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A METHOD FOR DETERMINATION OF THE ANGULAR COORDINATES OF 

EAS CORES 

A technique for determination of the angular coordinates 

of EAS cores ia developed and a ayatem of rapid calibration 

of time channels baaed on scintillator pair delays ia 

designed. The accuracy of the zenith and azimuth angles 

determination by model data for different shower front 

fluctuations is obtained. The results are specified for the 

"ANI-88" experiment. Preliminary data on 

distribution of EAS cores are presented. 
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zenith-angular 

The technique of determination of the angular 

coordinates of EAS cores detected by an experimental setup is 

baaed on the assumption of a flat shower front (disk) with a 

given fluctuation of electron density. In case of an 

experimental eetup containing m scintillators located on the 

observation level with coordinates x ,Y ,z (c=l, ... ,m), 
' ' ' under the assumption of a flat shower and at absence of 

fluctuations the problem of determination of the zenith (8) 

and azimuth ('()) angles of EAS cores is solved analytically in 

Refs [1,2] at m=3,4, respectively. 

The fluctuations in the EAS front electron arrival time 

distribution (EAS depth fluctuations) lead to the fact that 

the analytical solutions determine not exact, but approximate 

values with an accuracy correlating to the shower front 

fluctuations. Besides, the margin of errors depends on the 

interlocation of the scintillators in the setup. 

A way to decrease the errors of estimation of e and '() is 

increasing the number of scintillators measuring the time of 

EAS front arrival at the setup and averaging of 

from a set of different combinations of three or 

time, respectively [1,2). 

e and 
J 

four at 

'() 
I 

a 

In this paper a method of averaging of the estimations 

of e and '() (J=l, .. ,J) obtained by means of m scintillators 
, J 

separated into J groups of three scintillators (J=C:) in 

each, is discussed. Averaging was performed with the weights 

proportional to the area of the triangle on the vertices of 

which the scintillators of a group were located. When 

averaging the estimations of e and ~' in groups of four 
J J 

scintillators, the weight factors were not taken into account 

because of symmetric location and equality of the squares 

the vertices of which the scintillators were located [2]. 

on 

At the same time, it is obvious that the methods uaed in 

Refs [1,2] to determine the angular coordinates of EAS cores 

:i 

\ 



by means of averaging of estimations 

scintillator groups (three or four in each 

additional investigations on that the 

unbiased and effective. 

obtained from 

group), require 

estimations are 

Besides, these methods have a drawback connected with 

the problem of choosing the number and combination of 

detector groups, having the purpose to decrease the 

intercorrelations in the cej,<Pj)-pair-averaging procedure. 

The restoration methods based on the principles of 

JDaXimum likelihood and least squares are devoi!d of these 

drawbacks. On the basis of the information from all the 

scintillators with weights proportional to the measurement 

accuracy, these methods allow to obtain unbiased and 

asymptotically effective estimations 

coordinates of EAS cores. In the maximum 

of the 

likelihood 

angular 

method 

the quantities e=(e,<P) are obtained on the basis of the set 

of likelihood equations 

"'- a n{ m 
--1 n~(x,y, z, 
a~ ~ = 1 l l t. 

t, I e )3 c e ) } = o , 
ae 

where~({) is a function describing EAS front fluctuations; 

t are the measured values of the relative time of traversal 
' 

of a scintillator with coordinates x,,y,,z, by an EAS front; 

3(e) is the known (a priori) spectrum of the zenith angles Jf 

EAS cores. 

The inverse problem solution by the least squares method 

is adequate to minimization of the functional :t
2 

2 l. 2 • 2 X = {(ax. +by -tcz - c .O.t ) /(a ) } 
l l l 0 t. \. 

(1) 

where x, ,y,,z, are the coordinates of the i - th scintillator; 

.o.t ,=(t,-t
0

) is the delay time of the signal from the i-th 

scintillator (ns) relative to a scintillator taken as a 

gauge; c is velocity of light in m/na units; a , b,c . are 
0 • 

factors of the equation of a phase given as a normal; a, are 

4 

errors in the EAS front arrival time measurements. 

