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PERIODS OF MATRIX GENERATORS OF PSEUDORANDOM 

NUMBERS 

Generators )(~ ;.A){i.-l (mod, L ) are considered, where A is 

matrix, Xi. is d-dimensional vector. Generation periods for 

different L and A matrices are calculated. The space dimension 

is shown to affect weakly the generation period, if the edge 

of hypercube 1=1, and components of the vectors are decimal 

fractions. The "primitive" matrices with DET.A '/: 1 and 

(DET.A,L) = 1 generate the maximum possible period. 

Yerevan Physics Institute 
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The present-day generators of pseudorandom numbers are in 

fact determinate nonlinear dynamical systems with pseudochaotid 

trajectories. Matrix generators were originally proposed in 

1958 by Gross and Johnson [1] ; however, periods of these ge-

nerators were estimated incorrectly. Jansson made a wrong con­

clusion that the action of matrix generator is identical to 

linear recursion relation: 

j 

Xn+1 = L aKXn-K (1) 
K:O 

and attributed the periods of this generator to the matrix 

one [2] . 

Statistical properties of matrix generators were studied in 
2 

Refs.[J,4] , where were'found ?C. distributio~ [5] for mat-

rices with determinant 1 and dimensions 2,J,4,6,12. Ibidem were 

mentioned somewhat better statistical properties of these gene­

rators compared to multiplicative generators. 

We'll consider a sequence 

!<n+1 = .AXn Cniod.:L) (2) 
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where Xn is a d-dimensional integer vector, and a d-dimen­

sional hypercube with an edge L is a "phase space", The number 
d 

of various vectors in it is L , the zero vector being im-

movable. In order to turn to the usual case of a unit hyper­

cube a.e .a "phase space", it is necessary to divide all terms 

of the sequence by L. 

For the trajectory unambiguity, sufficient is the conditioL 

(D,L) = 1, i.e. Land determinant D have no common factors. 

Then we can read~ly show that there exists an integer inverse 

matrix and the trajectory is a closed line. Otherwise, the 

system never returns to its initial state, and the trajectory 

has a form of a -loop with a tail. 

Let us prove J theorems which allow to determine for the 

given matrix periods of sequence (2) at different L. 

The whole set of Ld-1 points of "phase space" is di­

vided into, generally speaking, somewhat cyclic groups. 

Denote by T(L) a maximal period of sequence generated by 

matrix ( .Aij ) modulo L. 

Theorem 1. A period T(pK+
1)= p·T(pt<) , where p is 

a prime number. 

For some point X0 we have 

.A T.(pl<)X
0 
= Xo+ P~ol 

where ol is some vector, generally speaking , not multiple 

of p • If d. is multiple of p , then T(p1<• 1
) =- TlpK) 

A repeated action of matrix flT(pK) on ( J ) e l ves: 

2,T(pK) I< (! K 
.A X0 = Xo + 2p o<. + p ~ 
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(J) 

(4) 

The third term of this expression = o (mod, pK+f ) • Hence: 

nT(pl<) t< K+1 
.A Xo=Xo+npoe.+p -a- (5) 

whence at n=p we obtain: 

.APT(pl<) Xo = Xo + PK+1o{. 
(6) 

Taking (mod, pK+f ) from both sides of equality (6), we'll 

obtain the statement of theorem 1. 

Theorem 2, Period of sequence the vectors multiple of pf 

belong to (mod. pK+f) are equal to period T(pK) , Multiply­

ing the equality 

.fl T(pK) Xo = Xo + p'<o<. 
(7) 

by pe we'll obtain: 

.AT(pl<J(XciPe) = (xo·Pe) + PK+.e d (8) 

whence the theorew statement follows, 

Theorem J, A maximal period of sequence (2) in compound 

module p1 · Pz is equal to 

_, Tcp1 ) • TC Pa) 
T(P1'Pa) = (T(p

1
), TlPa)) (9) 

We have 

JlK·T<P1)Xo= Xo+ P1·o(K ( 10) 

.Ae ·TC ~a\0 :: Xo -t- Pi · .J3e 
(11) 
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Let 

then 

TlP1 ) ·TCP2) 
H=K·T(p,)=e·nPa)= (T<P1)1 T(pz)) 

H 
.A Xo = Xo -t- P1 ex'. K = X o + Pz Pe 

( 12) 

( 13) 

Insofar a s the medium part = Xo 

hand side = X o (mod. p2 ) , then 

(mo d . p1 ) , and the right-

,.. 
.A. Xo = Xo ( mod . P1 • P2) ( 14) 

Elucidate theorems and 2 on the e x ample of two-dimension-

al transformation. If we successive ly divide the squa re into 

p, pi, p3, etc. parts, then maximul pe .C'ioct g rows in propor­

tion t o p • Let 5 from the pri ma r y p2 
vt:c tors be long to 

a maxima l period T(p) (clea rly, S i3 muJt iple of T(p) ) . 

