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1. This paper is devoted to prove multiplicativity of re -

normalization of general-class supergauge theories with nonex-

panded (№1) supersymmetry [1,2] in supersymmetric gauge in a

specially chosen parametrization of a supergauge multiplet.

Many works are devoted to the problem of the renormalizability

of supersymmetric theories. Limiting ourselves to theories with

N=1, let us present the results of refs [3,4] , where the re-

normalization structure was investigated for the general-class

supergauge theories (including matter fields) in superaymmetria

?auge as well as in the Wess-Zumino gauge [i]. It was in par-

ticular shown that in both gauges renormalization conserves

the supergauge and supersymmetries. In the Wess-Zumino gauge

the renormalization is a multiplicative one, but in the supei

symmetric gauge the renormalization, which is multiplicative

for all the parameters and fields except for the gauge super-

multiplet and which for the gauge &ipermultiplet has the form

of a nonlinear substitution of variables, * es not contradict

to the Ward's identities. Such situation is due to dim'-n-

sionless gauge supermultiplet and is typical for all the

theories with nonlinearly realized symmetry. In particular,

renormalization of general - class two - dimensional chiral

theories is also accompanied by nonlinear reparametrization

[5]» nevertheless, in some two-dimensional symmetric chi-

ral models (e.g., 0(П)/0( П -1) [6], SU (n) x SU(rt) [7] )



the renormalization raultiplicativity has been proved. The

proof was performed for special parametrization of theory using

the Z inn-Jus tin method [8j. By modifying the scheme [7] it was

later proved that a wide class of two-dimensional chiral theo-

ries could be multiplicatively renormalized [9].

The main problem arising is that of the choice of a new

parametrization.

The above-mentioned considerations as well as similarity

of the structures of renormalization of two-dimensional chiral

and supergaup 'heoriee allow one to assume that in supergauge

I!=1 theories too, by suitable choice of parametrization one can

achieve an overall multiplicativity of renormalization in the

superaymnetric gauge. The content of this paper just consists

in the solution of this task. The form of the supergauge multi-

pi et parametrization will be described below. The paper io plan-

ned as follows. In section 2 the modified action S of the theo-

ry is constructed, an equation for the producing Г-functional

resulting from the EltST-symmetry is derived and its consequen-

ces are studied to find the structure of theory divergences.

In section 3 the Ward'у identities resulting from global gauge

symmetry ere analyzed for the same purpose. In section 4, on

the basis of the results from the sections 2 ami 3, ths multi-

plicativity of renormalization for the case with the gauge sym-

metry G'J(2) group and a concrete paranietrizatior. is proved. We

shall as far p.s possible use condensed notations, derivatives

with respect to the fields are the right hana ones, and those

with respect to the зоигсеа are the left hana с-т-.я.



2. Thus, we shall consider a theory containing chiral matter

superfields*K (х,в)аа well as Hermitian fields of the supergauge

multiplet V в V'
J
(X

;
0) = £ J V°(x,8) . The anti-Hermitian

matrices Fa are generators of super gauge transformations of

matter fields the parameters of which are the chiral superfields

Л
+
= ЪЛ

а

+
(х,6):

The gauge supermultiplet is transformed as follows:

e
iv
--e

1
"'- е "

л
V V

й

 (2)

The supergauge-and supersymmetry-invariant part of the ac-

tion has the form

S
s s
 - g? S

v
 (V) + S

v>4
, + Sy ,

where So» is expressed as

S
T
- m

+
* + + f

+
 4̂

+

3
 + m-4>l + f.^i + h.c.

and S
v
 and S

V I
^ represent the self"interaction of. the super -

gauge multiplet and its interaction with matter fields super-

multiplets, respectively (explicit form of S
S5
will not be hence-

forth necessaiy (see, e.g. £2j ; the set of all the matter

fields *К,Ч+ will be hereinafter denoted by <p ).

Kot yet defining concretely the form of the supergauge mal-

fciplet new parametrization, let us generally represent transi-

tion to it by

where f̂  does not coincide with Гд in general*, fjj and T
n
 rep-

resent the full set of matrices. The gauge transformation (2)



now will be written as (Л+ = Л
+
Га)

For infinitesimal Л
+
(Х,8) we have

whence the lawf linearJof transformation of Tl and б(ЯГ) one via

the other is obtained at group transformations. Further we shall

consider a theory where instead of \/
a
 the fields JT are

chosen as the main aupergauge fields, and we shall introduce

the set (ft* в
П
(Я)) = Гх> (3Q. In terms of the fields CO the in-

finitesimal supergauge transformations have the form

= Кд
5
^А

Я

;
 (4)

where the following notations are introduced

R+a
 + R

-
r
a" Rw)a, Ц*~~£а)~ *(Л* , ("we, R^a)* Rfl

(5)
Д* + A\

a
 » г Ah , Л+ - ДГ= 21Л J, , (ЛЬ,, Л?

