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A theory of relativiatic bosonic membrane of different topo-

logy is studied. In the lightcone gauge a residual symmetry

consists of a group of area preserving diffeomorphisms of two-

dimensional surface of membrane; its structure constants as
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well as the first and second groups of cohomologies H (S,S)

and H (S,R) are calculated, which determine the right and

central extensions of this group under quantization.
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1. Introduction.

String theory is a promising candidate for unification of

fundamental forces of Nature including gravitation [1] . Such

possibility is connected with successful construction of quan-

tum theory of nonlocal objects of a string type. Up to now

it is unknown whether there exist selfconsistent theories of

nonlocal extended objects of higher dimensions. The present

paper is devoted to this problem.

A fundamental fact determining the existence of quantum

theory of relativistic string is its invariance under infinite-

dimensional group of conformal transformations. In order to

construct a quantum theory of relativistic surfaces, it is

necessary /xo understand more1 deeply its hidden symmetry.

In the lightcone gauge a residual symmetry consists of a

group of area preserving diffeomorphisms of a two-dimensional

surface M of different topology [2-5] . The role of this

group is close to that of a group of conformal transformations



in string theory. Its structure constants, the first and second

cohomology groups H'(S,S) and H {b,R) which determine the

right and central extensions of its algebra in quantization

are calculated.

2. Residual Symmetry.

Let us introduce necessary notations and lightcone gauge

conditions in the theory of relativistic surfaces. The action

invariant under reparametrization of three-dimensional volume

swept out in Minkowski space by a two-dimensional surface M

has a form [б] :

where g^X^Xfls , xj« 8X^/31" ,

X (,£) is a parametric representation of the swept volume,

бз)€М t W-O
;
...J)-1 . The constraints have a.form:

' . (2)

a * 1,2 ,

where

One can choose a gauge consisting of three conditions:

nx*ЛГ; x v x 6 a - 0 ; xl*(4«T)%[xj,x'fft-(x^X^)8] , (4)



/vhere Л=(пР,)/(43ГТ)^
3
 , Рц is total four-momentum of surface

M . If ГК, =(1,1,0,0), then constraints (2) and additional
— X

conditions (4) can be solved, and X and P- can be express-*

ed through transverse variables X and r
L
 , where L = 2, •-•!)'* 4

In this gauge a hamiltonian has a form:

M

and together with the Poisson bracket

determines correct equations of motion. Not all variables X
1

and Pĵ  are independent, since gauge conditions (4) fix para-

metrization incompletely. The Probeniue integrability condition

for constraints <D
a
 has a form:

L(в;- xi, Р*
бг
 - 4

г
Р1

А

 (7)

Expression (7) serves as a generator of residual symmetry group

in gauge (4) (i.e. area preserving diffeomorphism) and reduces

the number of independent transverse degrees of freedom to

D-3 .

One may readily be convinced that the constraint L com-

mutes with hamiltonian (5):'

f

[H,L(6)]=0 (8)
and that



To arbitrary function*6(6)on M we'll compare the quantity

м
The action of thia representation on variables X and

is given by a formula

(10)

If we introduce a new bracket

(11)

then the hamiltonian (5) and constraint (7) can be rewritten

as

(12a,b)

and the transformation (10) as

{ ? } (135

For arbitrary functions 6 and ^ from (9) we'll obtain



A

The bracket (11) defines the Lie algebra 5 of the group of

area (d6, d6
8
) preserving diffeomorphisms of the surface M .

Let us introduce orthogonal basis of this Lie algebra S

for different surfaces M with topology of sphere S and

torus T by means of the functions

, m>o;
(15)

where for the sphere 6^

measure has a form: d^

stants of this group Q

COS6 , O t

 s *f , and invariant

~ sLn&dQdff . Structure con-

/У УуТе
г
т

г

are calculated in the Appendix and have the form:

(16)

(17)



fe*-im«H]

i
9

where for sphere m , and ГП
г
 have the same sign. When

m
t
 and ГП

г
 have different signs, they can be calculated by

means of the relation (see the Appendix):

С

First coefficients for S
2
 are

("О
 m
 7

(19)

from which we can see that Y
1 0
 » Y

Jf
 and Y<_| form a finite

subalgebra S0(3):

(20)

8
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which has the following commutation relations with the other

generators:

(21)

3. Constraint Algebra.

i Expanding fields 6 , f[ and X over basis, from (8),

| (12) and (14) we'll obtain

f
I I 6m • Cm i r (22)

(23)

[H,L,gm] = O (24)

i

The role of the constraint algebra (23) in the theory of rela-



tivistic surfaces is close to the Virasoro algebra in the

string theory.

