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1. Introduction 

Recently [1] the radiation spectra of channeled electrons 

in CdS, quartz and lithium niobate crystals with thicknesses 

of 1-6 mm were investigated. The observed spectra were notice­

ably more hard but less intense (in the maximum region) than 

expected according to usual theoretical estimations. The crys­

tals investigated in (1] were sufficiently thick so that the 

mean number of fonned photons was greater than unity, i.e. 

there was certain probability of formation of two or more pho­

tons. It is natural to ask whether the spectra observed in thE 

experiment [1] included the events where two or more photons 

were simultaneously caught by the detector and these photons 

were registered as a single photon with SUllllll8.ey energy? In 

order to elucidate this problem we calculate both the thaore-
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tioal spectrum withoui regard for the above-mentioned events 

and the "observed" spectrum where these events take place on 

tile example of CdS crystal. In both cases the incoherent mu1-

tiple ecattering of particles in the crystal is taken into 

account. 

2. Radiation Spectrum Averaged Over Beam Particles 

We shall calcu1ate the radiation frequency spectrum, 

dW/Lcd(I) , averaged over all beam p_articles from a crystal 

of thickness Le according to the formula [2-4] (see al~o [5]): 
00 

d.W = f( dW) j(e.L,Lc)deJ., 
L d(&) ~ Led"' € J. c 0 

ivhere ( dw/Ledw >c.J. ia the unit path radiation frequency 

spectrum of a particle with a given traneverse energy eL 
J ( eJ. I Le) is the thickness Le averaged distribution 

function of particles over the transverse energy. 

The function f (€.1. 1 Le) may be found by the fo:rmu1a 
L . 

J<eJ.., Le)= L~ 1 r cde ~dSP(eJ.19)"l'(0Je), 
0 

where P(ei. I e) is the distribution function of particles 

over the transverse energy provided that the particles enter 

(1) 

(2) 

the planar channel at an angle e \f(e,e) is the distri-

bution function of particles over the angle e at a given 

depth e of the crystal (with account of incoherent scatter-

ing). 

The function p ( f.J., e) and consequently the function 

4 

I ( e.L , Le) depend upon the shape of the averaged plane po­

tential U (><) which may be calcu1ated on the basis of the po­

tentials of the crystal atoms and its structure. 

In the case of electron planar channtu.ing and quasi-channel­

ing an "overturned parabola" model ip quite good for the poten­

tial well: 

U(x) = 
4~: 1 

( 1-
1d~I )Vo , 

dK d -y" X<-f l {J) 

where dx and U0 are potential well parameters. 

In this model with the assumption of uniform distribution of 

particles over X it is easy to obtain 

J 

6 (eJ.) a ( 1 + e2jet - eJ./Uo) 
P(e.1. a)= 2Uo(f+e2/S~ -€.L/Uo)Y2 

(4) 

where et. = ( z Uc IE) 1/z is the Lindhard critical angle' E is 

the electron energy, ® (X) "' 0 at X < 0 and 1 at X > 0 

Usually it is accepted that the function '°I' ( 6, e) has a 

Gauss distribution form with the dispersion 

2 
Es f 6 2 ---+ 
E2 LR 

0 
(5) 62: 

( E5 • 14.1 MeV, LA is the radiation length, 60 oorreaponda 

to the angle divergence of particle beam). For simplicity we 

approximate the Gauss distribution by means of a "table": 

l m52 
~ce,e) = (26tr1e (6,2 -<e-eo)2), 6 1 = ~l2 (6) 

where eo ia the mean incidence angle of beam particles. Sub-

stituting (4) and (6) into (2) we obtain (at 60 =0, 6 0 =0) 
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- [ 1 .A 8 (1 - ~)'/z 
J(el.,Lc)= ~1/2 fn 11-~\'/z-~+-rt-®(1-r)]@(1-~_+'l),(7) 

where ~ "" cl.j U0 > O , '1=:ilE
2 

L /zE2 L e
2 

S c R I.. · 

.A = ( 'f + ~1/z) ® (~ - ~) + [ ~ t/2 + ( 1- S + r1/"-] @( ~ - tz) ' 

B = @ ( 'L - ~) + (1 - ~ + ti) Vz ® ( 5 - ti) · 

(Fig.1). 

It is not difficult to generalize formula (7) to the cases 

where the planar channel consists of two or larger number of 

potent ial wells. 

The radiation frequency spectrum (dW/Lcdc.u) e.L of an elec­

tron with a given transverse energy cl. moving in potential 

(J) may be calculated in a usual way [6] (Fig.2). On the basis 

of these results and formula (7) we obt ain the radiation spect­

rum d. W /Le dc:v averaged over all beam particles (Fig. J, 

curve 1) by formula (1). 

J. The "Observed" Radiation Spect rum with Possible 

Simultaneous Regis t r at i on of Photons 

We assume t hat the probability Pn of emission of n quan­

t a. by a given char ged particle is determined by the Poisson 

distribution (7] : 

P. = < N >n e X p ( - < N >) 
n rd 

(8) 

6 

where < N > is the mean number of radiation quanta. emitted. 

If the detector registers several photons emitted simulta­

neously as a single photon with the summary energy, the "observ­

ed" spectral intenaity distribution (dW/Lcdoo )~&s of radi­

ation emitted by a particle with a given transverse energy c.L 
is determined by the formula 

dW 
0
g

5 
( dW _) 

( L~dU) l. = ~ Le doo /c.J.,n,G.> p" 
1 (9) 

where (d.W/Lcdc:.> )e;.J.n,c.> ia the spectral intensity distribu-

tion of radiation when n photons are emitted with a sulilmary 

energy c.> ( fl = 1 ) . . 

