
Praprtat УЕЯРНЫ|в(»)-М

ЕРЕВАНСКИЙ ФИЗИЧЕСКИЙ ИНСТИТУТ
YEREVAN PHYSICS INSTITUTE

S.G.ARUTUNIAN

LIENARD-WIECHERT FIELD AS COVARIANT

DYNAMICS OF ^ELECTRIC LINES OF FORCE

ЦННИтмияформ
ЕРЕШАН - I M t



- 1162 (39)-89

-ЧИ1»ЪГSH TOCSC

2ШР<ЦПГ1 Lt*9Bb l.plrtitip-4pfribpep гци2'• D

t[mb t прцЬи 2 " P ^ 4 n 1 tL ЬЦпрмЦш\| nL**j{ili qbbpp

s 8nLjg t tBpil«b, np

t >1рМ|ГнЪ ЦЬирЪ nLniil«ib 4Lpgpp к pqnwpnui

tibpp qnnf«(itBjp^ mbupnijs

npQ

*1Ш||шишр1Гш1||1ч щтjiTtuUm!, bpp иЬфшЦшЪ

ifmTb"UuiQ Suu(uiuuip t q p n j p : Cum qdbpp 'iunfuiLjujfiqp, прпЪр (.ррЦ 1ииГш-

ЬЪ шртшррЪ г^ш2шЬрпиГ iTuqVtpuiuquXi tTncTbliuip 2 Ш Р ( ^ Ш ^ ^ ш

t lГшqЪpuшЦш<U г[Ш2щ: 'ЧшраЦпиГ t , np

pqntnpnu{ ршпш£Ш1£

3>pqpl{uijp рЪ

1 9 0 9



Preprint YERPHI-116 2(39)-89

S.G. ARUTUNIAN

IIENARD-WIECHERT FIELD AS COVARIANT DYNAMICS

OF ELECTRIC LINES OP FORCE

The Lienard-Wiechert field of an arbitrarily moving charge

is presented as a system of Lorentz-covariant moving electric

lines of force. It is shown that the 4-vector that describes

•' | these lines is written as a sum of the 4-vector of the charge
u
U and the isotropic 4-vector directed to the observation point.

fi

Ц The motion of this 4-vector is described by the equation coin-

Is ciding with the equation of motion for magnetic moment in

|i external fields provided that the intrinsic magnetic moment is

zero. By the system of lines that corresponds to the complete

equation of motion of magnetic moment in external fields the

electromagnetic field is restorad. It turned out that the

spatial magnetic current proportional to the isotropic 4-vector

directed to the observation point corresponds to this field.
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Yerevan 1989
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С . Г . А Р Л М И Н

МЕНАР-ШХЕРТОВСКОЕ ПОЛЕ КАК КОВАРИАНТНАН

Д ' Ш А Ш К А СИЛОВЫХ ЛИНИ А aifc'KTPiWJCliUro ПОЛИ

Лиенар-вихертовское поле произвольно движущегося заряда

представлено как система лоренц-ковариантных движущихся элек-

трических силовых линий. Доказано, что 4-зектор, описызаьвдй

эти линии, записывается в виде суал.ы 4-вектора заряда и изо-

тропного ^-вектора, направленного в точку наблюдения. Движение

этого ^—вектора описывается уравнение!.:, совпадающим с уравне-

нием движений ы'дгнитного пемеита. во внешних полях при условии,

что собственный ыагнитный 1/.оьент равен нулю. По системе линии,

соответствующей полному уравнению движения магнитного момента

во внешних полях, восстанавливается электрокагнитное поле.Ока-

зывается, что зтому полю соответствует пространственный г.аг -

нитный ток, пропорциональный направленному в точку наблюдения

изотропному 4-вектору.

Ереванский физический институт

Ереван 1989



1. Rsmind, how the covariant system of lines of force is

constructed for orthogonal fields. We define electromagnetic

f ield tensor г and its dual tensor r ~ 2
 fc

 4fi where

£ * la a completely antisymmetric unit 4-vector in four

dimensions.

