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1. Introduction

The annihilation of charmonium or bequarkonium C-even le=-
vels into two photons reveals heavy quark dynamice& both at
small and large distances.,

The firat eatimates of two-photon widths have been obtained
by means of quarkonium nonrelativistic medela (sée, €+8¢ de=-
teiled discussion in {1] ). Reliable calculation of these
widths may be cé.m-ied out by means of QCD sum rules {1,2] . In
this way 1 — 2y width [3,4] as well as X.o-~ 2y width
[(5,6] were eastimated taking into account the leading nonpertur-
bative effectz, Whiie data on both widths are not atable yet,
there exist two independent measurements of teansor charmonium
width X.p — 2% [7,8) giving ciose results although with
large exrors (see Table 1), It is interesting to test the re-
liability of QCD aum rules foxr this decay. ' |

In this paper we shell calculate X, 2y Wwidsth taking
into acéount gluon condensete contribution. The result obtained
without any new parameter turns cut to agree with experimental

values (see Table 1).



Two~photon widtha of b~quarkonium atlll have not heen
measured, This problem is for future experimenta in photon-
photon collisions as well as for proposed B-factories. Unfor-
tunately, staendard QCD sum rulea are not applicable for b-
quarkonium, Nevertheless, as it will be demonstrated in the ge-
cord part of thia paper, the qg—-zx width mey be reliably es-

timated due tc the experimental information about S-wave b-

quarkonium spectrum (i.e. Y ~resonances),
2. Xep Zx Decay

Following the method suggested in [1] consider three~

current correlator

Bvap (K1, K2) = {d=dyexp [z + kay)]
(1)

< O.‘T{jap(o)jy (%)jy (‘:J)} 10>

where jAP= i,E(ang, + KP%;- “'S“Thj:g)c 1s the temsor c-

pc ++
quark current ( J7=2 ) -vith momentum q= Ky + Kg

Nap ™ S.Ap -~ qaqy/qa; Jp = cxﬂc is the electromagnetic
current corresponding tc ti:e photon emission with momentum K,

2
orx Kg(K1=K§=0 )o
Xea = 2 decay is determined by two invariant ampli-
tudes. The kinematicel struotures of correlator (1) may be

chosen in the foliowing form:



€1 €2y XapApvap = Xap [{Kep€in(Ki€2)+ K1p€an (K2€)

(2)
~€1a€zp (KiK2) - K1J\K2y(e1ea)} Ad47)*

+{(kiee)(Ker) = (KiKa)(@sa f Kia Kep g (3]

where e, » €2 are photon polarization vactors, x,gp— is‘the
Xcp waeve function. The remaining gtructures in (1) are
ilressentlal for decay width, aince they disappear if multiplied
by wave functions, .

In the vegion qz « 4m§ the correlator (i) may be pre-
sented as & sum of QCD dlagrems: simple triangle lcop (Fig,1e)
end leading O(ds) corrections. The perturbative corrections
are given by Fig.1b diagrams. Leading nonperturbative correc-
tions ”ds‘(Ge) are determined by Fig.lc,d diagrams, i.e. by
virtual c~quark interaction with vacuum gluor condensate,.

it 1a oonverient to present the contribution of triangle
loop into invarient emplitudes A, g  in the form of dieper-

sion integral: o
ImAgg(s)ds

A 2y - 1
a,S (q' ) = [} 5.‘(‘}2 ?

Im A:(s)--——{u vé)(3- u)En -5 v{i- gu )J

*6v}

-~
K\
~

Im Ag(s\ (1 vra)z{(3 u’)L’n

whers U= ,1‘4111%/3 .



The bare loop contribution considered in [1] (with salightly
different choice of invariant amplitudes) is inaufficient for
rellable calculation of the width. First of all it is necessary
tc calculate gluon condensate contribution into (1).