я)
) = А

я

;

and R
f l S
 are already numerical matrices.

Let us now. describe the modified actions. As a gauge func-

tion choose the function T
 =
t

r
D2)&) » where t

r
 are some (gauge)

parameters and the gauge-fixing term Safin the total action

represent as

(6)

Let us by general rules introduce the following action for



the ghost fields

J
where notation Dl)S)n

=
S0p is used, and the fields С and «Эд con-

sist of chiral fields and fields-Hermitianly-conjugated with

them in analogy with the formulae (5).

Now we can write the modified action

(7)

a

where J[~. is an external source, a general real superfield; %

are constant Grassmanian numbers; Кфт, K
r
and L^ are external

sources, the chiral properties of which are presented in ref̂ 3jy

+ are structure constants:

Г
 ' (8)

The modified action S , as a consequence of 1;he BRST-sym-

metry, satisfies the following equation (this kind of equation

for the pure Young-Mills theory was for the first time written

by Zinn-Justin [8]).

The last term in the right hand side of this equation cla-
Й я

rifies the meaning of X
r
 : %

r
 is the BRST-variation of the pa-

rameter t
r
 LIOj. Introducing in a standard way the producing

functional Г of vertex functions, we obtain that it satisfies



a similar, as 5 does, equation

+ Х
?

For the divergent part of the one-loop approximation of Г (de

note it by fj^ ) we obtain:

(9)

Note that since the aupersymmetry transformations are linear

over the .fields, the supersynnnetry of S results in that of Г .

Consequently, Г,̂  is a supersymmetric functional. Let us now

construct the general expression for fj^ issuing from the Feyn-

man diagram divergence index. The latter (with account of all

additional vertice) is equal to

««. = 2-N'2N
A
 '10)

where N is the total number of the external to the diagram

euperfields: С
 ;
 5)/j,

 <
Y
f
 K A J , L and #

r
 ( X

r
 has a maas dimension

and its ghost number is -1), N^ denotes the number of verti-

ces Лсд. It is seen from (10) that with account of the ghost

number conservation fjct does not depend on £*д at all, the

source Kp can be included in Г^ only linearly, in the form of

production of КС and K X I X » in its turn, can also be in-

cluded only linearly, and besides K X - in the form o.f the

production %Sb . The matter fields ф can be included in

в



no more than quadratieally. |Ihere are no divergences having the

structure of the production of the fields and sources with the

same chirallty [11,12]. Thus, the general structure of Hkj is

where S
t
 contains matter fields in the combination' Ф Ф •

functional 5
1
 as well as the coefficient functions £ ; g+; R^

3tg, Gi>i\ *w» | ^ depend in general on 5» and t . Besides, it

follows from the supersymmetry of Hj^ that these coefficient

functions are superfields and S^ is a supersymmetric functio-

nal. It particularly means, that all the coefficient functions

are unambiguously restored from their values at Q - 0.

Substituting the expression (11) for fjd into (9) and set-

ring to zero the expressions before different field structuresJ

rre obtain the following set of equations:

(12)

8oos ra . rs $cot



~
Ta
 "• " " ^ (42)

,а
 лLet us come back to the general case whent

c
TFU. Let us take

the opportunity that the functions %(,5l,t) and yj,(ff,t) are invari-

ants of the Lorentz group, i.e.

where ЯГ
Л
 and t

A
 are the values of 5C and "t obtained as a re-

ault o.f Lorent z-trensf orraati on A • Transformation A (see (36))

choose from the condition when t
A0
-0, Obviously this transfor-

mation is always in the vicinity of ZQ
S
0, Then, according to

(41), (42) we have

Now consider the following Lorentz-invariants:

С - t
r
 * - t

A
 X

A j l
 t

A ) l
 ,

L
a
g « L

At
at « Тл.а T

A
Jg , f

Then we have

u>

and from the formula (38) we



Let us, at last, solve the set (12)-(18) taking (19) in-

to consideration. Prom (16) we find the general solution for

t

*"
t(ar

'
t?

( 2 o )

where Ц (ЗГ
;
т/ is some funttion. With regard to (20) one obtains

from (15)

U)?(jr,t) = a
s
(3r) + a

s
(sr,t)- - g p - u

t t
C^t;

(

Taking into consideration (1Э), from which it follows that
а

0 and introducing the new functions U {&,t) by

rewrite (21) as

1 ^ oJT (2P)

At the same time, rewrite (20) via U :

(23)

The equation (12) for Г = О was solved in ref. [з].

g
where dS (3l,"t) are some furnt-inns. With account of eq.(13) eq. (

1 !



is identically satisfied for Г=П.

