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S.G. ARUTUNIAN

IIENARD-WIECHERT FIELD AS COVARIANT DYNAMICS
OF ELECTRIC LINES OF FORCE

The Lienard-Wiechert field of an arbitrarily moving charge
is presented as a system of Lorentz-covariant moving electric
lines of force, It is shown that the 4-vector that describes

= these lines is written a3 a sum of the 4-vector of the charge

? and the isotropic 4-vector directed to the observation point.

; The motion of this 4-vector is described by the equation coin-
3 ciding with the equation of motion for magnetic moment in

kS external fields provided that the intrinsic magnetic moment is
zero., By the system of lines that corresponds to the complete
eguation of motion of magnetic moment in external fields tae
electromagnetic tield is restorzd. It turned out that the
spatial magnetic current proportionel to the isotropic 4-vector

directed to the observetion point cdorresponds to this field.
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C.T.APJTHAH

T EHAP-BUXEPTOBCKOE NOJE KAK KOBAPLAHTHAH
MHALEHKA ClAOBMX JiMRUL 24EKTPudsCLUTU [UAH

JMeHap~BUXEPTOBCKOE MM0Jie MNpOi3BONBHO 4BUHYyWEI'OCS 3apaja
NpeACTaB/IEH0 KaK CUCTEIE JIOPEHL-KOBAPUAHTHEX ABWAYUMXCA SJEK-
TPUIECKUX CUNOBLX JMHMi. llokasado, UTO 4-BeKTOp, OMUCLIB&MEHN A
ITU JMHKK, 3AECHBACTCA B BUAE CYLMB 4-BEKIOpA 3dpdiad U N30-
TPOHHOI'N 4-BGKTOpPA, HANPUBICHHOIO B TOUKY HaOMoIEHUH. LBLAEHilC
3TOT0 4-BeKTopa OnuCHBAeTCHd jpaBHEHWEL, COBNALAMUUM C ypaBHE—
HUEM ABUAGHUA METHUTHOI'Q :10d€HTA BO BHEJHMUX ﬁoﬂﬂx IIpK yCJiOBMM,
YTO COOCTBEHHHM WAlHMTHHN «OMEHT paBeH HYJIW. (10 CUCTEME JMHHN,
COOTBETCTBYOUEH MONHOMY JpPSBHGHMD IBU4AEHMA MATBUTLOPO MOKEHTA
BO BHEI'HMX MOJAX, BOCCTAHABAWBLASTCH 3JJEHKTPOLAIHUTHOE MOIE.UKa—
3HBaeTCH, UYTO S5TOMY IMOAW COOTBETCTBYET IIPOCTDAHCTBEHHWA nar -
HUTHHA TOK, NPOMOPLAOHANbHEM HANPABIEHHOMY B TOYKY uaGIKAEHUA

M30TPONMHOMY 4—BEKTODY.

BEpeBaHCKMUA JUBMUECKHA UHCTUTYT
LpeBad 1989
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1. Remind, how the covariant system of lines of force is
constructed for orthogzonal fields. e define electromagnetic

ey | pvag

v
field tensor F' and its qual tensor F «p Where

GHW‘P is a completely antisymmetric unit 4-vector in four
dimensions.

The system of Lorentz-covariant electric lines of force is
determined by exact differentisl equations [1,2] :

»* M

d)(F = (cdt d?) . Component equations (1) are of the form:
[dT<E]- cdtH = 0,

— (2)
(Hd2)=0, :

‘? -t
where E and H are electric and megnetic fields, respective- .

1y.
’ v
The system (1) has nontrivial solutions 1f det F=0 ,

i.e. in case when the electric and magnetic fields are ortho-
gonal.

The integrability condition for system (1)



> o Q8B _wm o =
[Ex(eotH - £ 3¢ )] - HdivE=0 (3)

is fulfilled in space without charges and currents.

Under condition E ' H =0 the dimension of entisymmetric
tensor Fyv is two, hence Eqs. (1) determine a two-dimensional
surface X (C36) which is covered by electric lines of foroe.

