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The algebra of area preserving diffeomorphiзтз plays an

Important role in the theory of relativistic membranes. We

pointed out the relation between this algsbra and the extended

Virasoro*algebra associated with the generalized Kac-Moody

algebras G ( T ) . The highest «tight representation of these

infinite-dimensional algebras as well a* of their subalgebras

is studied.
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Алгебра диффеоморфизмов сохраняющих объём играет важную

роль в теории релятивистских поверхностей. Мы отмечаем связь

этой алгебры с расширенной алгеброй Вирасорю, ассоциированной

с обобщенными алгебрами Каца-Муди &(Т
г
) . Исследовано пред-

ставление старшим весом этих бесконечномерных алгебр,а также их

подалгебр.
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1. Introduction

In the light-cone gauge the residual group of symmetry of

relativistic surface consists of the area preserving diffeo-

mox'phisms ot the two-dimensional surface M . The role of this

у group is close to that of the group of conformal transforma-

h tions in string theory. For the surfaces of the simplest topo-

Щ

|| logy T
2
 , S

2
 , there were calculated the structure constants

Щ and the second group of cohomologies of the algebra of area

( preserving diffeomorphisms [1] .

I In the present paper we are studying the highest weight

| representation of the extended Virasoro algebra and the algebra

• ot area preserving diffeomorphisms for M - T
2
 . It is in parti-

: cular shown that the extended Virasoro algebra for M = T
2

admits all degenerate representations ot the Virasoro algebra

as well as contains a subalgebra of the type of SL
(
"42,R)

(which differs only in central extension of the corresponding

Kac-Moody algebra) whose Verma module structure is close to the

Verma module over SL(2,R) .



2, sdijf I .-ilgdbra and Extended Virasoro Algebra

It is well known that the Virasoro algebra and Kac-f.ioody

algebra are connected with each other, namely the Virasoro

algebra is central extension of differentiation algebra of the

Kac-f.Ioody algebra G (S
1
.) [2] . Therefore, it seems natural

that the generalization of the Virasoro algebra on the two-

dimensional manifold M is central extension of differentia-

ls

tlon algebra of the generalized Kac-Moody algebras G(M)

By definition the generalized Kac-Moody algebra is central

extension of the algebra G (M) of smooth maps from 2-dimen-

sional compact manifold M into the semi-simple Lie algebra

G , given by the two-cocycles COy : GC^O * Gr(M) ~*"C ,

: where X , ^ s G ( M ) , < , > denote Killing form on G
f

a;:d 4* Is some closed form on the M [3] . Lie bracket for

algv га G ( M ) looks like

Differentiation algebra of G (,
tV
0 consists of vector fields on

M Ь
 =
 ^_Я"('б;

 i

c
5i>)oQ; which, sbt.tsfy i- rsiatioii:

* ' * ' и • (3.'

? With the given 1-fonn f condition (3) leads to the fol-

]• lowing restriction for fields L on the M :

^u^ = 0 (4)



where 3L^ is Lie derivation along vector field. Prom relation

С°*-Ц )°£L*3 ~ ̂ CLi Ь
г
] ^

 f o l l o w a
 *

h a t
 *

п е
 vector fields pre-

serving 1 form f compose differentiation algebra of 6(M) .

Thus, contrary to the S case, here family of nontrivial co-

cycles define different differentiation algebras of algebra

G ( M ) , and therefore Hodge decomposition parametrizes dif-

ferentiation algebra of algebra Gr(M) . Differentiation al-

gebra of algebra G(M) with cocycles (1) we denote by

<0iff ( G ( M )
;
 Ct><f) , whose central extension we call ex-

tended Virasoro algebra. Further we discuss algebras Scltff T

and <®'ff ( G ( T
2
) , COtfi) whose structure constants and co-

cycles are simplest, where У^ = td©g and Уг" •
>C
'®1

 a r e

harmonic 1 forms on the torus T = S * S .

Then the basis of algebra <3UL{f(G(T
z
)
f
 <̂ <f-) has a form:

г.

(2) , (t)

nm ®
c L
o o (5b)

which satisfy the following commutation relations:

(6а)

for «ift (е(т
г
;,

J
 n i

 (6b)

and

(7b)



Differentiation algebra <0iff ( G U
2
) , Wtf, ) admits the

following central extension:

(8a)

Г I ( г ; I v ' 1 = - nL гяы
LIJoo ; "nm J l l u n m . (ob;

The some concerns the algebra #l f f (,G(T2J, GO^) : due to

their isomorphism further we discuss only the algebra

<0tff ( G ( T 2 ) , COy,) with central extension (8a) and (8b),

which we call extended Virasoro algebra and denote E Vt2j =

= o9iff ( G ( T 2 ) j fi)tf ) ф CCi . Algebras EVi^t and

o9t-ff ( Ge(Tz) f COy» ) occupy an important place in the theory

of toroidal r e l a t i v i s t i c membrane. In the light-cone gauge the

residual group of symmetry of r e l a t i v i s t i c membrane i s the

area preserving diffeomorphism group fldi-f-f T whose algebra

consists of a l l divergenceless vector fields on the torus T .