The mest convenient wey to do this calculation is to use

the fixed point gauge for the vacuum gluon rie‘ld: Ty Fl; =0
In ocur case this gauge essentially simplifies ths problem.
Really, the j"? current conteins derivative. Therefore,
gauge invariance implies that besldes Fig.1c diegrema with two
gluon inmertions into c-quark line we have to conalder also )
Fig.1d diagrama where one of the gluons ie emitted in 2t -vertex.
Nevertheless, if I =0 point 1s chosen in this veriex, these
disgrams have zero contribution, aince in the fi:‘;ed point
gsuge .ﬂ; {x) =;—.'.Cr, G;}, (0)* ... . The layout of calculations
of ramaining six diegrams of Fig.1b coincides with 0 ' ,
0" ~= 2y cases considered 2arlier [3-6] . At the same tiue
the calculations here are technically much more complicated.
¥e have carried out these calculations by means of "REDUCE”"
progream. |

'The snawer for gluoﬁ condensate coantributicn inte both am-
élitudu {2) have heen obtained in the form of doubls integra.l

having the foilowing structure:

' fu g (@) (g2/mE)™
G a,8
e ~e (el Tl e @

. ,[2 o
where -A; , {1, aré integer numbers > 0, ‘P—'—%(O"‘,,ES'G;V

a 2 =92 .
GP" (0> (4my) 2 ' {s dimensionless gluon condensate density,

6



AR e

f;'s are some poliynomials over XL , Y . The explicit form
of the answer (4) cover more than two pages and we shall not
write it down. Using direct transition to numerical calculatloxn
inmide the "REDUCE" program and dcing numerical integration
over X , Y 1t is possidle Yo calculate the amplitudes Aig
and all their derivatives over q2 at arbitrary value of q2.

For completenese we ought to calculate alao the perturba-
tive O(ctg) diegram contributions (Fig.1d). However; calcula-
tion of theme two-loop diagrams is enormously difficult and we
pastpone it until two-phoion width data are improved. In thia
case "precision" ~alculations in QCD will be really needed.

Ag 1t will be evident from further discussion neglescting

O(dg) correction leads to < 10% unceriainty in the finel
result.

To obtain sum rules we need also pkysicsl dispsxsion re-
pi-eaentation for correlator (1). The lowest state thet contri-
butes into the imaginary part of correlator (1) ia xca {3550)
resonance.

. The resocnance contribution into (1) ia

res <0|jap!xa><x1|jﬂj9‘o> (5)
AP MY ‘I«Z‘m;g

where the coupling comstant < 0l ag [ %3 > = 9%, ""xa xaf
may be independently extracted from sum rules [3] for two
current correlator < | ap J X p* > .

The matrix element e,f, ea, <7(3|Jju Jy]0>  ie given by
the same expreszion (2) whers q = mx . Instead of Aqp the
invariant dimensicnisea amplitudes of Xca" 28 decay must be



written:

-1 o ’ -3
Aq_-ﬁa(xz*eg)mxz ? As*ﬂg(xa—'z”mz‘g

In terms of these smplitudes the width is expressed as

follows: 2 4
Jrol“ @ 2 1
F(X,~2y)= —gb-imxz{4ﬂq-§'ﬂqﬂg+é;gé } (6)

Equeting the physical representation of correlator (1) to
1ts QCD representetion

Ares+ - A°+ AG+

we obtein for each amplitude Aﬁ,gan approximate relation valid
in the region cf small distances —=< & qa &« ami . Diffeyven-
tiating both aides of this equation n times cver qz et some
value of q2 inside this reglon, we obtain moments of sum vles
for physical amplitudes .ﬂg,g .

The ,i.x:[mpleut expression for sum rules is at q2-0. At this
point all integrals are solved anelytically and the final form
for n > 3 i3 as foliows:

_ 12 Mg, nl(n-0! o
HalXy™2y)= geg (7)) Goneai B +5n+4)

'{"Su"'c°“¢+"'} )

_ 4B Mz Y2 (nen) pl

(n+7)"

.{1-681’1- an¢+ ...}



where coefficients
Can= 2(nE+17n% + 120n* + 47403 + 10141

+1063n + 383)(n+1)/(2n?+ 5n+4)(2n+5)(n+3) (8)
Cen = (4n°+ 68n%+428n°+ 1317n% + 2127n +
+ 1510)(n+1)(n+2)/(2n+9)(2n+7)(n+7)(n+4-)

are obtained differentiating (5) et ¢°=0. &, and G, are
corrections taking into accomt the con*ribution of higher
physical 2%* -states. The siwnderd way [1] to sstimate these
corrections ias to replace the contritution of higher stetes by
triangle loop dispersion integral (3) over the interval

