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The great interest arose recently to the definite deforma· 

tion of the enveloping algebras of classic Lie algebras or 

corresponding affine algebras - the so-called quantum groups 

(1,2,J], Their theory is being developed in many directions, 

in great parallel with the classic case - in particular, 

works [4,5] develop the vertex operator representation for 

quantum groups - and show its relevance to many different 

branches of physics and mathematics, e.g. topological gauge 

theory (6] , representation theory [7] , knots theory and many 

others [8]. 

The purpose of this letter is to !ind a Casimir operator 

!or quantum sln groups, which is a generalization of quadratic 

Casimir operator for classic groups, i.e. it tends to the 

standard quadratic Casimir sln Lie algebra in the limit, when 

the parameter q of deformation tends to[1]. We find two such 

operators and they are connected through the automorphism of 

Dynkin diagram. The imoortance of Casimir operators in applica-
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tions is well known, in particular, it will be necessary in 

the construction of corresponding deformation of conformal 

theories with Kac-Moody symmetries [9]. 

In what follows we define the deformation of the envelopini 

algebra of sln' then define some elements of this algebra and 

prove that they commute with all elements of algebra. 

The quantum group is defined to be the algebra with gene-
+ 

re.tors e:­
J 

+t , Ki and relations (1-3] 

± + !Otj 
K;.ej = ej-Ki.~ 

+ - ] ~ "')/ "') (ei.,ej "'u,J(K~-l(l (q-CJ 

t + 
[el , ej] o ai.J -o 

0 

( 1a) 

( 1 b) 

(1 c) 

( 1 d) 

0 alj .. -1 (1e) 

(l\J i. the Cartan matrix for some simple Lie algebra 

(•ln in our case). 

Let'• introduce the element• of algebra, corresponding to 

all non-simple roots: 

:t r ± ± (1/2) t t -(tf2) :t ± 
etj = et',j-t , e j ]'l • ~ e,j-t eJ - ~ ej etJ-t ~ < j 

t - [ ! :t] (1/2) ! t -(.t/2) ± t 
etj - ei.j+•.' ej 4ti = ~ . e 1j+tej - ~ ej etj+t . L> j 

.4 

+ eu t 
el 

So, to each non-simple root there correspond two ,,lementa: 

eq and eji • 

"' We define q-commutator between two elements ey 

(al,~=!.)as 

cl. f3 ] -
[ ei.j , e Kt 'l -

-c ct /5 c p "' q, etj e Ke - 'l e Kt e 1j 

where c is equal ·to 

C =oCj3(.Rij l .AKt)/2 

p 
el(e 

(2) 

Jlij is the sum of all simple roots from i to j, i.e • .Atj is 

the set of all positive roots. ( The normalization of scelar 

product is such that the length of all roots is .[2' .) We shall 
ol. 

need some relations between e,j 

"' "' ol. [ eij ' ej+1 J'l- = etj+1 

[ "' o"" ] - e"' ei.j I -j+tK ci. - iK 

[e~ e~ J0 . = 0 
~J ' J }' 

oe. eis ] 
[ ei.j 1 K q. [ "' J3 e,j , eK ] = o , 

- + 
[elKI et J 

-(1/2) -

= -'l K,et-1K' 

<; 

i~j (J) 

i.~ j < K (4) 

.. J (5) 

i < K < j (6) 

K~ i.-1 . (7) 
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One also can add to the relations (3)-(7) relations 

(3')-(7') which are obtained from (3)-(7) through automorphism 

of algebra considered, which follows from the automorphism of 

Dynkin diagram: 

+ :!: 
K. - Kn-i+1 ' L e.- - e n-i+1 

L 

Now we shall prove that the following operators C , C' 

commute with all elements of algebra: 

[ 
~ -1 -t + - i+j-n-1 

c = K ~Kl ... Kt-1 Kj+1 ... Kneij eji 9- + 

n -1 

+L K1 
j=O 

a, Clz 
K = K, K2 

-! Zj.-n -1 -z ] 
Kj Kj+f · · · Kn'} (ci.-q.) 

Cln 
Kn 

where Q 0 1 01 , . . . On, a n+f are the elements of the ari thmet.ic 

progression with <l0 •1, On+t =-1: 

ai::: (n+1-2i)/(n+1) 

(8) 

The second operator c• may be obtained from the expression 

for C ~hrough the automorphism (8), 

Before beginning the proof one more remark is necessary. 

Strictl~ speaking, c, as it stands, is not an element of al­

gebra, due to the non-integer powers of Ki, • Different solu­

tions of this problem are possible. One may, for example, 

introduce ligarithmic generators en ( K;) , But it is interest-
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ing that one may take the (n+1)-th power of C and all non­

integer powers disappear. 