Now let us find the solution of the equation (18) (see ref.

And the eq. (17) leads to

Now consider the functions U
o
 (5Г) =

then the functions
Г
 ,,6

Phen one can write (see eqs. (22), (23X)

From eq.(13) one finds

g ̂ R
r
 ,

 D
6 Su

r

with (24)); the eq. (14) is satisfied identically. This

finishes the solution of the set (12)-(18). The obtained solu-

tions together with the relations (19) allow one all the coef-

(ficient functions in (11) to express via the functions U,

Our taek is to define the form of all these functions concrete-

ly.

3. In this section the Ward's identities as a consequence

of global gauge symmetry will be derived «md analyzed. Infinite-

IP



simal transformations of this symmetry oen be obtained front (4'
_ .a,

if Independent on X end 6 Л +. parameters are chosen:

/\ =(o^+l/3) where oC and j3 are real numbers. So,

' (27)

a denotes global variation,. The fields С are transfor-

med as с /-.JO />
D
 /^

л
' В

°§
C
 =Тяв

С
 f ;

and the matter fields <p are transformed according to (1) with

A
a

constant /l
+
 . Making global transformations of the fields in

(7)t we come to an identity for the modified action S* Then, by

usual procedure we obtain the same identity for the Г-functio-

nal:

5Г , 5Г
 D
x л 6Г £v г

в i?
 Q

r £L +

3fl
(28)

г ВГ в г 8Г

In future it is sound practice to exclude from considera-

tion the value 5Г/оЧ
5
 present in (28). It can be done by теапз

of eq.(9), differentiating it with respect to X beforehand.

As a result we obtain the following identity for fid :

13



1 ^
6 K S

+1(

eDr J E * f F R r Г

r a See

SubatiruriiiG O.:];I-.;L',-;.: on (11) for /"j^ into this, one obtains the

"'-.\i.lowing equhL n;j;

bS
C

s i F

( t h e remui:iin;;: •::
l
;i.'-it '.or.s a r e

':\';!~у a r e iiOt v.'t-i. i. ;"<:-ii),

Comparing (3' ,• 'with (18) ono obtains

(30)

d identically that is why

• .n.i, v.-ith fiocoiuit of this relat ion, the comparison of (29) with

(" ? ) y i o 1 ^ ; -

( 3 D

oii of -."..'.' former expression.



г s rtr
i d £

via U(3T,t) into (3D (see (25), (26)) one obtains

л
г s rtr

Substituting instead of Ц
1 Я
, ui, and £ their expressions

;s ̂ яи St£ ' (32)

The relation (32) testifies, that under the action of the

Aft Г

operators Ц the values U are transformed as vectors. As to

the operators themselves, it is not difficult to check that they

form an algebra which is isomorphous to the algebra of the ope-

rators Rfl
e
Rfl

'cf. (8))# Also note, that under the action of the operator
S . В

CO and t
s
 are also transformed as vectors:

4. All our further considerations will apply to the theory

with the SU(2) group and a concrete parametrization which will

be now discussed. As tf"o, (see (3)) consider the doublet-rep-

resentation generators Ц; , where ^ are the Pauli's matrices:

whence

l
 = -^shV

;
 6(3T)=chv,

(34)

Thus, the field CO is a four-component one: (й
Г
-(Я

1

г
&

С
)г-(Я

1

}

in this section in the indices like Г , S , t , ».. , instead

ofa,8,C, ... we shall put L ,j,K, ...: s»(i,o)). Prom (34)

15



it is seen, that the value of б ~& is an invariant, and the

global gauge transformations

( 3 5
)

are transformations from the group SL(2,C) which is isomorphous
I*

to the Lorentz group. The four-vector Q transformation law

at Lorentz transformations is (oC=0 )

(36)

The transformation laws of the fields 5Г
1
 and 6̂  at the trans-

formations (35) for infinitesimal CC and J3 have the form of

(27), where

U * 2e
iK]
 , R^

jo
 = 0

 ;
 R^JK « 0 , R^jo = 0

;

i о о
 ( 3 7 )

» 0 , R
(
p)jo = 25ij , R(p;jK = 2 5 J K , R(p)jo = 0.

In accordance with the noticing made in the preceding section

(see (33)), the vectors Ой and t
s
 =(t

s
 + t

s ;
 tftg - t

s
 J;

,+o ,-a .a
are in the theory» We shall consider the case of t

s
 = t

s

 =
t

g

a,s
Introduce the vectors x via

and present U (Я'Д) as an expansion

(38)



Substituting this expansion into eq.(32), one obtains

£*&(*,*)= 4 Уа№*) = 0, (39)

i.e. the coefficient functions % and У
а
аге the Lorentz group

invariants.