The system of Lorentz-covariant electric lines of force ±P

determined by exact differential equations [1t2] :

JI

= (cdt ; a t ) . Component equations (1) are of the form:

where Ё and H are electric and megnetic fields, respective

ly.

The system (1) has nontrlvial solutions If det F =0 ,

i.e. In case when the electric and magnetic fields are ortho-

gonal .

The integrabillty condition for eyetern (1)



Ц-)1 ' Hdlv?»O

is fulfilled in space without chargea and currents.

Under condition E • H
 =
 0 the dimension of antisj-mmetrie

tensor Fjuv is two, hence Sqa. (1) determine a two-dimensional

surface X (f,6) which is covered Ъу electric lines of foroe»

We have shown in Ref. [3] that by the system of lines of

force given on this surface one can restore the tensor part

of the electromagnetic field:

F**
v
 = *(x'x'

v
-x'''x

v
), (4)

where Л is scalar, the dot and prime denote differentiation

with respect to f and €> , respectively.

We can obtain closed equations corresponding to Maxvrell

equations if we assume that the system of lines covers the

whole space. Introducing additional dependence of

on parameters C1 and Cj we can rewrite the Maxwell equations

for orthogonal fields. The first pair of equations in space

without charges and currents is written as

\AG ) -° (5)

where dimensionless variables ( 'P, 6 't C« , С± ) are com-

bined into §
K
 , К = 0,1.2,3

 ;
 G = det (ал^/Э^

к
)

The second pair of the Maxwell equations is of the form:

[eVY,
L
(,j>(>K)J .(6)



It follows from Eq.(5) that Aco£~ . We'll obtain the

correct dimension of field if Л = eG . Then

2. In Refs [4-6] we have constructed a system of electric

and magnetic lines of force for an arbitrarily moving charge.

The field pattern obtained gives a good representation of its

structure. Characteristic narrow localizations of radiation

field of ultrarelativistic charge in space are revealed. How-

ever the system of lines was determined for a fixed moment of

time, and the question of field restoration by the lines of

force was not discussed in those works. The field of the ar-

bitrarily moving point charge satisfies the orthogonality con-

dition, and therefore this theory is applicable here.

We parametrize the lines of force in the form:

where R is a multiplier with length dimension, T = ct/R ,

6 = ct/R , t and t' are current and retarded times, z^(6)

is the charge motion trajectory, П is a unit vector directed

to the observation point. By the current and retarded time

parameters we find a point in space that satisfies the retarded

equation by construction. The physical solutiono that satisfy

the 2'etarded potentials are described by a condition: б < T .

At fixed "P) C| , C
2
 parameters the variation of 6> pro-

duces a one-dimensional line in the 4-dimensional space. It is



required that the spatial part of the tangent to this line

coincides with the direction of electric field:

- С
where £ C " " R " ci6 *s *ne velocity of motion of the charge,

With account of (8) and (9) we obtain an equation for

vector Ц :

rT'.-*•[*« [<*•-#«?'JJ,
(10)

which describes its motion over the surface of the unit sphere

at the given function f (6") . The general solution of (10)

depends on two integration constants - let these be parameters

Cj and Cg •

The resulting system of lines, according to (7), will give
«IV

a correct expression for tensor F if

G= R
4
(r-6)V(i-fn)

3
. (11)

This in turn is true if

Differentiating both sides of this equality with respect to

and using (1С) and (12) one can show that the condition (12)

does not contradict the equations of motion (10).

The general solution of (10) can be found, for example

for uniform motion of the charge along a circle of radius H.
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The 4-vecfcor i s written in the form:

(13)

f(t-6)V3),

where

! * У *1+ji[r-cFcos(j3j6*C,)' г -

V
3
=

The dependence of X' on C| and C2 is chosen such that the

condition (12) is satisfied. This means that formula (13) en-

tirely defines the tensor of electromagmetic field.