In case of Gaussian fluctuations of shower fronts 

measurement errors, the least squares method, analogous 

and 

to 

the maxillllllr. ~lkelihood method, gives unbiased and effective 

estimations of parameters, but in the particular case of 

determining the angular coordinates of EAS cores it has the 

advantage of having an analytic solution: 

ain(e J =/a2+b2 or coa(eJ= , 

tg(<P) = b/a , 
(2) 

where the a,b,c cosines of the EAS core direction are defined 

as: 

a=A.Lxz/Axyz' b=Axtz/Axyz' c=Axyt/ll.xyz ' 

and the determinants .O.uvv have the following form: 

.0. = 
UV\/ 

w 
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w 
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zv zv 

Comparison of Hethpda 

w - '\' • 
pq - f.P, ~/(a L )2 -

The accuracy of restoration of the angular coordinates 

of EAS cores was investigated by simulation of the real 

ex.peri.mental situation for a setup composed of •seven 

scintillation counters mounted at the vertices of two 

synnetrically located squares with diagonals of 32m. The 

central scintillator was conman for the squares. The 

coordinates of RAS cores intersection with the plane of the 

aetup (x
0

,y
0

) were simulated 

X
0
E(-32,32m), y

0
E(-16,16m). 

fluctuations were choBen to be 

with uniform density within 

The KAS • age parameter 

Gaussian with the mean value 

5 



of s=l and the mean square deviation as=0.15. The spectrum of 

the total number of particles in EAS (N ) had a power form 
~ 

with factor rN=- 2.5 and threshold value N' mm> =5 · 104 
• .. The 

distribution of the zenith (8) and azimuth (~) angles of EAS 

core a waa simulated according 

:::S (8 )=J(8=0) co..f (8) and J(~ )=const , 

to the 

respectively. 

spectra 

The EAS 

front thickneaa fluctuations were supposed to be Gauaaian and 

the corresponding mean square deviations varied in the range 

a F=O- lOna. Uaing of the given values of EAS front 

fluctuations waa baaed on the reaulta of Ref.[3], where an 

approximated expreaaion for aF(na )=2.6(l+r/30m )1
.

5 ia given 

aa a function of the distance (r) to the EAS core. 

The reaulta of calculation of the efficiency of 

different simulation methods for determination of the angular 

coordinates of EAS corea are ahown in Table 1 and 2. 

Table 1 preaenta the errors of restoration of KAS zenith 

a(cos(8)) and azimuth~ angles at different values of the KAS 

front fluctuations aF=2,4,6na for three methods 

of the inverse problem: the method of 

of solution 

grouping of 

acintillatora in three (Ill), the method of grouping of 

detectors in four (IV) and the leaat aquarea method (LSH) . 

Table 2 preaenta the errors of restoration of EAS azimuth 

angles a(~) in radians, at fixed values of the simulated 

ahowera zenith angles 8=0,10,20,30°. Aa ia aeen from Tables 

1,2, minimization of the functional (1) (LSH) determines the 

angular coordinates of EAS corea much more accurately. 

Further investigation of the functions of KAS zenith 

angles restoration errors was carried out by LSH, on the 

example of the "ANI-88" installation [4]. The number of 

acintlllatora measuring the KAS arrival time, waa m=20. Their 

coordinates are given in Ref.[4]. The maximum distance 

between the acintillatora ia 64m. In the experiment the EAS 

front arrival time waa measured with a step of diacreteneaa 

of 5na and the atart pulae indefiniteness time waa 2.5na. 

Beside theae parameters , which are taken into account in the 

simulation, the calculations involved the Gaussian 

6 

/ 

fluctuations of the KAS front thickneaa with mean square 

deviation in the range aF=O-lOna. The number of electrons in 

acintillatora waa simulated with account of Poiaaon 

fluctuations with mean values determined from the 

Niahimura-Kamata-Greiaen approximation. 
Fig.1 ahowa the errors of EAS zenith angles restoration 

at aF=5na for ahowera with different total number of 

electrons N =5·104
, 1 · 105

, 5 · 105
, 1 10

6
. It ia aeen that when 

N >2·105 , t~e error of the zenith angle determination ia the .. 
leaat and depends on N,. weakly. Figa 2,3 ahow the errors of 

restoration of EAS zenith and azimuth angles, respectively, 

at N ::a:•, a =Sna and the simulated EAS 
e F 

8=10,20~30°. The limits include the aum over 

zenith angles 

a 11 Lhe other 

values. Fig.4 ahowa the distribution of the zenith angle 

restoration errors at N,.=5 · 10
4 

and a F=l,3,5,7na . 