The following is the proof of the commutativity of C, C' 

with all the elements of algebra. It is enough to consider C, 

It is evident from (1a) that 

[ C, Ki] :: 0 

Let's consider commutator of C with ei. , 
ei commutes with K 

[ K, ei. ] = 0 

1 < i. < n 

Further, ei. + commutes with the terms in C containing eKf , 

with K < i. < 1 or i. < K , or 1 < i. • This follows from ( 6) 

and (1c). It remains to consider the commutators with terms 

containing e:e , i=K-1, i=K, or i=e , or i.: f+ 1 • We 

shall show now that the terms with i. = 1 cancel with i=1+1 

and terms with i. == K-1 cancel with terms with i = K • It is 

sufficient to consider the first case, the second one is simi­

lar. 

+ We consider at first the commutator of ei 
+ taining eKi-1 K ~ t -1 

-1 -1 + - l+K-1 +1 
[KK1 .•. KK-1Ki .•. KneKi.-1eHK'i- , ei. 

-1 -1 + + - i+K-1 = KK1 ••• KK-1 Kt ... KneKi-1 e. ei.-11< 'ii 

-1 · 1 + + - ~+K-2 
- KK1 . . • KK-1 Ki ... Knei. eKHei-11< q. = 

7 

with tenn con-

(9) 



_ K -1 -1 [ + + - i.+1<-(3/2) 
- K, ... KK-1Ki.·"Kn eKi-11ei)<j,ei.-11<'i- = 

-1 -I + - i.+K-(3/2) = KK, ... KK-1 Ki. .•• KneKi. ei-11< q, 

= K· ( KK-1 K-1 K· e+ - i.+1<-(3/2) • 
L 1 •·• 1<-1 ~+1 ···Kn Kiet-1KC}. 

Then we consider the next commutator ( K ~ i -1 

[ K 
-1 -1 + - i+K +] _ 

K1 •.. KK-1Ki+1 .. ·KneKiel1<'~ ,e, -

-1 
KK, 

-1 + - i.1-K + 
KK-1Ki.+1 ··· KneKiei.K'l ei 

-1 -KK 1 

K-' + + - i+K+1 
1<-1 1\+1 •·· Knei.eKi.eiKq. = 

Now we use (7): 

-1 _, 
= K K 1 • • • KK-1 Ki+ 1 

+ + - i.+I< 
KneKi.ei. elK'i -

-(1/2) { -1 -1 + - i+K-1 - 'J Kt\KK, ... K1<-1Ki.+1'" Kn€Ki.ei.-1K~ ) 

f _, 

- KK~ · · · KK-t Ki.+1 
+ + - i..+K+1 

Kn et eKi. e t1< 9' 

Using (5), we have: 

-( 1/2) -1 -1 
= -~ Ki. ( KK1 . .. KK-l Ki.+1 K e+ - i.+K-'I ) 

n Ki. €l-1K 'l , ( 10) 

1'11 see that the sum of (9) and (10) is equal to zero. In a 

simila~ way nne can show the cancellation of results of commu-
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+ ei. with tel'IDB containing tation of 
+ 

eiK , and with tenns 

containing et+1K K ~ l + 1 

It remnins to consider the commutator of et with terms 
+ + 

containing e i. , and Without eK : 

-1 _, + - ii + ] 
[KK1 .•. KHKi.+, .. 'Knei. ei.q, ,ei 

-1 -1 + 2l( _, ,/ _, = KK, ... Ki-1 Ki.+1 ... Knei. q. Ki. -Ki.)/ (q.-q, )= 

~ -1 -1 2i( 2 -1_ -2K·) +; _ -1 
KK 1 ••• Ki-1 Ki.+l ... Kn~ q. Ki q L e, (q. q. ) 

[ 
n -1 -1 . 2j+1 _ -1)-2 1-J _ K:L: K 1 • •• K . KJ+l· .. Kn~ (CJ q. ,ei. -

J=O J 

-1 -1 -t -zc 2 2i+f -t -2 zi-1 + 
,. KK 1 ... Ki-t Ki.+!··· Kn(~-<J ) (1-q.)CJ, K 1 +(1-~ )q. K;)ei = 

-1 -1 ( -1)-f 2i+2 -1 Zi-2 + 
= KK 1 ••• Ki._tKi.+ 1· .. Kn. ci-~ (-q_ Ki. +q. Ki,)ei 

( 11 ) 

( 12) 

The sum of (11) and (12) is zero. In the similar way one 

can prove the commutativity of et with tel'IDB in C containing 

e;e , L~ K • It remains to prove the commutativity of C witL 

€
1 

and €n • It is enough to consider en , the proof for e, 

is similar. 

The difference from the previous case is that now there is 

no Kn+I , and its role exactly is played by K 

Ke 1 = e:tKa"+1 
n n ~ 

( 
+ e + -1) compare Kn+ten = ;;Kn+1q.+ 
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In all other respects the proof proceeds as in the case of ei , 

1 < i. < n , and this finishes the proof of the whole state-

ment. 

One of us (R.L.M.) is greatly indebted to I. Frenkel for 

introducing to the theory of quantum groups and their problems. 

R.L.M, is also indebted to the Aspen Physics Center, where 

these discussions took place, for hospitality. We are indebted 

to participants of theoretical semi.oar of Yerevan Physics 

Institute for the discussion of the present work, 
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