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1. Introduction.

String theory is e promising candidate for unification of
fundamental forces of Nature including gravitation [1] . Such
possibility is connected with successful construction of quan-
tum theory of nonlocal objects of a string type. Up to now
it is unknown whether there exist selfconsistent theories of
nonlocel extended objects of higher dimensions, The present
paper is devoted to this problem.

A fundemental fact determining the existence of quantum
theory of reletivistic string is its invariance under infinite-
dimensional group of conformal fransformations. In order to
construct-a'qaantum theory of relativistic surfaces, it is
necessary‘fb understand more deeply its hidden symmetry.

In the lightcone gauge a residual symmetry consists of a
group of aree preserving diffeomorphisms of a two-dimensional
surface M of different topology [2-5] . The role of this

group is close to that of a group of conformel trensformations



in string theory. Its structure constants, the first and second
cohomology groups H'(é,g) and _Ha(g,R) which determine the
right end central extensions of its algebra in quentization

are calculated.

2. Residual Symmetry.

A

Let us introduce necessary notations and lightcone gauge
conditions in the theory of relativistic surfaces. The action
invariant under reparametrization of three-dimensional volume

swept out in Minkowski space by a two-dimensional surface M

has a form [6] :

S=-TSJz~Sd6,d6a:Det?—g)= Sdcgds,dsal. , (1)
M [}

# o
where 3¢P=x5 Xyp ’ Xi'-- ax /aEd ’ E 3(0, 6,,63) 3
X"(f) is a parametric representation of the swept volume,

(6,,6;)eM » Ji=0,...D-{ . The constraints have a.form:

T
@= Ry P - T*[x5, X, = (X6, X6, )] , AL

: T_H .
@a= P XGG y as 1,2 ’

where

. d-_
EL =

oL _ T .
ax’ -Tf-gg Xpp (3

One can choose a gauge consisting of three conditions:

NX=AT; XeXe,=0; Xo=(4aT)[xg x§, - (xgXe)], - (@



vhere .}\=(nP)/(4ﬂl'T)% , PI“ is totael four-momentum-of surface
M ., 1r Ny =(1,1,0,0), then constreints (2) and additional

conditions (4) can be solved, end X~ and Pt can be express-
ed through transverse variables X and P , where i=2,.~D"1,

In this gauge a hamiltonian has a form:

4% i
H =(———4!IT)% %db’ dsg[ +T [(KS,) (Xgl (Xei xsa) ]] (5)
M

and together with the Poisson bracket
i T (@) ,
[x(6),p;(6")]=&;6"(6-6" (6)

determines correct equations of motion. Not all variables x*
and P are independent, since gauge conditions (4) fix para=-
metrization incompletely. The Frobenius integrability condition

for constraints @y has a form:

H T t
L (6) = Xe, P.s, = Xe, Py, (7

Expression (7) serves as a generator of residual symmetry group
in gauge (4) (i.e. area preserving diffeomorphism) and reduces
the number of independent tra.ngyerae degrees of freedom to
D-3 .
One may readily be convinced that the constraint L com-
jmutes with hemiltonien (5): !

[H, L(®)]=0 (8)

and thet

[L(6), L)) = 8,8(6-6)-3,L(5") - 3,6(6-6)-8,L(6) ,  (9)



4
¥

To arbitrary function'€(6)on M we'll compare the quantity

Le= Le={LE)e@)ae.
™ . .
The action of this representation on variables X' and P,

is g‘ive'n'by a formula

: i t . i
. 6;)(t='[’(t|J¢] = GEG])(Gi'- EEGZ,QL )

(10)
; T T - T T
' Se Pl = [Pi. ;Le] = 6'51 PL,Gg_ €s, pi.,S, .
. If we introduce a new bracket °
{e,q}=a,e-a,rl-aaea,q (11)

then the hamiltonian (5) and constraint (7) can be rewritten

as

43 T AT i ,i2
H= Garys g“‘%’[ﬁ RET*{x%, X'} ]
M - (12a,b)

L= {xH P }
and the transformation (10) as
Sexi={e,x"}, 6;Pf={e,Pf} : (13}

For erbitrary functions € and Q from (9) we'll obtain

[Le;Lq] = L{e,q} . (14)