3. Having made the transformation

r nHuo(iW*)J
Id-?")

we'll obtain instead of (10) an equation:

Introduce the 4-vector a whose components in the asso-

ciated reference system connected with trajectory are (0, \>)

In the laboratory reference system we have

(16)



u

Vector X here is written in the form:

a ) , (17)

where U."
 =
 (у, J3jjf) is 4-velocity of the charge. The product

(f-S'j 2"(1 - J3 П ) is Lorentz-invariant ueing connected with

the second invariant of field £ ~ H — £• ^"oca^vS via

the relation:

(18)

'i'he equation of motion for vector Q , resulting from

(15), ±3 written as

R ° я б me

where f id tne sxtbrnal electromagnetic fie id :enscr- ttint

presets the p.-irticle motioii trajectory. The .'.eft-папа si.tie ~:l

'. "i3j represents d:'.fferentiation of Q"
 :
."3 th respect со in-

trinsic time of the particle. Пенсе (as /пепгхг.ле'! 'in . t j ;,

-с.(1Э) coincides with the equation of spin motion in external

fields [?j if we put for the value of intrinsic magnetic moment

pi - 0 and for anomalous magnetic moment jj'= - в h/(2fT<C )

We shall realise the following procedure: we'll force the

v ̂ ctor Ct (which in our case was introduced not aa a vector

of the particle polarization state) to follow the .general

Bar;,4ann-I.;ichel~Telegdi equation and then by (17} and (7) we'll

reatov-э- the corresponding electromagnetic field- I.e. instead

ci' (ISу we'll write



The resultant equation for rT is of the form:

2mc • _, Smc i - -i . -г -г-
where ju = —efi-j% ft = ^ У , y~}i = 1 ) e

o f
 h

0
 are

tensor -f " electric and magnetic fields normalized to quan-

tity me /eR , The external field is considered on trajectory

only
5
 therefore, e

c
 and n

o
 are functions of б only.

One can readily see that the quantity Q does act change,

hence the field restor&d according to (7) is of the form:

(22)

H-[n* E].

..suslly '.;he electromagnetic field is defined by the given

.Lirrsnts. Лис no
1
.'/, on the contrary, w<= must obtain the currents

• ati'i correspond со the field (22), The expression for electric

..• ;rrei-at;- J „ • оаез out of equation 3 <~ , dX - 'i'JIJg/C

whioh :.it: cur rase are written ELS

. v

;:he expression for j is independent of whether n is de-

termineG o.
1
" equations (10) or (21) „ since at (tT~6)—«"0

!
 for i'T -б'г^О the ri?ht-hand side in (23) turns to zero) in

the i-ve-;or .<
/
" = R (0, jB-i* +(Т-б)гГ') the torm proportional to

"I ivile o'.;t
f
 ano vector п сблсе1з o\it with the similar

component uf the 4~vector X -- R(1
;
ri; ,. We obtain the pre-

vSous ';.,ectTlc current corresponding to the motion of charge £



along the given trajectory proportional to (1,J3 ̂  .

The second pair of Maxwell equations is defined by expres

ЭЕ /9X
ftf f

sion ЭЕ /9X which is of the form:

One can see that this expression does not turn to zero; hence

it can be interpreted as the occurrence of spatial magnetic

current:

— • п
(25)

* v
It is essential that the current J

M
 is an isotropic

4-vector, i.e. corresponds to magnetic charges moving with the

velocity of light. Note, that the electric current with such a

property was introduced by Rohrlich £8] tc describe the space-

restricted front of uniformly accelerated charge field.

We'd like to note the following: instead of equation (19)

we have written down the more general equation (20). This in

a sense is similar to the introduction of the monopole that

symmetrizes the Maxwell equations. Then we used the procedure

worked out for orthogonal fields in order to restore the field

by a covariant system of lines. Perhaps, some other, more ge-

neral procedure for the restoration of not necessarily ortho-

gonal fields should have been used for the general equation

(20). Presumably, such fields would have a more ordinary phy-

sical meaning than fields (22) that correspond to spatial iso-

tropic magnetic current.

The' author is grateful to H.A.Nagorsky for the useful dis-

cussion*..
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