We have shown in Ref. [3] that by the system of lines of
force gilven on this surface cne can restore the tensor part

of the electromegnetic field:
v . W uev
FE = A (x!x" - x¥x"y, (4)

where A is scalar, the dot and prime denote differentiation
with respect to T and 51 , respectively,

We can obtaln closed equations corresgponding to Maxwell
equations if we assume that the system of lines covers the
whole space. Introducing additional dependence of
on ‘pa.ra.meters Cy and Cp, we can rewrite the Maxwell equations
for orthogonal fields. The first peir of equations in space

wlthout charges and currents 3is wrltten as

3
7 (¢ a§1)“ 37 (26 ag") o, )
where dimensionless variables (T, ©; Ct, Cz ) are com-

binea into £, K=0,1,2,3; G=det (8x//8¢")
The second pair of the Mexwell equations is of the form:

BTG (X (X' %,00] = 0. *)
a;t



It follows from Eq.(5) that J\wG" . We'll obtain the

correct dimension of field if A=eG ' . Then
FP"= e ().(FXN - X"F).(V)- n
G

2. In Refs [4-6] we have constructed a system of electric
and magnetic lines of force for an arblitrarily moving charge.
The field pattern cbtained gives a good representation of itas
gtructure, Characteristic narrow localizations of radiation
field of ultrarelativistic charge in space are revealed., How-
ever the system of lines was determined for a fixed moment of
time, and the question of field restoration by the lines of
force was not discussed in those works. The field of the ar-
bitrarily moving point charge satisfies the orthogonality con-
dition, snd therefore this theory is applicable here.

We parametrize the lines of force in the form:

= R(c, z°(5)+(z -6)A(6,c1,c:) < R(6, 2O o e-6)1, ), ca
where R is a multiplier with length dimension, T=ct/R ,
6= Ct'/R , t and t' are current and retarded times, Z,(6)
is the charge motion trajectory, il is a unit vecior directed
to the observation point. By the current and retarded time
parameters we find a point in space that satisfies the retarded
equation by construction. The physical solutions that satisfy
the retarded potentials are described by a condition: © € T .
At fized T,C;,C2  paremeters the variation of 6 pro-

duces a one-~dimensional line in the 4-~dimensional space. It is



required that the apatial part of the tangent to thia line
coincides with the direction of electric field:

= e . re 1o s
RE = e (e-6)2(1-pn ) (F-Fri@-off- (@5,
c d%

where FC"ﬁ' d6 - is the velocity of motion of the charge,
= 2y -2
y=u-@®* .
With account of (8) and (9) we obtain an equation for
vector -r'f H )
-/ 2r= - - bdi
e -t [Ax[(A-F)xpl),
' (10)
which describes its motlon over the surface of the unit sphere
at the given function'ir(67 . The general solution of (10)
depends on two intéération constants - let these be parameters
The resulting system of linea, eccording to (7), will give
: v
a correct expression for tensor Y o1r

3

G = R* (-6 y*(1-gn)> (1)

This in turn is true 1f

ai__an > 2y T=o=a2
—_— el =~ - N
kel R A (12)

Differentiating both sides of this equality with respect to
‘and using (1C) and (12) one can show that thp condition (12)
does not contradict the equations of motion (10).

The general solution of (10) can be found, for example

for uniform motion of the charge aglong a circle of radius R.
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The 4~vector is written in the form:

(13)
xP'R (6,cosp® +(r-6)(v, cospb -V, sinp6), sinp6 +(C-6)(V,sinp6 +V,co5p6), (€-6)Vy),

where

v_h-cz ___sin(pY6 +C1) = p+Ji-ct cos(py6+Cy) ,
T ¥ t+plicfeos(pyBec)’ T 1 +pli-cE cos(py6+C)

Vo= C 1 .
L { 1+ pJi-cZ cos(py6 +C1)

Th2 dependence of x" on C; and Cp is chosen such that the
condition (12) is satisfied. This means that formula (13) en-
tirely defines the tensor of electromagmetic field.

3. Having made the transformation

- 7+ ((-0EFTY/p°-9)F (14)
y(1-ga)
we'll obtain instead of (10) an equation:
b "" —— L A
V' 2a [V-[§-#"1]- (15)

Introduce the 4-vector aﬂ whose componenta in the asso-
ciated reference system connected with trajectory are (O,;;)

In the laboratory reference system we have

p_( ER-g2 W ,
a =y 1-F%  y(1-g#) P1) - (e



Vector x}‘ here is written in the form:

= v -ep -yt~ o, (17

v I '
where U =(¥,PY) is 4-velocity of the charge. The product
€-6) y(1 —ﬁ'h') is Lorentz=-invariant beinb connected with

the second invariant of field E2- H = § “£28 F.ﬁF via

the relation:
, —p - I‘.E =2\ / Z-T/l"
(c-6)y(1-Fn)= R[(E-H)/e’]" (18)