Next will be considered the so-called singular gauge, when

^ = [(B
+a
f

r

a
+8

a
tr

a
)53)Cu

r
(see(6)). Formally one can

pass to this gauge by the substitutions t
r
 —*~ctt

r f
 &д~*(1/£)3#

with following tending of oC to со. This gauge is noteworthy

due to the following observation. In the modified action S

there are two summanda which are proportional to the parameters

я . ,+tt -а а

\": Sat and 5-f,. A* *i • *i m*i one can change the variab-

les in S ^ ^ / * • + < * '

Bit e Biatf, &im*taiit Кг

±1«:Хг Г« t
a I a i J /ГУЗГ 5T+a i.a-rl la>l-r1 Ca I a ' i-r J

Л-в » «®+ , t i Tg = t Tg =bg , t Ta =

passing in the functional integral to integration over the pri-

raed fields, after which, at t
0
 eO, the dependence ont

r
 vanish-

es in the theory. This observation is equivalent to the atate-

ment that in the singular gauge, at t
o
 "Of the theory is inde-

pendent of the parameters t
r
 . Let us first consider the case

when t
o
 a 0. In this case U does not depend on { . Considering

the expansion (38) for S =0, we obtain, that at t
o

s
0» Jf

0
 is in-

dependent of "t . And from (39) it follows that % is a function

of ЗГ only:

t.»0

Likewise. forS=L from (38) we obtain:

17



&Scc fc

ra

§ ; 07)

The equations being identically satisfied vsrith account of

the eqs (12-18) and a series of additional relations are not

written here. These relations will be derived below. One can

come to these relations issuing from the equalities for the

lodified action 5 which follow from its expression (7):

я

5Л'
vhere E

K
 = E

+
 + E_ . E+ . E_ are projectors on the chiral

3uperfields, The functional Г also satisfies these equations.

Directly write equations for Г14 ;

SB
± a

Il!fL

Substituting the expression for r~
1c
t(11) into this, one obtains

DBt <&, , ae1 B = t s j



( 4 4 )

Next, let ue present t , Ua& *-
n а

 more convenient form:

С - T i t tj
 ;
 L - О J( J i j - lo

 L
o ,

Rewrite the relations (43), (44) in terras of J
L
!

The adventage of writing in terms of the values introduced

in (45) is in the fact that there the whole dependence of the

theory on the parameters T-r is expressed in terms of % . In-

deed, if in the functionals 5of and Sgh the substitution (40) is

accomplished, then Sqf and Sg^ will have the form

Hence it is seen that ft is included in the interaction verti-

ces only. It means, that any quantum field value, LI among them,

in any order of the perturbation theory must be a finite У
1
 po-

lynomial. Consider the consequences of this fact for the func-

tions £(X) and J(x).
Choose %l without restriction to generality л

 The form Y
 s

Si1
. Then we have:



РОГ simplicity take 51 = 5i =0

According to the aforesaid £,(^and

must be polynomials over У" . Consider X at $1 - 0 :

(/^-polynomial) or |
o
 (x) - P

o
(x/i + *). Substituting the va-

lue of Xf from (4-6) into the right hand side of the last rela-

tion, we obtain

; * I ' .
 (4T)

The right hand side must have no singularities. The expression

(47) is symmetric over )f and 2 > hence it is a final-order

polinomial both over ^ and H' and, consequently, has no pecu-

liarities over Y and H• Hence it follows that the polinomial

P
o
 in (4?) is a constant, i.e. £ (x)=C. And for

we have: 2

whence

Substituting the value of X from (46) we obtain

- _L _JL i « e

- б- i
where, as appoaed to ^

e
 (X ), there is always a pole at

That is why P, (jf) = 0 »

20



Thus, we finally obtain the expansion of U (

uT(fi
;
f) =$2.-G>

r
($l) ,where б^2_=С does not depend on 5Г and "t.

Now it is seen, that the one - loop renormalized action

5 - цУ\с{
 i s

 obtained by expanding SfR with an accuracy to

the terms having the first order over 7£ , which is construc-

ted by the initial modified action S by the substitution:

зг— Zffff, 4>—z*4>, с — c
;
 # — л,

Then, considering the theory based on SJR we find that 5JR

satisfies all the equations satisfied by the action S . Con-

sequently, the producing Г -functional of the theory develop-

ed over Sfn will satisfy all the identities satisfied by the

Г - functional of the theory with the action S » etc» There-

fore, in the highest approximation one can use the method of

mathematical induction*

Thus, finally we obtain, that in the singular gauge the

theory is renormalized multiplicatively.

21
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