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1 .The aim of the present paper is to describe a simple

lattice version of the three-dimensional topological Abelian

gauge theory with the action given entirely by the Chern-Simons

term. This last theory was first considered by A.Schwarz [1]

who has shown that the partition function is determined in

terms of the Ray-Singer torsion of the corresponding

"space-time" manifold. It has also been studied more recently

by A.Polyakov [2] in connection with the Fermi-Bose

transmutation and has been brought to the prominence by

E.Uitten who has shown, that non-Abelian Chern-Simons (CS)

theory provides a natural three-dimensional framework for a

knot theory [3], a new description of three-dimensional gravity

[4] , and, most intriguing, is closely related to the

:wo-dimensional conformal theories [3]. These points have been

further studied in a number of works.

There are many motivations for the lattice approach to the

Chern-Simons theory. The first is the observation that the big

part of the relevant information about the topology of the

manifold is maintained when replacing the manifold by the

corresponding simplicial or cell complex. Thus, one may hope to

get the simpler description of the results of the continuous

topological theory. The second, as all other lattice theories,

our one provides a natural regularization of the continuous

theory. The completely new point is that the lattice approach

permits one to define a topological CS gauge theory for

discrete groups, e.g. Z .- Finally, the lattice analog of

topologically massive (Abelian) gauge theories of Ref. [5] is

now possible.



The first construction of the lattice topological theory

was given by J.F.Wheater in the work [63 where he considered a

simple two-dimensional topological Ising (i.e. with variables

taking values ±1) theory on some triangulated manifold. The

important point of the approach of Ref. [6] was that the weight

exp(-action) was constructed to be independent of the

triangulation - recall that in two dimensions summing over all

possible triangulations of the manifolds is equivalent to

integrating over all passible metrics in the continuum [7-9] .

Our construction differs from that of Ref. [6].

2. Consider the simplicial complex corresponding to some

closed orientable triangulated manifold M (see any textbook in

homology theory e.g. [JO] ). The standard and useful notation

For the n-simplex is by writing down its vertexes in some

order. The order of vertexes corresponds to the orientation of

the simplex, the two simplexes with the order of vertexes

connected by the even (odd) permutation having the same

(opposite) orientation. The boundary operator 3 : (n-chains) •»

f(n-1 )-chains ) acts on the simplexes in the following way
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and has the property 9 = O. Evidently, the orientation of the

simplex induces the orientations of the components of its

boundary. The orientations of the two neighbouring n-simplexes

are said to be equal (opposite) if they induce the opposite

(equal) orientation on their common (n-1)-simplexes. For the

orientable manifolds И it is possible to choose the same

orientation for all n-simplexes. In the present work we will

always make such a choice.

The gauge field A
v
is a'1-cochain, i.e. a linear map of

1-simplexes to the ring of coefficients. We take it to-be

antisymmetric:



A( [«
0
«

t
3 ) = ~A( Га,«

0
1 ) - ( 2 )

The coboundary operator 8 is defined to be conjugated to

•9, i.e. for arbitrary n-ccchain F

5 F( Г« a 11 =F( d Fa a 1 ) (3)

2 2

Evidently, 6 = о as follows from в - О.

A gauge transformation of gauge field ft is defined to be

ft -» A + «• ( 4 )

for some O-cochain Ф. Note that O-cochains are defined on

O-simple/es i.e. vertexes and eq. (4) means

As another example consider the 2-cochain fiA :

which is the (Abelian) lattice analog for the field strength.

Let's define now the so-called Kolmogorov-Alexander

product, also called the cup-product ( у-product ) in the space

of cochains. Given the p-cochain P and s—cochain S one can form

a p+s cochain P y S by the formula

P i |S ( [or a ] ) = P( [a a 1 )S( [a .. .a ] ). ( 7 )
\J 0 P+* O p * p P+*

The important properties of this product are the

issociativity and the graded Leibnitz rule with respect to 5:

Py(OyS) = (PyO)
 U
i

5(P,,S) = SP..S + (-1)
P
P..SS (9)



3. We turn now to the construction of the action of ouv

theory. The action will be a sum of the values of some

3~cochain L over the 3-simplexes of the manifold, which we

denote £ L. Exactly, we define a value of 3-cochain L on one

3-simplex [«o.. .«3J by taking a value of L on the simplex

[oca a a ] where i,j,k,l is the permutation of 0,1,2,3 and

summing over this permutations with the sign +,- for even anc

odd permutations, respectively. To obtain the action one has tc

take the sum of just defined values of L on all tetrahedrons of

triangulation.

The following property holds for M without boundary:

£ 5P = 0 (10)

for arbitrary 2-cochain P.

Now the action for the gauge field (1-cochain) A is

S = к £ AJJSA ( 11 )
It is invariant with respect to the gauge transformation (4)

due to the properties (10) and 6 ~ o. It's easy to see that

the sum over permutations encoded in £ produces the following

value for the action on the tetrahedron with vertexes a0»---»
a
3

(12)

The geometrical picture is simple - action is the sum of

products of pairs of поп-intersect ing links. 4. The formulae

(11),(4) constitute the main result of our paper. They are the

simplicial cohomology analog of the corresponding expressions

introduced by E.Witten in context of the -string field theory

[11]. The final part of the construction is the proof of the

statement that in the continuum limit when the size of the

simplexes tends to zero the formulae (ll)
r
 (4) tend to

corresponding ones in topological U(1 ) Chern-Simons th3ory.

Take the .3-simplex [<x
0
 a j and choose an arbitrary point

x in its interior. Denote by e
k
 the vectors from x to the a .



In the continuum limit the gauge field may be expanded near the

point x :

Substituting (13) into (11) we find, up to irrelevant in

continuum limit terms of forth order over link length, that the

action (12) gives
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where 11 = (1/бХе^е* - e^e* + ejefe* - e'ejsj)*^ is the

oriented volume of 3-simplex.

5. There exist different ways of development of the

present results. On may generalize them to a lattice

construction of BF systems [12-14]. The correlators of Wilson

loops may be calculated and the connection with linking number

may be shown, and also the connection with two-dimensional

lattice^ systems may be established in the case of M with

boundary; corresponding results will be published alsewhere.

The important problem is the non-Abelian generalization of

action (11). It seems, at first sight, that it may be obtained

along the lines of general approach of Ref.[ll], but actually

the cup-product (generalized to include matrix product) does

not posses the property of being (anti )ccmmutative under the

symbol of "integration" J] - the property, widely used in [11].
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