and ( p2 - 5 -1 ) vectors belong to a les s period t (p) ( if 

3:f p2 -1 ) • Then S· p2 
vectors be l ong t o mnx ima l period 

T(p2) = p · T(p) , and s·p4 vec t orn - t o T(p3)=p
2
T(p), 

. K K . 
re.spectively, a nd so on. The s qu a r e p )I( p c ont a ins vectors 

which belong to the whole set of perious t(p) , T(p) ,pt(p), 

p Tep> , ... 
Air.ong p2 K vectors there are 

i mmov a ble vector 

p2 -s-1 

s 
vectors with pe r iod 

II II II 
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t ( p) 

T ( p) 

(1 5 ) 

I 

t 

2 2 (p -s-1)-p II - II -11-11 

s. p2 fl --11 __ ,, --11 

----------

t 2 ) itK-1) ,p-s-1 · P ,, -" _,. -" 

S·p2(K-1) II -- 11 -----ft -- M 

ptcp) 

pTc p) 

K-1 p t(p) 

PK-f T(p) 

Knowing the spectrum of Tep) for each co·ncrete matrix by 

theorems 1-3, one can determine a period of any point in any 

compound module. For example, for a matrix ( ~b) T(2)=J, 

T(5)=20 and hence 

T(21< ) = 3 2 
K-1 

T( 51< ) = 20 5 K-t 
(16) 

T(10 ) = 60 

T( 100) = 300 

T(10K) = 15 10 t<.-t 

at K ;> 3 

Thus, if the number of decimal position of the computer pro-

cessor is equal to K , · then the period of generator 

equals 1.5 10 K • 

The increase of matrix dimension does not change strongly 

the period. 

\

111) So, for the matrix 011 
110 

T(10K) 217 10K-f 
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2111) 1211 
and for the matrix 2221 

1111 
T(10K ) = 186 101<-f 

We can see that irrespective of space dimension, the period~ 

roughly speaking, is equal to the number of computer-distin­

guishable points on a section (0,1). 

Before going on, let us give some definitions from theory 

of numbers [7] • 

Consider a comparison a. E = 1 (mod. m ) • The least z 
satisfying this comparison is called an exponent the number 

a. modulo m belongs to. 

The number of a number series 1,2,3, ••• (n-1) mutually 

prime with n ' is denoted by '_f(n) and called Euler function. 

At prime n = p , If ( P) ::; P-1 • Numbers C4. belonging to ex­

ponent 'f(m) are called primitive roots modulo m 

A question arises whether it is possible to introduce a 

notion of primitive root for matrices? In the case of matrices 

a complete system of modulo p residues is formed by pd 

vectors one of which is zero. Hence, the primitive matrix can 

be defined as follows: 

d 
RP -1 = E (mod. P) ' (17) 

where p is prime, d is matrix dimension, E is unit mat­

rix. Computer. calculations have shown that there do not exist 

two-dimensional primitive matrices with dete1'7!linant D•1 

modulo p less than 61. Apparently, this statement is valid 

for all p and d 
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At D~1 a set of matrices are found that are primitive by 

different moduli. 

Thus matrix (f~) is primitive modulo 3,5,11,13,19,37,etc. 

(
211) And matrix 331 

' 111 
is primitive at pc 13,19,37, ••• 

The existence of primitive matrices means that for some 

T(p) =- pct-1 (18) 

Matrix (f~) is primitive modulo p = 787,797,1121,1171. 

These values are chosen among others for the reasons that the 

greatest conunon divisors in all pairs Tl PL), T(PK) t, K = f-4 

would be the least. Then the period generated by this matrix 

mod. L = P1 · Pi· P3 · P4 of their product is, according to 

theorem 3, T; 1021 • Recall that, as shown above, the same 

matrix (mod. 1) generates a sequence with period T•1o12 , i.e~ 

by 9 orders as less. If one succeeded in finding a prime num­

ber of the order of 1012 , modulo which the given matrix is 

primitive, then its generated sequence would. have, according 

to (18), a period T=1o24. However, the finding of primitive 

matrices modulo ,. 104 and with dimension > 4 requires much 

computer time. 

We can s~ow that by varying in a certain way the primitive 

matrix in the generation process, we can achieve a period Of 

sequence 

T= (pd-i)·'f(pd-f) -p2d (19) 

'l. 



A particular study is undoubtedly required for statistical 

properties of generators that use primitive matrices with 

D~1 ((D,L)=1), as it was done for unimodular matrices (J,4] • 

The results of these studies will be published eslewhere. 

The aµthor would like to express his sincere gratitude to 

G.K. Savvidy for the fruitful discussions. 
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