The egustion of moticon for vector (JF . resulting from

{153, i3 written as

- , H : p va .
{ “ du e uf‘f MVQ f';:;*;

R a6 mc

where + i3 the

pregets the pariicie motion ir The =% side o2

{19} represents
tringic time of the particle. lence {ag aeniicaned “n €5 5,

,

T0.(19} coinecides with the equation of spin motinn in external

tietds {71 if we put for the value of intrinsic magnetic moment
; d i \
=9 and for encmalous magnetic moment ' =-¢hf2mc)

We shall realize the fcllowling procedure: we*il force %she
v ctor G}‘ (which in our case was introduced nct as a vector
of the particle polarization stete) to follow the zeneral
Bar,,tanmn-liichel~-Telegdi equation and then by (17) and (7) we’ll
restor2. the corresponding electromagnetic tield. l.e. instead
ot (1S, we’ll write
C da? . #

v SR o s A 20
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The resultant equation for A is of the form:

s i (A BT+ (AR - [ [, cen)
where ﬁ=—2§ﬁr§£ﬂ, = i:c }J, ﬁ"ﬁl=1} eo , Fo are
tensor fﬂv electric end magnetic fields normelized to quan~
tity mcz/eR » The extermal field is considered on trajectory
only, therefore, -e.‘7 and _l;l-o are functions of © only.

One can readily see that the guantity & does act change,

hence the field restored accerding to (7) is of the form:

oz e - = [ B e rm el

REE = (t-6 [(F@-P g+ LH*L”"EQ] 7 %he)

~ E 'Z(f 6){"{ ﬂn)3 (n' }" )X n [(ﬂ .P) p J 3 (\ [ ))
(22)

""i

—fr _—_‘
A=[Axe].

Lsunily uhe electromagnetic field is defined by the given
LOPTONTE . ATC D0W, on the confrary,; we wmudy ebtain the currents

ast correspend o the field (22). The swupeessicn for electiric

: o s . 3™ gy 2 naqY /e
corrent. (. comes out of eguation ¢, @X = AUy SO
which v ocur rase are written as

" -~ . v
[»] ’ A SXT N d -hG' ax 1_ q’l
Tt e A6 ) 2 = (23
i3t P 31/ 3T FTCUARNCIRC (23)
N 3 3 5

"he expressicn for e is irdependent of whether n is de-~

rermined %y eguations (1G} or (21), since at (_'C—G)-’G

~

-&1# 7  the right-hand side in (£3) turns %c zero) in

t oy T
R RO 4 .

P ie ) ‘- e L
vhe fevecior A7 =R (O]Je-n,«*(_'{:—b)n'; the t:rm proportional to

'lu,

f21ie out, and vector A cencels cut with the similar
x"= R{{n} . We cbtain the pre-

component oif ihe 4-vector

vicus z.ectric current corresponding to the metion of charge €



along the given trajectory proportional to (1,}5) .
The second pair of Naxwell equations is defined by expres-

KMV
sion JFE F//aXF which is of the form:

aF*I‘V_ e 3 iKke 1 §l‘: %1 Y(x'X 23}7“(('?'3)";"'ﬁ[f‘l'zo])("‘iﬁ)(gz;)
X" 4G a* " < agr ¢l f Y(-pR)

One can see that this expreasion does not turn to zero; hence

it can be Interpreted as the occurrence of apatilial megnetic

current:
- ®AM
v M e’ f Ny Ua v

= . '
- du 8amc  R*(z-6) y2(1-F N)? (25)

It is easentlial that the current j: is an isotropic
4~vector, i.e. corresponds to magnetic charges moving with the
velocity of light. Note, that the electric current with such a
froperty was introduced by Rohrlich [8] tc describe the space-
restricted front of uniformly accelerated charge field.

We'd like to note the following: instead of equation (19)
we have written down the more general equation (20). This in
a sense is similar to the introduction of the monopole that
symmetrizes the Maxwell equations. Then we used the procediure
worked out for orthogonal fields in order to restore the field
by a covariant system of lines, Perhaps, some other, more ge-
neral procedure for the restoration of not necesgarily ortho-
gonal fields should heave bveen used for the general equation
(20). Presumablj, such fields would have a more ordinary phy-
sical meaning then fields (22) that correspond to spatial iso-
tropic magnetic current.

The' author i1s grateful to H.A.Nagorsky for the useful dis-

cuspions.
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