S5, S <K oo . The continuuwm threshold S, is not an independ-
ent parameter and is naturally determired (as well as the
coupling constent ﬂze ) from sum rules for two-current corre-

lator <japjap > - These last sum rules at %20 are [1] :

d_ 3 mzz)aﬂ (2rn+3)(n-1)!2
31~ Ba? (mc (2n+5)!1

n+e

(9)
{1-8a-8nP+ oo
The coefficients B, have been calculates in [9] :

n{n+[3(n+2)(n+3)(2n+3)-13n - 10]
(2n+3)(2n+7)

Bu =

& are higher state corrections analogous to Oy, , Ogn. .

To improve the sum rules (7) it ia convenient to divide i%
by the corresponding two-current correletor aum rvles, i.e.
b’ (9) (.‘.. 8.8, [6] )e

0



In the resaulting ratio the dependence on the c~quark cur-
rent quark mess slmost diseppears. At the same time there is
mutual cancellation of QCD corrections and the smset of epplicable
monents enlarges., Kecall thet in the case of Tlc"ab’ two-
photon asmplitude [3,5] this procedure leads to perturbative
olg ~correction <« 5% in those moments which are used to esti-
maete this amplitude. Note that the leading Coulomb contribution

~2%og /31U (Fig.1b diegram) being universal, is cancelled
in the ratio of sum rulea (7) and (9). .

Actually, the q2=0 point is not very useful for the numeri-
cal enalysis of sum rules for P-wave currents as ii was noticed
earlier in [9] . The reason is that the coefficients (8) de-
termining gluon correction at q2=0 increame too fast with n
although the asymptoticas of these coefficienta is usually ~n3,
Similarly to the scaelar charmonium case X, — 2) considered
in [6] the optimsl point 13\ cf= -4rn§ . In this point at
4 n €8 both the gluon correction and continuum contribution

are small enough. The values of 912 and S, are fixed from
the: sum rules (9):

!gh‘ = 0,118 , So= 4 GeV,

Following ([2,5] we choose mc(c‘,2 = -4mi)-1.25 GeVand ¢ =
=(1.740.3)-1072. The resulting values of amplitudes are

Ag (Xez™™2y) = 0.37
A (Keo — 2§) = =0.13

According to Eq.(7) these values corrsspond to the width

10
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[(Xe2—=2)%)= 2.35 keV (+10%).
In parentheses the esiimated uncertainty of the width is
given, The obtained reaults agree with dete of Ref. [7,8] (see
Table 1) within theoretical uncertainties and experimental

errors.

More precise amplitudes may be calculated if total two-~locp
og ~correciions as well as next order power terms ~ £ G3>
are taken into eccount. As in the case of QED further compli-
cated calculations are justified if experimental data are

substantially improved.

3. T[B — 2Y Decay

The lightest b-quarkonium level ng(o‘*) 8ti11 hes not

been observed. Tp—> 2y 1is one of the modes that will allow

‘to identify r(g in future experiments., Is it possible to apply

QCD sum rules fer this decay?

In bequarkonium the gluon condensete interactiones are ne-
gligibly small and perturbative gluon exchanges dominate. A%
large numbers of moments when lowest bb~resonance contribution
dominates, we are tc 3um up ell higher olg -correctiors, This
procedure is poseible only in nonrelativiatic Coulomb limit [10].
The first order in g (Fig.1b diagrams) is enough only at
n € 10 where lowest resonance dominance is almost ebsent.

At the same time we have experimental infexrmation about
five Y ~resonances located higher then the lowest one -

.Y (9460). Using these dete, & few problzams have been solved

with first ten moments of sum rules in hand. For example,

11



in [9] the mass difference My — My, = 60 MeV hae been pre-
dioted, In [11] the widths ¥ — ay , Y—=Hy have been eati~
mated, where a(H) is the light pseudoscelar (scaler) particle
of axion (Higgs boson) type. In the same way we ghsll evaluate
the flp—= 2y width.