The bracket (11) defines the Lie algebra g of the group of
area (d6,d6,) preserving diffeomorphisms of the surface M.
Let us introduce orthogonal besis of this Lie algebra é
for different surfaces M with topology of sphere Sa and

torus T by means of the functions Y,

st SRNCHLITA
Yzm = Cen, (‘6’); Cem=(-1) JZB : g’:::)):

+im +{m (15)
R"cs, =é-,'-er,-(1-6'f)'m'/’ 4"z, mao;

AT ) .
It =?fexpl(26'+m6=) , 6,6,¢e[02x],

where for the sphere 6,=-c080 , 6,=Y , and inveriant

measure has a form: d°6 =sin®de d? . Structure con-
stants of this group 9

233

{ Yhm' Y!.o_l'l'lz L gt'm' tam, stms (16)

are calculated in the Appendix and have the form:

2. | . - 48 Y Esmy
S [(22,*’1)(252*1)(333*;0] gttm:fcmz

¢ -Im:l-i “n
(1]

) ) ) (!'_‘m'l)_" (e'- ,m,l.ax' ["?.K,‘f;h;!.l zt'ax‘l"tri,tl
my Z(Z(& 2Ky 1).”) ((C,“IM13).f.(!1’|ﬂh|'e"1)'(m‘:’ "‘."r"‘=)( 0,0, 0}

K|=°




[t

-my>_ (2(eWkiDe i)

(!rlnub---(&-u— ex.))*

31;&‘2‘3'1533 EQ ’ eg -2Kq-1 > es
(Bt imgl)--(Carbmal-2Ks) | | Mi;ma;myfl 05 O ; O
tym,

T . 2‘& 9:1"“ tgm;= (szi - m'ea) 8‘."’!"'!3 6ml+"";+ﬂ13 ?

where for sphere m, and M, have the same sign. When
-My; and M, have different signe, they can be calculated by

means of the relation (gee the Appendix):

e1l'|'I1 B; ms lgma
= (18)

First coefficients for S% are

9:m.e.m¢"" (-‘)’.“m' J Taf' 5‘!‘: Smyemy 5

(19)

L ._r——ﬁ ,
) 3;““"‘"‘33('1)M'J(t"m1)(e,"m|+')_ 535.- Sg'h Smg-o-mzo-l

1-1 m o )
gtimslamz"(' 1) 'ﬁl’"‘l)(ev"“"‘) J (13 Be,t, Omyvma-1
from which we can see that Yo » Yy and Yy form a finite

subalgebra SO0(3):

{Yﬂ :Y1-1}=L\/?_;on ;
{Yﬂ ,Ym} =i"]-_&-‘Yﬂ ?

(20)



o o T A N RO R i e e

Rt
AT

Tt e e e

=

{YH)Y!O}=_i' Z%r_Yi-t ’

which has the following commutation relations with the other

generators:

{Yw ,YEm} =" imﬁ“‘;YEm
{Yﬂ;YEM} = Ly(e-m)(gsm+1) \/;%I_: Yeme ,

{YH; Yem} = iJ(f+m)(E-m+T)"/—8‘§—f—1ng_1 .

3. Constraint Algebrsa.

Expending fields € , f and X over basis, from (8),
(12) and (14) we'll obtein

¢m . _Em i T
L™ =t G meem, Xeym, Piotame » (22)
[Lem Lesmd=-192" 1

Bymy, HEama 1™ gt,m. Eam; Lfam_, ? (23)
[(H,Lem]l=0 (24)

The role of the constraint algebra (23) in the theory of rela-~



tivigtic surfaces is close to tae Virasoro algebra in the
string theory.

In quantization the classical algebra may be modified by
quantum anomalies, At present there exists a well-developed
formalism which allows to describe possible quantum enomalies
without perturbation theory and which is based oan elements of
cohomology theory [7-10] . This technique allows to calculate
possible Schwinger terms in the commutator (14), (23). The
presence of such terms is connected with the existence of non-

A

e
trivial cocycles from H' and H® of the algebra S with the

Lie bracket (11):

{e.n])=en ey,

where 0,€ =€y and so on. The central extensions of algebra

are described by a modified Lie bracket:
. ) :
{(G,E);(G,r[)} =(N'C (€,7), {E.,'I’[}) (25)

Here N is an arbitrary real number which is called a cen%ral
charge. The Jacobi identity for this commutator is equivalent

c @)

to the fact that is a 2-cocycle:

dc® = c®e, {nxp) +cn,xeh) + ¥ fenl)  (26)

where € , N and A are arbitrary functions on M .