Calibration 

The parameters requiring additional calibration for 

determination of the angular coordinates (8,~) by measuring 

the EAS front arrival time are the mean values of the ahift 
• • (t ) and fluctuations (a ) of the EAS front arrival time 
L L 

measurement by acintillatora, which are due to the ai.gnal 

cables length, delays of the photomultipliera and signal 

transformation circuits. Since theae parameters may change in 

time, calibration muat be carried out operatively, dur ing the 

whole experiment. 
The poaaibility for auch calibration ia laid in the 

measurement of the central momenta of distribution of the 

value (t.\k=\-lk) for ,r<k (distribution of pair delays 

between ( i ) and (k) acintillatora). The expression for the 

central momenta (<wl>, <wl
2

>) of pair delays at L z 

<~t">Lk 
1 1 
'G H 

0 

re,, 2 21! 

I Jg ( e ,.P) cos( e) sin( e )."'i ('.• )J· ·J.: 

0 0 

ia: 

(3) 



where g(8,.p)=RLksin(8)cos(0<L -<P), aL are determined via the 

scintillator coordinates xL=R,kcoe(aL), y,=RLksin(0<L) and the 

distance RLk between them. The parameter (H) determines the 

angular distribution normalization, H= J J coe(e )sin(e J:5 (e )d8d.p _ 

The first two moments in (3), <~t>=O and ~t2>~(Rlk/lm)ns, 
respectively, at the zenith ang~ distribution ':>(8)~cotf'(e), 
where p~6. 

Thus, by measuring the moments of pair delays of all the 

scintillators with respect to one of them (it is desired it 

be a scintillator: the response of which determines the 

condition of EAS detection) one can determine the parameters 
• • 2 

of the shift t.=<t. -t >and fluctuations o. =o(t -t )-~t > 
L L 0 t.0 \. 0 lO 

of the i-th scintillator with respect to the (k=O)-th 

scintillator chosen as a gauge (k~O). In experiments the 
• accuracy of determination of the shift t must be better than 
L 

the step of discreteness of the scale of time measurements by 

the scintillators. The statistics (N) necessary for the given 
• • iccuracy of measurement 6(t ), the mean value oft , can be 
L • • \. 

ietermined from the approximation 6(t,)~L 0/i!N=I. Note that 
• the value of o 
LO 

is not identical to the error of the EAS 

front arrival time (oL) measurement by the i-th scintillator, 

but relates to it as: 

(o• )2= o2 + o2 + o2. 
LO L 0 Ft. 

2 
+ 0 

FO 
~2(02+02), 

L F 
(4) 

front thickness where o:k is the dispersion of EAS 

fluctuations on the point, where the k-th 

located (k:L ,o) _ 

scintillator ia 

To estimate the value of oL from (4), it is necessary to 

measure the distribution of pair delays of scintillators, the 

distance between which is zero (R,
0
=0). The condition R,k=O 

can be realized when information f~om one scintillator is 

extracted by two photomultipliers simultaneously. In this 

case the eq.(4) is reduced to (o• (R =0))2=o2 tc2~ 2o
2

, which 
1.0 t.O , 0 \. 

defines the characteristic errors of time measurements by the 

ecintillators-" 

8 

Fig.5, shows the distribution at of (t -t ) 
L 0 

"ANI" 
e . g.' 

the method de~cribed above, in the ( R =O) obtained by 
LO experiment. The mean square af the distribution deviation 

• • a.~6ns at the mean value of t =2.55±0.5na. So, in the 
LO L 

experiment the time measurement error does not exceed the 

step of the time scale discreteness (5ns) and the EAS angular 

parameters restoration accuracy is mainly defined by the 

ahower front depth fluctuations measured by the setup. 