First, it is nstural to assume that the apectrum of o~*
excited Btates in b-querkonium is similar to 1~ =-spectrum. In

other words, every Y"-reaonance has 1ia Q‘g -partner so that

Mng . My , e v -(11)
My My I &

where gflg(gf) 18 the coupling constant <0 Js|Ng> (‘0”}:”));
s= 16ysB, Ip=64,8
Sum rules for the amplitude "’[8"’23‘ coincide with thosme
considered in [3-5] for 7,2y decay. Their derivation is
enelogous to the case cons:lfdered above and is based on the same
three~current correlator (Fig.ta,b diagrams) where the g veriex
g PC_ -+
nowhas J =0 .
Apys (K, Ke) = Egvap Kia Kep As (9%) =

\ad:r.dg exp [-L(Kx+ Kag)]<0!T{js(o)j’,(x)jv(g)}io> "
The imaginary part of Ag in order olg :
JAY (Cf)= '5}1;"'& Ir;-Aqsa(ﬁ) ds
(13

T A (8)= ”‘-3— en 1[4+ as(EX+p+ )]

* .
where Mg is b-quark msss normalized "on masz shell”:

i2



P*= +mg, Mg = mg(p®=-mpg)/(1-2otstn2/m) 01

The dots in the r.h.s. of (13) denote terms ~ 7V, U',z--- that
have beex neglected, since their contribution into the moments
at high n are negligible due o the weight in dispersion in-
tegrala "'ds/snﬂ (or v'dU'(f"U'a)n-i). We have fitted the
coefficient @ wusing the results [12] of g ~correction
calculation for the triangle emplitude corresponding to
1/41*' NeY decay. In the particular case of zero mess in
vector vertex this smplitude coincides with (12). The obtained
value @ = -0.89 {see {11] where the fitting procedure is
deacribed in detail).

2

Ditferentiating the emplitude (13) over q° at qga(‘) we ob-

tain the moments of sum rules:

on[ge s ¢ Jey Alle2y) ( Mngy2ntt,
g™ (e~ 20) 1" ng( ﬁrzg) A(ng—~2y) ( m’l'c') ]

{14)

3(nh? Mge AT ry e % 4 1
2q?2(2n+2)! (ms) (1= O5n* g dled

where g -corrections both from (13) and from b-quark mi.ss
normalization are included into dn s 55,1 is the contribu-
tion of continuum located higher» than 11'5 ~Teaonances,

The amplitude
A(Ng=2Y)Epvetp KiaKap My = <Ofipjy|Tg>

determines the witth _ , .
i

13



Following [11] we alsc assume that

Alg=2y) _ Qup (15)
AMg=2y)  Yng

This equation is valid in arbitrary nonrelativistic model
of b-quarkonium, since both sides of it are proportional to the
game ratio of S-wave functions in the origin R;(O)/ Rs(o)

At the aame time it is evident that gluon or relativistic
effects cannot influense (15) subatantially.

Dividing moments (14) by the corvesponding moments of

<j5j5 >  two-current correlator sum rules [2,9] :

2 Gng yoy Migyan 4
gqg[1+%(ge) (mq'g) ]

e - (16)
ot X
3 m,lg )En 2"([1‘1).‘ [1_ 55_n+an —Eg’—]
Y 2mg/ (2n+n!!
we obtain taking into account (11) and (15)
AMe=2y%) _ , (Mg N h
4( ) n+1 R
dng
17)

[4- (B5n=Bsn) + (dn-an) 7]

where the factor

[ Z(gr,) (mr )an ]/[1 N Z(gr' )2( r'::- )2n+1]

,Vl

ie close to unity and ia celculated by means of experimental
data [13] .

A1l parameters entering the r.h.s. of (17) are known from

14



the analysis of sum rules for the coupling constent 3; [5,14] .
In particular, at og(mg) = 0.15, Mg= 4.21 GeV, So=

= 11,3 GeV these last sum rules reproduce very stable value of

) 4-'” GG

F(Y—=pty” 37 My = 1.15 = 1.2 keV

in the whole interval 2 { n £9 .
The 9'18 constant is fixed by the ratio of sum rulee for
two two~current correlators. The resonance factor drops out

from this ratio:

2 ~ (T)
B 2 (- E BD) radEE] o
+
Y .