The probability Fn (W) dw that the summary energy of n 

photons emitted is within the interval ( w , w + de.> . 
is determined by the formula. 

(',) 

Fn<w)dw = ~ F1 (c.:>1 ) En_1(w-cu1) dw1dcv 1 
0 

(tO) 

where the integration is carried out over c.>1 from 0 to ca> • 

The probability F1 (c..>)dw that the photon emitted from 

unit pathlength has energy within the interval ( c.)1 

is determined by the radiation spectrum 

F, (w) dw = ( d.w .J de.:> 
Le dCo)/eJ.. C ' 

w+d<..> ) 

( 11) 

where C ia the total radiation energy from unit pathlength 

( ( dW ) d"' . 
C = ~ L.cdCcl e,.L 

( 12) 
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For concrete calculation of the observed spectrum it is 

quite convenient to approximate the function ( ciW/dwt_by a 

~emaa-distribution (see, for example [B] ): 

.rh .A13:- ci.-f ( ) 
•1 (w) = r<ce) cu exp (-,?0 W) 1 13 

where r («) is the gamma-function. 

By this we shal1 select the parameters .A , d , J30 in 

auch a way that the mean frequency, the mean square frequency 

deviation and the mean number of quanta calculated by means of 

the distribution <f:> 1 ( W) coincide with the corresponding va-
2 

luea <CU> , <AW > , < N > calculated from (11). It leads to 

the following equations 

of.= <W>'l. 
< f!.(,,J) 

<W> 
B - 1 
J-o - < AWt) 

-1 
.A=(ol-1)<N>.~o (14) 

With the help of cf>, ( w) it is easy to find the expression 

<t'n (w) for an arbitrary n according to (10): 

4>n (c..:>) = 
.A net 

~o 
r (n~) 

nct-1 
W exp(-t

0
W) · 

Thus, for "observed" spectrum of radiation emitted by a 

particle with a given eL we have 

oSs ~ R 
( dW _\ = CL._ Fn (W) n 1 

L de..:> /e n=1 2, ... c .L ' 

where as CFn(w)Lc. we shall take (15) with regard for (14). 

(15) 

( 16) 

For the observed radiation spectrum averaged over beam part­

icles we have according to (1) 

s 

00 

( L:;W)5 

= \ ( 
0 

dW )oSs _ 
Lcd(.c) ei t (e.L, Lc)deJ. . (17) 

In Fig.) both the spectrum without regard for the simulta-
• 

neous registration of several photons (curve 1) and the "ob-

served" spectrum (curve 2) are presented. In the case under 

consideration the "observed" spectrum is much harder and wider 

than the first one. In this figure the experimental points are 

also marked. As it can be seen, the observed spectrum agrees 

much better with the experimental results. 

4. Discussion 

The theoretical spectra presented in Fig.J are calculated 

in a model of one "overturned parabola" (3) with corresponding 

values of parameters. A concrete calculation shows that the 

averaged potential of planes (100) of Cd.S crystal consists of 

two potential wells (Fig.4) with depths of 34.2 and 9.57 eV 

due to planes consisting of Cd atoms only and S atoms only. 

Electrons moving in the deeper potential well bring the main 

contribution into the radiation intensity. Motion in the secon~ 

smaller well givea noticeably weaker radiation, since the field 

is much smaller. The estimation ahows that the radiation energy 

of aleotrona channeled in the aecond well ia of about 10-15 ~ 

of the total radiation energy. The compariaon of the calcul ... 

tion with the experiment (Fig.3) doea not claim on a lJietter 

accuracy. 

Because of the model character of calculation it 1• nut 
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necessary to take into account the fact that the incoherent 

scattering of particles in a crystal proceeds otherwise than 

in an equivalent amorphous matter ( 9] • 

Besides, as it was pointed out earlier [10] , formula (1) 

in general is correct only if the particle tram1verse energy 

f.i. 
I 

changes l~ttle due to incoherent multiple scattering 

during several particle tranave:ree oscillations. It ia more 

oorreot to calculate the radiation spectrum by the general 

formula of electrodynamics using particle trajectories obtained 

from numerical simulation at solution of the corresponding 

atoohastic differential equations [10) • 
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Figure Captions 

Fig.1. The dependence of distribution function f (e.1., Le) 

upon the transverse energy e J. I Ua 

fonnula (7). Curves 1 and 2 refer to 

calculated by 
'/Z 'l .. 2 and 4. 

Fig.2. Radiation spectra of electrons with a given transverse 

energy e.L • Curves 1-3 refer to €.i./U0 = o.23; o.61 

and 0.79. The calculation is carried out for one 

potential well ( U0 .. 34.2 eV, dx = 1.69 ~ ) of 

(100) planes o! ~dS crystal. 

Fig.3. Radiation spectra of 4.5 GeV electrons in CdS crystal 

planes (100) averaged over beam and crystal thickness 

(3.5 mm). Curve 1 does not take into account the 

possibility of simultaneous registration of several 

photons, curve 2 takes into account such possibility. 

Squares show the experimental data (1] • 

Fig.4. The averaged potential of planes (100) (solid curve) 

and (110) (dashed curve) of CdS crystal. 
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