The following expreasions are nontrivial cocycles of algebra

A
S on the Sz - (27), (28) and T - (28), (29):

10

Y- R
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ey =n, S(ezq- €n.)d?6 , (27)
T: T
Cm(e,fz) = Nzg(e,q- €n,)d%6, (28)
Sa T;s?
c(a)(enrl)= N; g(en'l - q,,e)dze',. (29)
st :

in which one may be convinced substituting them into (26) and
using the rules of integration by parts on manifold with sz\ﬁ
and T  topology. Cocycles (27-28) may be written in a more-
invariant form as

Cpeen={§2(vae - Van-€)dp, if Va§®=0,

§¢ Eas. ng , Easa-Eea

Note that if E function aend its derivatives are single-

valued on M , then the cocycle is trivial and equals

@ *
Cy (Efz>=§f{e'§}'r{mk}61dﬂ z 2£§{€»fl}df‘
and if onl;ﬂ derivatives of g“ are single-valued on M , then

the cocycle is nontrivial. On everywhere dense subé.lgebra con-
A

- Aol .
gsisted of polynomiel S cocycles (27-29) have the form:

@) . '
c (gc.m.,yc,m,)g'-N1(mi'mz)5ms+mz,o 02,0 (30a)

"{en}= E® Vaeven

11



2) . )
c (Yem, yJeame) = LNz (€4 ~E2) 5m,+mz,o Se,vez,0 (30b)

)
C (yeﬂﬂ| ] Heam;_): AﬂNz 'CE|m1 Cezmz' Sm’+mz)o ’

Erlm! o Jlermel): o e (313
(&= Imyl)! Eryameket (B2 - | ma))! g-2Ke=1,t2 } ’

o Ba~[mej-1 g~ ime-1
0<K2\<[_?_é__‘__]’. O‘K"g[_.l___e____])
C(Z)(He,rm ,H&mg) = "2"N3 . ﬁ28,+1)(2ea+1—i. (3?)

Smho '6‘“?)0 821* 2,2k {E| €1 +1)-La( L2t 1}}

A po
Cocycles (30-32) determine central extension of algebra SP ’

and, as a result, the modification of commutation relations

(9), (14), (23):

[L(6),L(8")] = 3,5(6-6)8; L(6')-3, 6(6-6)3,L(E") * 5

(N1(8,-83) * Na(@i-8]) + Ny (3} -a") 6(5-67).

12
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A :
The S algebra also has one-dimensional right extension con-

nected with space H' . Cocycle " from H" has & form:
1)

ce)=(§%aa-1)e e

where §°’ is e vector field on M with constant divergence

da k= A (35)

a ! s
which we'll choose for the S° as § = (6, ‘2"').
The structure of extended algebra is determined by a modified

bracket:
, .
[(%,e); (}l,q)}msﬁe,q}bfycw(e)—JlC“ (7); O} - (36)
For this commutator the Jacobi identity is equivalent to the
condition
¢ c™(fenl) - (&}, * {n, o), , (1)

which coino:l.du wlth the de!inition of 1-cocyc1e. In subalgebra

Esms '
Kt:m,,!gtng - Cg,m,wtgm) Act,m,(ghmz)=

(BBa’b)

= %(F(mi"' 1) 521!35""‘"3- A (m* 1) ARLAY

13



L (nJi2e (2t + 1) Stivts 2ne1 Bimvo Smyo

-A J(Z&H)(?E,ﬂ)- 69;+83,2m*' Smpo Smao) )

One-dimensional right extension (36) can be presented as the
following change of commutation relations for constraint L(G) H

{l"e ’L'l}q,;"({e;'l}u"f;cmte)'AC“)('I))L, (39)

‘and a complete modification. due to right and central exten-

8ions as

{L'G)L"[}a = L{s,q}b-r pc'(e)-aci(n) +

(40)
@)

: @ @
+ N,Cy (€,17) +N2C2 (€,1) + N3Csy (€,1) -
The work dev'oted to the operator realization of this algeb-
ra in quantization will be published elsewhere.
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One of the authors (G.K.S.) is thankful to S.P.Novikov, V.I.
Arnold, D.B.Fux, A.A.Kirillov, A.M.Lukatsky, A.M.Polyakov,
V.A.Fateev and G.A.Reiman for the discussion of the results.