The numerical analysis of (17) and (18) gives in the whole
intervel 3 n <39 :

A2 _, o1cc0.01), _9__'15_. = 1.11(20.01)
31‘[5 31‘

For these moments both the higher atate contribution end olg -
corrections are leas than 10% (due %o cancellation of order of
0 £ 30 % contributions from numerators and dencminetors).

Excluding g'is by meens of (18) we finally obtain
Mg 2y)= (101 £0.0)3Qg (T—p*pr) =0hkev (19

As it was expected, the ratic r('flg"" 35)/1'(7'-’}1 p) is
very close to its nonrelativistic limit 3Q8 although it wan
obtained in an independent way. We underli.ne that NCD sum rules
reproduce both widthe eatering (19) aeparately.

1



4. Conclusion

' The obtained results allow to discuss the status of two
photon widths as well as all z-ala:r.ne(!f quarkonium annihilation
widths in nonrelativistic approach.

The most general predictions concern the ratios of widths
determined by the rafioa of wave functiona in the arigin. Thus

in arbitrsry nonrelativistic model

M(Xco~2¥) - 15 R (20)
F(Xez*?-x) b4

(see, e.g. [1] ). More or less definite are Ols~correciions
to these ratios. In particular, the correction factor to the
r.h.s8. of (20) is equal [15] to (1 + 5.5 %‘té-) ~1.35 at
olg(Meg) = 0.2. Relativistic correciions are model-dependent
(see, e.g. [16] , where corrections to the ratio F(I/‘-F"HK)/
r(J/W—'}J*}I') turn ocut to be emsential). The question
open is whether there is interference between relat:i.visfic and
og =corrections.

Returning to the ratio (2C) we zee thet it substantially
differs from QCD prediction 3.0 + 0.4 keV / 2.35 + 0.2 keV,
Possibly, (20) already contradicts experiment if ws take seri-
ously the only meassurement [20] of X ,—~2y width (see Table 1),
Note that o =correction increases this deviation!

In the cese of b-gquarkonium the gituation with QCD sum
rules is closer to the nonreletivistic limit as demonstrated
above. olg ~correction factor is amall here: 3625 is to be

mdtiplied by 1 + 1.96 %?—- & 1.09 &t olg(mg) = 0.15.

16



Even larger ia the dlscrepaucy between QCD sum rules and
nonrelaetivistic potential in the case of two phoiton widtihs
taken separately. For exemple, phenomenologicel potentials
thet nicely reprcduce both ¥ and T levels give [ (X~ 2))
in the intervael 0.5 + 1.0 keV (mee, e.g. [17] }.

The question cf what is the g -correction te the indi-
viduel annihilation width remains unresolved in nonrelativistic
spproach for toth o& and bb-statea.

At the seame time we have been convinced that churmonium
two~photon widths may be safely calculated from QCD sum rules
#ith controllable accuracy in &z end in purely relativistic
inveriant way. For b~quarkonium this method is &pplicable if

experimental information om apectrum of levels is mvailable.

The authors are grateful to I.G, Agnauryan and S.G. Matie

nyan for valueblie discussions,
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Teble 1, Charmonium two-photon widths

Decay mode Prediction of Experiment
QCD sum rules {keV)
(keV) )
2 4.6 + 0.4 (3] 45 0 [19]
- . + . .
Tlc x - -306
+3.4 ’
'-307
6 " (131
Ao 2y 3.7 + 0.5 [5] < 20 [13]
3.0 + 0.4 [6] 4+2+ 2 {7}
+1 -3
ez 2§ 2.35 + 0.2 2.9 1ot 1.7  [8]
2.8 + 2,0 (7
2.86 + 1.6 [13]

18




Fig. 1
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Figure Captions

Fig.1. a) Diagram corresponding to three-current

- correlator in zero order in g ; b) one of
the diagrams of 0 (dg) pcrtﬁrbative corrections;
c,4) examples of diagrams corresponding to the

interaction with gluon condensate.
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