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CHERN-SIMONS GAUGE THEORY

The Abelian gauge—invariant lattice theory is constructed,
which in the continuum limit and in the case of U(1) gauge
group tends to the Cher sSimons topological gauge theory.
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1.The aim of the present paper is to describe a simple
lattice version of the three-dimensional topological Abelian
gauge thecry with the action given entirely by the Chern—Simons
term. This last theory was first considered by aA.Schwarz [1]
who has shown that the partition function is determined in
terms of the Ray-Singer torsion of the corresponding
“space-time" manifold. It has alsn been studied more recently
by A.Polyakov [2] in connection with the Fermi-Bose
transmutation and has been brought to the prominence by
E.Witten who has shown, that non-Abelian Chern-Simons (CS)
theory provides a natural three-dimensional framework for a
knot theory {31, a new description of three-dimensional gravity
f4], and, most intriguing, is closely related to the
:wo—dimensional conformal theories [3]. These points have been
fuvther studied in a number of works.

There are many motivations for the lattice approach to the
Chern-Simons theory. The first is the observation that the big
part of the relevant information about the topology of the
manifold is maintained when replacing the manifold by the
corresponding simplicial or cell complex. Thus, one may hope to
get the simpler description of the results of the continuous
topological theory. The second, as all other lattice theories.
our one provides a natural rvegularization of tie continuous
theovy. The completely new point is that the lattice approach
permite ohe to define a topologiral CS gauge theory for
discrepe groups, e.9. Z . Finally, the lattice analog of
topalogically massive (Abelian) gauge theories of Ref. [5] is

now 6ossible.



The first construction of the lattice topological theory
was given by J.F._Wheater in the werk [6] where he gonsidered a
simple two-dimensional topological Ising {i.e. with variables
taking values t1) theory on some triangulated manifold. The
important point of the approach of Ref. [6] was that the weight
exp(—-action) was constructed to be independent of the
triangulation - recall that in two dimensirns summing over all
possible triangulations of the manifolds is eaguivalent to
integrating over all possible metrics in the continuum [7-9].
Our construction differs from that of Ref. [6].

2. Consider the simplicial complex corresponding to some
closed orientable triangulated manifold H3 {see any textbook in
homology theovy e.g. {10]). The standard and useful notation
fcr the n-simplex is by writing down its vertexes in some
order. The order of vertexes covresponds to the orientation of
the simplex, the two simplexes with the order of wvertexes
~onrected by the even (odd) permutation having the same
{opposite) orientation. The boundary operator 8 : (n-chains) =
{{n-1)-chains) acts on the simplexes in the following way

a [ucutaz..-an] = [“1a2"'“n] - [aoaz_,.an] + ..

1

(-1)"[aga, ...a
and has the property 8% = 0. Evidently, the orientation of the
simplex induces the orientations of the components of its
boundary. The orientations of the two neighbouring n-simplexes
are said to be equal (opposite) if they induce the opposite
(equal ) orientation on their commcn (n-1)-simplexes. For the
orientable manifolds M" it is possible to choose the same
orientation for all n-simplexes. In the present work we will
always make such a choice.

The gauge field A is a 1-cochain, i.e. a linear map of
1-simplexes to the ring of coefficients. We take it to.be

antisymmetric:



Al [a,]) = A [o,a1). (2)

The coboundary opervator 8 is qefined to be conjugated to
3, i.e. for arbitrary n-cochain F
6 F(lay...a 1) =F(3 [ay...a .1). (3)

n+l nel

Evidently, 5% = 0 as follows from 3% = o.
A gauge transformation of gauge field A is defined to be

A+A+ 8 (4)

for some O-cochain ¢. HNote that O-cochains are definad on

O-simplexes i.e. vertexes and eq. (4) means

A [og@,1) » a [oga,1) + & [2]) - & [ 1) (5)

As another example consider the 2-cochain 8 =

& fama,]) = A(lax 1) + A lae] Yo+ Al fo,a]) (&)

which is the (Abelian) lattice analng for the field strength.
Let*s define now the so-called Kolmogorov-Alexander

product, also called the cup-product ( kj—product) in the space
of cochains. Given the p-cechain P and s—cochain S one can form

a p+s couchain pljs by the formula

Pus( [ao...ap“} ) = P( [ao-..ap] ¥s( [ap. ..ap"] ). {7)

The important propevties of this product are the

\séociativity and the graded Leibnitz rule with respect to §:

Pu(QUs)=(puﬂ) US (8)
s(pus)=apus+(—1)"puas (9)

n



3. We turn now to the construction of the action of our
theory. The action will be a sum of the values of some
3~cochain L over the 3-simplexes of the manifold, which we
derote ¥ L. Exactly, we define a value of 3-cochain L on one

3-simplex [« ...ua] by taking a wvalue of L on the simplex

[alajakal] whgre i,i,k,1 is the permutation of 0,1,2,3 and
summing over this permutations with the sign +,- for even anc
odd permutations, respectively. To obtain the action one has tc
take the sum of just defined values of L on z11 ietrahedrons of
triangulation.

The following property holds for M? without boundary:
Yo =0 (10)
for arbitrary 2-cochain P.
Now the action for the gauge field (1-cochain) A is

s=kEAyd , (11)
It is invariant with rvespect to the gauge transfaormation (4)
due to the properties (10) and & .- 0. It’s easy to see that
the sum over permutations encoded in 2 produces the tallawing
value for the action on the tetrahedron with vertexes L N

4k (A [ege 1) [a,0]) + A [a,e ] A [a0]) +
(12)
+ A( [aoasj Al [aiaz] )

The geometrical picture is simple - action is the sum of
products of pairs of non—intersecting links. 4. The formulae
(11),(4) constitute the main result of our paper. They are the
simplicial cohomulogy analog of the corresponding expressions
introduced by E.Witten in context of the string field theory
[11]. The final part of the construction is the proof of the
statement that in the continuum limit when the size of the
simplexes tends to zero the formulae (11), (4) tend to
corresponding ones in topological U(1) Chern—simons thzory.

_ Take the 3-simpléx [ao...aiil and choose an arbitrary point
x in its interior. Denote by e, the vecturs from x to the a.



In the continuum limit the gauge field may be expanded near the

point x =

a(feal) = (e] - e)) (A, + (12Xl v et ap, + ..y (13)

Substituting (13) inte (11) we find, ue to irrelevant in
continuum limit terms of forth order over link length, that the

action (12) gives

12k A&aﬁhr P v {14)
_ a By af ¥ « B ¥ o B ¥ .
where 4 = (1/6)(305162 - egee, + eee, - e,ezeg)eagx is the

oriented volume of 3-simplex.

5. There exist different ways of development of the
present resuits. On may generalize them to a lattice
construction cof BF systems [12-i4]. The correlators of Wilson
loops may be calculated and the connection with linking nuiber
may be shown, and also the cnnnection with two-dimensional
latticg systems may be established in the case of M® with
boundary;: corresponding results will be published alsewhere.
The important problem is the non-abelian generalization of
action (11). It seems, at firs; sight, that it may be obtained
aleng the lines of general approach of Ref.[11], but actually
the cup-product (generalized to include matrix product) does
not posses the property of being (anti)cocmmutative under the
svmbal of “"integraiion” Z — the property, widely used in [li].
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