In quantization the classical algebra may be modified by

quantum anomalies. At present there exists a well-developed

formalism which allows to describe possible quantum anomalies

without perturbation theory and which is based on elements of

cohomology theory [7-10] . This technique allows to calculate

possible Schwinger terms in the commutator (14), (23). The

presence of such terms is connected with the existence of non-

trivial cocycles from H and H of the algebra S with the

Lie bracket (11):

where 8̂ 6 =€( and so on. The central extensions of algebra

are described by a modified Lie bracket:

(25)

Here N is an arbitrary real number which is called a central

charge. The Jacobi identity for this commutator is equivalent

to the fact that С is a 2-cocycle:

W >
 % % ? » (26)

where € , l| and X. are arbitrary functions on M .

The following expressions are nontrivial cocycles of algebra
A -

S on the S - (27), (28) and T - (28), (29):

10



(27)

Т:
 т

(28)

S
8
:

(29)

in which one may be convinced substituting them into (26) and

using the rules of integration by parts on manifold with S y"
1

and T topology. Cocycles (27-28) may be written in a more-

invariant form as

Note that if Ь function and its derivatives are single-

valued on M , then the cocycle is trivial and equals

M M

and if only derivatives of £ are single-valued on M , then

the cocycle is nontrivial* On everywhere dense subalgebra con
A Ров

sisted of polynomial S cocycles (27-29) have the form:

( У У ) ^ С ) 5 ^ (30a)

11
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(е
г
 + |т

г
|)!

.-/тгН

(32)

Cocycles (30-32) determine central extension of algebra S

and, as a result, the modification of commutation relations

(9), (14), (23):

(33)

12



A

The S algebra also has one-dimensional right extension con-

nected with space H . Cocycle С from H
l
 has a forms

where £ a is a vector field on M with constant divergence

3a£a« Л (35)

which we'll choose for the 5* as {•*« ($', T
1
)'

The structure of extended algebra is determined by a modified

bracket:

(36)

| For this commutator the Jacobi identity i s equivalent to the

I condition

, (37)

which coinoidea with the definition of 1-cocycle. In subalgebra
л tot - . : • : ' ? : ' • • . '

S
P
 (34) hag

(38a,b)

I



One-dimensional right extension (36) can be presented as the

following change of commutation relations for con&traint

and a complete modification.due to. right and central exten-

sions as

(40)

The work devoted to the operator realization of this algeb

ra in quantization will be published elsewhere.
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V.A.Fateev and G.A.Reiman for the discussion of the results.
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APPENDIX

Let us calculate structure constants Q* , _ for theQ ,
A

S . From the definition (16) one can see that

Using the rules of integration by parts for functions given

on sphere, these rules are

{
( k 2 )s* s

2

Jlote that if 6 or П contain derivatives in 6?, , then the

first term in (A 3) is zero; so we obtain

s

(A 4)

tiinittStructure constants Q are real, and since

then

,-m«
;
e
s
,-m3 (A 5)

Further from УвтС^-^У + '^С-^Увт we have

С з Ш з
 .л СА 6)

15



if £( + £г
 + Еэ *

3 e v e n
 number, and, finally, since Q.

3
 .

is proportional to \ехр1{гп^+т
г
+тг)в

г
 d6g , then

'* *°
 (A7)

Calculate the Lie bracket (11) in the definition of struc-

ture constants (16); for that we shall use the formula

(A 8)

= i-гпУет

Then

[(1 - в?/* (т, Ре'Г'РеГ"*'- «* Р.Г"*' О

In order to reduce the upper index (m| +1 in Legendre polyno-

mial, we'll use a recursion relation:

Ce-lml-l/г] (A 10)

к«о



Substituting (A 10) into (A 9) we obtain

The integral in (A 1) now can be calculated via the Wigner

formula:

where 3j -symbol is nonzero if .£, , 1
г
 and f

3
 produce a

vector triangle, i.e. none of l[ is larger than a sum of two

others; 3j -symbol turns to zero if ЛГЦ is larger than Z\

Finally we'll obtain that at m
t
> 0 , m

?
> 0 or lT

the expression for structure constants has a form

When m1 and mj have different signs, Q , can be

calculaJecL bx meajis of (А. 4)_._

17
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