APPENDIX

Let us calculate structure constants bsms for the
&miytlmz
S . From the definition (16) one can see that
8sms .
gfll’m,hﬂu =t Szgt.,m, {ge'm' ? He,m;}hdf‘ (a1
[ .

Using the rules of integration by parts for functions given

on sphere, these rules are

Seazqdf"a-— S'lazEdf’; _ (r-2)
sa s2

(eainar = Seq]f:‘ds,_- (ae-nar (A 3)
s s

Note that if € or N contain derivatives in 6, , then the

first term in (A 3) is zero; so we obtain

ge_{q,x}dr = {x{en}dr = (nfx,e}at

; 52 58. 52

(A 4)
bym3 Ceme _ b

gt,mg,tgmz = 3!,ms,h"‘" - 9tzmz,€sm3

*
- Structure constants § are real, end since ygm=(")mye,-m ,

then
€smg L £y ,-ms
331"‘1;%"‘: - g&,-!m;?a;'ms (4 5)

Purther from Yem (M-6,9+M)=(-1%Ypn we have

(smy <0 (A 6)
ghm‘l)e!mz-

o :




. €sm
if @, +€2tE8y; is even number, and, finally, since gtfmfaezma
b

is proportional to Sexpi(m,+mz+m3)63 d6; , then

fyms

3 g A 7)
gtumu,hmz 0, s+ Mz + M3 7 0 (

Calculate the Lie bracket (11) in the definition of struc-

ture constants (16); for that we shall use the formula

imi

o,F = '(1-512)-'/2 pelm'ﬂ‘& (1-6%)"' m)- Pt.m"

(4 8)
Then
i(m,+my)6;
{y&mnytamz}h = i.ce,rn, Ce,mg e .
[(1-62) % (mipey oy - e P AL + (A 9)

jmal

+6,(4-63 )" (M| ma{-ma(mul) B, " - Py 1.

In order to reduce the upper index |m|+{ in Legendre polyno-

mial, we'll use a recursion relation:

(1-61)% R = ee-0) R (167 * BT =
Ce-Imi-1e] . (410)
= E [2(8-2K-1)+1] Pppyey

K=0



Substituting (A 10) into (A 9) we obtain

L{y¢1m1 » Jeam, }u =

[t imd). - (- Imy)-2xy)

\ (A 11)
ma % J(z(fi'aki'f)ﬂ)(af#’) (e'*lmjl) ".(e'*"n'l-ax') y'.-e‘.-”m Hfzmz

o) (0a-Imaf) .. -'(e!‘l.m"'ekf)l )
'mixzz J(E(ZI-ZKz")" ')(2t2 ‘)\[(E.ﬂmzo «-'(Cg*IMzI-Zl(z) Hf'm' Htl-ekg"l,mz °

The integral in (A 1) now cen be calculated via the Wigner

formulas

_ (@t +1)(2L+1)(28 1-1'.8 Bals \ [0 C28s
SHz,m.Hg,m.Hc,m,dF-J ' )4;) , )(m:r:ams)(O'Oo (4 12)

where 3] -symbol is nonzero if f , f; and 03 produce e

vector triangle, i.e. none of Z;. is larger than a sum of two
others; 3] -symbol turns to zero if m; is larger thad {;
Finally we'll obtain that at mM,»0, My 20 or M0, M <0

the expression for structure constants has a form

( 49 o _pymy
(28, +9)(28s +1)(284 + 1) ) gt.mfegtrIz"

5= (€i-bmd).-@r-tmid-2K) (072071 G B (2Kt Gels)
2(8-2K~1)+1 .
m, e ( (€-2Ks1) ) (g,ﬂm.l)-"(ft*lml'zl(v)("“' memsf\§ 0O (A 13)

(B mel) -« (Pe-lmy)-2k,] (B Ea=2Ka "t B?(& te-2Ke-t t,)

(’c"mal)---(&fl(nel-ZKz)\ma mz m3/lo

00 o

-m,>_(2(8-2Ke1)+)
- K

When my and mM; have different aigns, can be

tm
. . g!:mufzmz
calculated by means of (A 4),

17
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