2) is, evidently, invariant under general coordinete
transformation in the superspace z" , and also under trans-

formations [3] : \



SE, = wEg , §Eg =0 =

§Ey = 0, SEg =—Em ¢
Y is odd.
It is convenient [3] to fix the gauge partially by the
requirement of conformally-flatness of E:,

Ex = AEm e2 = AtES ,
Ex =Em=t , Ej=0 Em=-2

This gauge is stable with respect to combined general coordi -

nate transformation and ¢ -transformation with parameters:
f'=a)+2p(0) , §7 = p(T) + 7 RA(T)
Y= jb + "é‘ 2& (3)
Y]
§A=§"3, A+ 2(-1) (3§ )A .
In this gauge action (3) becomes

{ - - -
s=-g{d% D.xDoxA" "
4
- =™

By =Ep8u=(Da,Da)= (3, 3% +@3 ),

Fransformation (3) leads to the following transformation of de~
rivatives Dg = E; Au

D,~ (1+6AE)D, | (5)
D, (1'*5(:\")) De ,



The spectrum of (4) is considered (for d=4) in Ref.[4] . The

spectrum depends on the choice of the representation of anti-

commutation relation on quantum operators ¥ : {W’, ,‘Pv} =G -
¥hen we represent "‘l"»' by x" -matrices, we obtain the theory of

mapsless D:I.rac_ (or Majorana, when the condition of reality of

wave function is put on) particle. )
One may consider also the similer to (4) theory with ex-

tended supersymmetry [4], i.e. 2 becomes now complex. The
spectrum of this theory is studied in [4] . Corresponding

Lagrangian 1is:

5= 4 [¢rded® £ DeX DyXy

Another way for introduction of spin degrees of freedom is
possible when using d-dimensional spinors @ (odd gressmannian
quantities) from the begimning [6] . The .aeﬂ.on is (all sub-
sequent formulae we shall write down for dw4, although they
may be generalized for some other dimensions):

5= 4 (ded (+-5178)" o
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Except the evident reparametrization invariance, (6) also pos-

sesgses [7] some fermionic local invarisnce with parameter which

is d-dimensional spinor €(T):

§xl'= 6yte,

§6 = y'e @y, af= x'-6ytd, (7)

Se = 4e'é's.

The possibility which is not studied as yet is to consider
the theory which s;multaneously hes all the symmetries'of the
Lagrangiana (1), (4) end (6). This theory is constructed by us
in Sect. 1. We show that there exists a whole one-parameter
family of Legrangiens which are locally (in one-dimension) and
globally (in d-dimension) suﬁersymmetric, but only for one
velue of this parameter, ol = -1, we are able td find the
analog of Siegel symmetry (7).

We construct Hamiltonian formalism of the theories of
Sect., 1 in Sect. 2 and qyantize the theory for o = ~1. In this
cage the spectrum is a tenaor product, at fixed momentum of
spectrea of spinning particle and superparticle.

We hope that the result of this paper may.be-generalized



for the theory of fermionic string. Perhaps, if for some such
theory the'spectrum is the analogous tensor product of spectre
of spinning string end superstring (as for the particle at
o = ~-1), then the corresponding critical dimension is ten,

It is worthnoting some analogies of our theory with that
of Ref.[9] : in our theory naturally arises auxilisry field

Y (superpartner of @ ) which is even (commuting) spinor
quantity. Such a field was introduced in [9] with a quite

different purpose of covariant quantization of superparticle.
1. Spinning Superparticle - Lagrangian Formelism.

r -
It is well-known that the form dx -8§'d® is inverient
under globsl supersynhnetry transformations

F_s.F =
ox' =€y’ 6, 66=¢. )

The other superinvariant form is d® . Assuming x! ena ©
to be the scalar superfields with respect to local one-dimen-~
sional susy transformationa (3), we can write two actions
invarient under (3) and (8):

8= (2 A(x"-8y"6)(Dx"-B¥" Do),

5= {2/ (ox"-8y"pe) D6y D6 ,

(A'—=A, D=Da).

We note here that all the quantities in our theorﬁr are

(9)

(10

Z,* Z, graded, contrary to usually used 2, grading.
To be concrete, our commutation rules are the following: the

spinor indices of the game kind ("kind" means one-dimensional

8



>r d-dimensional) enticommute, and all other possible pairs of
indices commute. For example, the one-dimensional spinor com-
mutes with d-dimensional one, but anticommutes with the quanti-
ty which has both kinds of spinor indices.

Local superinvarience under (3) of actions (9) and (10) is
evident from the transformation laws (5) of derivatives Dy .

Eventually the most general invariant action has the form

@S +aSe , but since the overall coefficient is inessen=-

tial, i.e. only the ratio of o and @ is important, we have
one-parameter family of inveriant actions, with parameter,
taking values on RP' ~ &' .

Introducing the parametrization for components of super-

tields in (9), (10):
x'=x"+ aee'?"(*li"+ 8y'y),
8 e+aee'%g> , | A
A ¥

(]
X
we can obtain after integration over & the component action:

e+ xe

L = L‘ + dLe =
= e(X"- 8y'e)+ (u-1) Pylp (xI'- 8y''6) + W ¥ + (12)
+ 2(cr ) By PYr + eXVH(XF-B§*8) +ax W TP yFy |

One can see that the field §Y is non-dynamical, since it
enters (12) without derivatives,

It remains to resolve the question of the existence of

Siegel-type symmetry like (7). We find the close enalog of this

9



symmetry only in the case ol =-1., In that case (12) reads

L=L,-L, = exfa, + ¢Fy,

p o= owe = (13)
al'=x"-8y'6 - £ Fate+ sxvh
and corresponding Siegel-type transformations are
sx!'=8y"8e , §x=8¥=06,
§6 = ylea”,
Se =-4ebBe, (14)
Py
S(W)—O,

Action (13) is also invariant with respect to the following

trangformetion:

~ P_ca. gy Swb,
5('{%‘)"2{"8% , dx =60=6x=8¥"=0, .