Basis of algebra Sdiff T i s expressed through basis of a l -

gebras <2»iff ( 0 ( Т £ ) ; 0 0 ^ ) ; i = 1,a and sa t i s f ies the follow-

ing commutation re la t ions:

SdttfT z= © cLnm© C^J, ® cL$ ФсС, © CCZ (9a)

, uP KJ = ( п К - т р ) Ь „ ^ т + к + (с1гг+Сгт)5п+р/о 5т*к,о /9с)

Note that the central extensions for EVt2i and EViZg

not connected with the corresponding central extension for



sdiff Тг

3. Highest Weight Representation

Extended Virasoro algebra EViSi has the following root

space decomposition:

lZ, = П- @Н фП+ (10а)

cL-ime c L ^ (ЮЬ)
\

n

H * c b 0 0 ® с Ь 0 0 ® cCi .
( 1 O d )

\ in accordance with which we have defined the highest weight re-

i presentation of algebra EViZ j in the space admitting non-

j zero vector V * such that

C
t
P,

and the representation space is a linear combination
 w
f vectovs ,;.

of the form:



m c e E ; 1 = 1 , . . .^s ,

We asstune that all monomials of the form of (11d) are li-

nearly independent and we denote the representation space as

М(Ь»,Ьг,С)) . The corresponding representation is known

as Verma representation, and the representation space

MCh^hjiCi) is Verma nodule over algebra EV'Sj . An impor-

tant tool for the investigation of Verma representations is

antilinear antiinvolution (Hermitian conjugation) and contra-

variant form < • | • > , which give a possibility to study the

reducibility (degeneration), and unitarity of Verma representa-

tion. Antilinear antiinvolution is defined over basis of algebra

EVLZ, and by antilinearity continues on the whole algebra:

W(l<nrn)
=
 lj-n,-rn, (12a)

(C{Uoo)- L>oo ; l " ' / ' (12b)

which satisfies

G)*=I ° 2 d )

Continuing Ci) from algebra ES/'iZj over universal enveloping

'8



algebra Lt(EVlZf) we define coi^travariant form < • I • > as

<RV|Pv>= <i>|a)(R)PV> , (13)

for arbitrary R and Ре Щ Е У ^ ) .

Representation space M(hi
;
h2;d) decomposes to orthogonal

direct sum of proper subspaces Loo and boo which can be

infinite-dimensional:

M(h,,ha,C,)= ©
(H)

where V(ht+j1Jha+Ja , Ci) i s l inear combination of vectors of

the form (11) for which j,=-m, ms+Pi + '» + Pt and j 2 = n,+ . . .+n s .

I t i s well known that Ke?<' l*> i s maximal proper subre-

presentation of Verma representation which also decomposes to

orthogonal direct sum of proper subspaces Ь о о and l>oo whose

elements we c a l l null vectors. Subspaces of the form

Ф V(h t +u .ha.Ci) coincide with Verma modules over Virasoro
j,ez+ i i /

algebra. Therefore, they reproduce al l known degenerate repre-

sentations of Virasoro algebra, which are well studied [4] .

In particular, Kac determinant in the subspace ф V(httjt. hz,Cf)
JiCt+

has a form:
det(h1t j,,h2 jc,)- П (h,-h Z ( S (C)) P ( j 1 ~" ) . (15)

i* ZS4h
8,3 6N

All other subspaces V(hi+ji ,ha+J2 ; Ci) , for which \гф0

and j 2 e 2 + , are infinite-dimensional, and we discuss the

simplest of them, a subspace of the form V (hi ,h 2* 1 , Cf)

whose structure differ* from subspaces of the form

V(hi+j, ,h 2 ,C,) :



-, j .V(h,i-j,hs!7c}) (16)

We classify null vectors which can arise in the subspace

V(hi,h2 + 1; C») . Although we discuss only this subspace,

this approach, apparently, can be applied also for classifica-

tions of all other null vectors in the subspaces of the form

V(hi+ji,b2+J2> C,) , j,e2 and j z€Z+ . Null vector in

the subspace /̂(h? Ьг + ̂  ,>Ci) we call induced if it is repre-

sented in the form U-i
>
j ̂  for s°

m
e J€Z+ , and 1У is

null vector in the subspace V(hi + j, ha, Ci) . In the opposite

case null vector is called proper. All proper null vectors in

the subspace can be found with the help of orthogonalization

process of basis in the V (hi ,he
+
1 > Ci) , for example, the

vector

±3- proper null vector if equation

97 __§!__ i . (17o)

i'.'_.Р,СЬ.СЛ !.•:.'•;'i-«S-j h a s s u h a ь ^

'V i .-(-,R) OTiL"/ by centr&l oz t^ar i icn U;K: ilsi;: д.' с~ш1есооа w i t h

i.>it; i 'act i;ha;; -sie V i r a s o r c o L Й

consisting of -{Ь-п.Ьо) Ь-j-ri 'r - We cisno «•.- i;h.i3 cubslgv--ova ov

'>u'"'(2,R) which is described in the following way:

(18a)

i 1 0 1 - - m l ( 1 )

j "ma'J ~ m Li m oC , (18Ъ)

•0



where oC and jj take the values (± l"l, 0 ). Chevalley genera-

tors are

Cartan subalgebra coincides with (10d) and satisfies the follow-

ing defining relations:

d> ' Ci * \f

oo + ig"(K - П ) * у г , (20b)

/i]s0 . (20c)

(O V (1) V , (2) V

Simple roots are J ^ L o o ~ п " о о a n d 5 г

 = Г 1 Ь о о , where

< Loo ) Lioo } - ^ b J » Cartan matrix i s

i _- / 2а г -2r"

Verraa modules are defined (as in the case EVi.2, ) from re-

lations (11a-d) in which, only generators L
m > o t

 , oCe( + n
>
0)

;mst be v?ritt@n. A simplest subapace in Verma modules is a

soaibins.-!;Ion of vectors of the form:

i.:.,.̂ .-.av ;l Mc^riLi-vjV , "o,~« "-«,11 v (22)

It ?3 еэйг to check ihet

a"-'v- 2 n 8 L - i V - 2nbSflnT> + С „ С1\>п V (23a)

is null vector in the subspace (22) if equation

h\-"~z<r~Ci + n • ( 2 3 b ;

is satisfied.

11



t

Рог algebra sdif f T root space decomposition is realized

taking into account the corresponding decompositions for EVifci

and EVî a :

Sclif-f Т г = П- ®Н®П+ , (24a)

n - = e c L m , _ n © cL n , 0 f C24b)

mee **

n = Я4 rl fficL.«- (24c)

H = c C ф с С ФСС, ф сСг , (24d)

in accordance with which highest weight representation of al-

gebra Sdt-ff Т
г
 is defined:

i* ( 1 = < , г ) , ( 2 5 a )

s 0 ; пегД{о},тег, ( 2 5ъ)

and the representation space i s a linear combination of vectors

of the form:

LmS|-ns ••• L i m ) r n i lj-p l )0 ••• Ь-Р 1 ) ОТ? (26)

where (m, , « , )£ ... s (m s ,n s) , s e 2 + , n i ; ^ е г Д { о }

and mj€?r ? 1=1}.,.,5, j = 1 , - - , 2

Antilinear antiinvolution by antilinearity continues from
i l O * i ( г >

 IUpm and LpK over ь
П
щ
 :

CO(Lnm)=-L-a,-m ' (27)

In this case Verma modules over algebra
 S(
Jiff T admit the

12



following decomposition into an orthogonal direct sum of proper

subapaces L^
o
 and Loo

 :

(28)

where V(h,i\j
1;
h2

 +
 J2

 7
 Ĉi ? Сг) is such linear combination of

vectors of the form (26) for which j ^ - m g - — m t + Р
г
+ ••• +Pi and

j^*n.
s
+-" + n

1
 . Therefore, subapaces of the form V(hf+jj

;
 .

h j
?
 Ci

 ;
 С

г
) are finite-dimensional and have the

following basis:

L
-1,O -• ̂ -].° ̂  .where 1^1+••• ĵ j = i, (29)

and matrix of the contravariant form has a diagonal form on the

diagonals of which there stand elements:

i и

Elements of the form L_j
 0
 t J£2 consist of infinite-

dimensional Heisenberg subalgebra in the sdif^ T algebra,

which causes such a structure of the subspace V(hi+j,,h2,C|?C2)

Therefore, when C1 ф 0 in the subspace of the form VC^+Jij

П2 . Ci
 ?
 Cg) where j £ Z t , null vectors are ab-

sent.

The next simplest subspace is

V(h, ,ha+«,Ci,C2)= © L i . - r V C h t + j j h t ^ n C g ) (3D

Applying the orthogonalization process for basis of the

subspace V(hi Иг+
1, Ci

;
 Сг) it is easy to show that vector

13



is proper null vector if only equation

С С
(
- 0 (32Ъ)

is satisfied.

Note that due to the absence of null vectors in the subapacee

VChi-i-j, ,Ь
г
,С1,Сг) at j,6E+ , all null vectors in the

aubspace V(hi,hz+f j Ci j C&) are proper and can be found by

orthogonalizing basis in this subspace.

In the process of work I met the article [5] where are

discussed 2 indexed algebras which in the N>2 case are

attributed to EV'iSj algebra.

In conclusion I would like to thank S.G. Matinyan and G.K.

Sawidy for stimulating discussions.
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