Fig.6 represents the preliminary results of 
on investigation of experiment "ANI-88" (4) 

zenith-angular distribution 

magnitudes of the quantity 

of EAS cores with N >2·10•_ 
Q 

the 

the 

The 

the ln[cos(8)] are put along 

abscissa, where the zenith angle e is defined according to 

(2). The ordinate axis corresponds to the integrated 
• 

intensity in the number-of-particles units. The data 

statistics is 2000 events (~40 hours of operation of the 

setup). The accuracy of the inverse problem solution by the 
controlled by the criterion ~

2 

• 

~2 /m<<l. For comparison, Fig.6 
method described above, was 

and for ~90% of showers 
real presents the results of simulation of the 

at the "ANI-88" installation 
situation 
zenith-angular distribution 
• a =15ns (eq.(4)). 

factor p=6 and 

experimental 

with the 

fluctuations 

LO within the 

8E ( 0-6o'> ), 
In Fig.6, the agreement between the data 

experimental errors, in the whole range of angles 

indicates correctness of the technique developed and 

to plan the accuracy of determination of the 

allowa 

angular 

distribution factor (b.p/p )=0 .1% during one year of c;perat, ion 

of the installation "ANI-88". 
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Table 1 

o[cos(8)] o[<P] rad. 
METHOD 2ns 4ns 6ns 2ns 4ns 6ns 

III 0.0078 0.015 0.024 0.53 0.70 0.88 Number of events 
300~~~~~~~~~~~~~~~~~~~~~~ 

IV 0.0080 0.015 0.023 0.48 0.60 0.76 

LS M 0.0075 0.014 0.021 0.10 0.21 0.23 

250 x , 
. ' 

Table 2 
200 I'~ 

METHOD 8=0° 8=10° 8=20° 8=30° 

III 2.4 1.2 0.8 0.70 

IV 2.3 1.1 0.7 0.55 1501--~~~~~~~-++~....-~~~~~~~--1 

LS M 2.2 0.3 0.2 0.08 

100~~~~~~~--ff+--P'~-\;--~~~~~~__J 

50 I ML r \ ~ I 

0 
-8 -4 0 4 8 

-0.03 0.03 
Errors cos[ zenith angle] 

-- 5e4 -+- le5 ---*-- 2e5 -B- 5e5 --*"" le6 

Fig.1 

10 11 



,,, 

Number of events 
250..-~~~~~~~~~~~~~~~~~~~~ 

* ' 2001--~~~~~~~~~~~~~~~~~~ 

1501--~~~~~~~--~~~~~~~~~~ 

100 I ! r \\ I 

50 I :Jbf f'~ I 

·~~I I~~· I I I I I~***::: 
0 -6 -4 -2 0 -1 -8 
-0.03 
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-- 30° -+- 20° 4- 10° 

Fig.2 

Number of events 
350..--~~~~~~~~~~~~~~~~~~~~---. 

3001--~~~~~.,..-~~~~~~-->.~~~~--i 

2501--~~~~~~~~~~~~~~~_J 

· 2001--~~~~~~~--t--1r--~~~~~~~--1 

1501--~~~~~~~~~'tl--~~_..,_~~~~--i 

100~~~~~~~-1~~\\-~_:_~~~__J 

501--~~~~~-11""--++~~~+-\-"--~~~~~--1 

Q '* ~ * '.- + f'd I I I I I ""*. ~ * * *! 
-1 -8 -6 -4 -2 0 2 4 6 

-0.45 
Errors azimuth angles (rad) 

-- 30 ° -+- 20° ---*-- 10° 

Fig.3 
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Number of events 
100.---~~~~~~~~~~~~~~~~~~--. 

80 . • 

60i--~~~~~~~~~~~~~~~~~--

40 I I \ I 
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20 I I I ~ _J K·J 

I~~ 0~111~~1 
0 4 8 

0.03 
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Errors coslzenith angleJ 
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Fig.4 
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