Se = 4e9¢E

2, Hamiltonisas: Formalism and Quantization.

Let's construct the Hamiltonian formalism for the Lagrangian
in (12).

The momenta are

Pe=P = 59 =0,
aL B P T ,
P'= i m 2 (K- 8g6) s (0T vexy” ()

10



Pg = -=—ae(x" 6y'e)6y" - (#-1)F ¥'9B Yy, -
~2@ )Pyl -ex oyt =-8y"p. -2+ ) Pyt W, .
We use the identity
§'e Fy.9=0

(remember that 4 commute with themselves) which is vaelid
in considered dimengions d=4 (and also in d=3,6,10).

For the field W! Lagrengian (12) is, in fact, alresdy
written in Hamiltonien form, and it is well-known that corres-

ponding Poissan bracket has ‘the form:

{¥'9"}=g" ()

Constraints following directly from definitions (16) are
Pe = Px = qu 0 y

Pyt 8pe2(: )Py =0, (18)

n



Hamiltonian is
i ; U x’ 7]
H= gz (PP -2-)P 95,9) -5 (Pu+ () P p) +
+(Pyt Bp +2(a+1)FP) Ag +
+ Pede* Pudx+ Pydy

vhere coefficients in front of constraints are arbitrary
functions.
Teking the Poisson bracket of constraints (18) with H |

we get: .
2 ' P -

P-20@)P 9Ky =0,
Y (Pt @# )Ty )=0, | (19)
-é-(d-f)"?ﬁ + x¢la+) 9y, -e(&+1) AW =0,
a(p"+(¢+ 25 5ty) Yude ~ (ocﬁ)xs':r =
-2(¢+1)¢’.A.,-o.

In general, it is difficult to anglyze the relations (19),

12




but the analysis simplifies considerably at of =-1, In this
cane (18), (19) become

Pp=0, ) (208)
A
Py =0, (20b)
2
p=0, (20c)
F =
P q’P 0, (204)
P,+8p=0.
(20e)
{The constraints Pe=0 ! Pk=0 are first-class and

simply means that the wave function is € and X -iﬁdepend-
ent, and we won't discuss them furthez;).

This system cen be enalyzed easily. Y and Py enter only
to (20a,b), the remaining system (20c,d,e) is simply the
joining of donstre.ints qf qpinning particle and superparticle.
Firstly, let's remove gﬂ and Py . The matrix 5 due to
(20c) is degenerated, namely helf (i.e. 2) of its eigenvalues
are equal to zero. Hdnce, (20b) actually contains only two
independent constraints. Together with two constraints from

(20a) they form the two pairs of second-class conatré.ints, and

we solve them explicitly, equalling the corresponding Y and

13



P.f to zero (the Poisson bracket of all remaining coordinates
and momenta remeins unchanged). The rémaining two constraints
from (20a) are first-class. After quantization, ocne must impose
thém on the wave function, and these equations will mean that
the wave function is independent also of the remaining compo-
nents of Y . So the wave function is completely ¢ ~-independ-
ent, and any sign of @ and Py disappears from the theory.

The quantization of system with comstraints (20c,d,e) is
well known, since, as we have mentioned above, they are simialy
constraints of spinning particle and superparticle considered-
gimultan: usly.

The first-class constraints in (20c,d,e) are

Pz=o’ (21a)
Py .

P "Pp'ov ' (211v)
PP

PPe=0" (21c)

Since it is impossible to pick out, in Lorentz-covariant
way, second-class constraints from (20c,d,e), one may demand
thav only the average value of constraints would be zeio, by

imposing the condition:

d¥=0 - d=(R+6P)(1+1) (22)

14



So, the average value o1 (<ve) 1is equal to zero. Thus,
quantum theory is described by the wave function YV on which

cne must impose the constraints
PPV =0,
P ¥=0,

E‘V=07

where operators X,P,0,P,V satisfy the (anti)commtation

relations:
{¢'+"}=g", (23a)
[x"p'] =ig" e
| {.é Pl=t , ) (23¢)

all others equal to zero.-

The spectrum of our theory is, evidently, the tensor pro-
duct, at fixed momentum, of that for spinning particle and
superparticle. At fixed momentum the spectrum of superparticle
consists of the folldw:l.ng set of representa‘tions of the remain-
ing 30(2)' invariance group (we describe them by noting the im-
lioity A ): A = 0,0,+1/2, For spinning particle, if we take
the x" -matrix representation for wt ,» the spectrum is

15



A= +1/2, +1/2 (or only +1/2 if the reality condition is im-
posed).

The tensor product wmeans the summing of helicities in all
possible ways, and the answer is: A = 0,0,+1,+1/2,+1/2
(or twice of this).

After completion of our work we have learned about the
work [11] , where the theory of spinning superparticle in the
case o =-1 is constructed, and about the work [10], where
a gimilar locally supersymmetric (in one-dimensional sense)
and globally supersymmetric (in d-dimensionsl gense) theory
is constructed, but in the first-order formalism, and it is
shown that it is equivalent to usual superparticle, but has
an advantege to permit a povariaht quantization. The Lagran-
gien of Ref.[10] is | ‘ ‘

s ajd‘z Pu ( px! - 6y"'De),

where PP is new independent superfield.

We are indebted to D.Sorokin for discussions and for telling
us sbout the works [10,11] .
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