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EXTENDED VIRASORC ALGEBRA AND ALGEBRA Oi
AREA PRESERVING DIFFEOMORPHISMS:

The algebre of area preserving diffeomorphisms plays an
important role in the theory of relativiatic membranes. We
pointed out the relation between this algbbre and the extended
Virasoro-algebra asgociated with the generalized Kac-Moody
algebras G’?Tz) . The higheat w<ight representation of these
infinite~dimensional algebras as well as of their subalgebras

is studied.
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PACUMPEHHAA AJTEEPA BUPACOPG ¥ AJTEBPA
JUGSEOMOPM3MOB COXPAHANIMX OBBEM

Anredpa muddeomopduamMoB COXPaHSOLAX O0BEM WMTpaeT BARHYD
pons B TEOPHH DEASTHBMCTCKNX NOBepXHOCTe#. Mw oTmedaem cpA3R
aTo#t ainreGpH ¢ pacumpeHHo#t aaredpoft Bupacopo, accommuponsHHOM
¢ ododumeHHyME asyredpamy Hapma-Myznx G/(\T 2) . Hceremosakno npen-
CTaBNeHRe CTapUM BEecOM 3THX deCKOHeﬁOMepHHX amredp,a Takme Hx
nogammeop.

Epepancxult fmamgeckuit MHCTATYT
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1. Intrcduction

In the light-cone gauge the residual group of symmetry of
relativistic surfece consigts of the area preserving diffeo-
morphisms of the two-dimensional surface M , The role of this
group is close to that of the group of conforinal transforma-
tions in string theory. For the surfaces of the aimplest topo-
logy T2 , S? , there were calculated the structure constants
and the second group of cohomologies of the algebra of area
preserving diffeomorphisms [1] .

In the present paper we are studying the highesi weight
repregentation of the extended Virasoro algebra and the algebra
of area preserving diffeomorphisms for M=T? . It is in parti-
culaxr shown that the extended Virasoro algebra for M= T?
admits all degenerate representations of the Virasoro algebra
a8 well as contains a subalgebra of the type of Sf.\““ (2,R)
(which differs only in central extension of the corresponding

Kac-Moody algebra) whose Verma module structure is close to the

A\
Verma module over SL(2,R) .
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2, sdiff T? algebra and Extended Virasorn Algebra

It is well known thaet the Virasoro elgebra and Kac-lioody
silgedbra are connected with each other, namely the YVirasoro
aigebra is central extsnsion of differentiation algebra of the
Kac-lloody algebre G/zf?’) {2] . Therefore, it seems natural
tnat the generalizs+tion of the Viraszoro algebra on the two-
dimensional manifold M  is centrel extensioa of difisrentia—
tion algebra of the generalized Xac-lMoody algebras G(M) .
By definition the generelized XKac-lfoody algebre is central
extension of the algebra G(M) of smooth maps from 2-dimen-
sional compact manifold M into the semi-gimple Iie algebrsa
G , given by the two-cocycles Wy GM)*G(M)—C,

e (x,¥) ={ <x, d¥> Ay (1
J
M
where X , Y& G(M) ,<, > denote Killing form on G
and ¥ is some closed form on the ™M [3] . Lie bracket for

’A- .
alg. -a G (M) tooks like

[x,9], = [X, Y]+ we(x,y) C- (2)
':"Liferen;ciatlo-x algertra of G (M) consists of vector fields on
M L= A6, 706 which wetiofy o relation:

iz
L[X,y’]»‘-’[hx,y]%i‘ [erl:;_]* (3>

With the given 1~form ¥ condition (3) leads to the fol-
lowing restriction for fields L on the M .
L,¥=0 (4)
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where <, is Lie derivation along vector field. From relation
{2y, &L, 17, L] it follows that the vector fields pre-
serving 1 form 4 compose differentiation algebra of G (M) .
Thus, contrary to the S' case, here family of nontriviael co-
cycles define different differentiation mlgebras of algebra
G/(\M) s, and therefore Hodge decomposition parametrizes dif-
ferentiation algebra of algebra G/(\M) . Differentiation al-
gebra of algebra G/(\M) with cocycles (1) we denote by
Diff (G/(\M) , @g) , whose central extension we call ex~
tended Virasoro algebra. Further we discuss algebras sdif-f Tz
and SDiff (G?Tz), @W¢,) whose structure constents and co-~
cycles are simplest, where $,=idG; angd ¥,=id€; are
harmonic 1 forms on the torus T2=S'/: s',

Then the besis of algebra iff (G(T?), @Wy;)  hes a form:

Pay
Qiff (8(719),09,) = @ Clim @ clip (58)
) 1]
| D E(T), g, =B 2 Clinm & Clioo (50)

which satisfy the following commutation reiations:

()] (1) )

[an ) Lok J=(m- K)'-lm:p,mﬂ(, (6a)
e
tor Diff (G(T2), wy,)
(2) D 1=~ U)
[L 60 ) binm nm ’ (6b)
end ) L@
[an, ] (m- K)Lm-p MK, A (7a)
[L.S:,, L.f.:z., =-nl..nm . for 00i'H:(G(Ta);““)‘:Pg)

(7v)



Differentiation algebra c‘at‘.ff (G(Ta), Ct)tf,) admits the

following central extension:

LO Lo ) 1% '

[L nm » b ( ] (m- K)'-'mP,me T (m3-m)5.-.+p,a 8’"“‘,0 ; (82)
2) (1) = (1)

[L'(oo ’ ] - Nblnm . (8v)

The same concerns the algebra %if{(G/(}e),mtfa) : due to
thelr isomorphism further we discuss only the algebre
Diff(G(T?, Wy,)  with central extension (8a) and (8b),
which we call extended Virasoro algebra and denote E Vig, =
= a‘Oi-f-f(G/(\'l'z),GJ%) @ cC . Algebras EViZy and
Diff (G(T?,wy,) occupy an important place in the theory
of toroidal relativistic membrane, In the light-cone gauge the
residual group of symmetry of relativistic membrane is the
area preserving diffeomorphism group Sdiff T2  whose algebra
consists of all divergenceless vector fields on the torus T2 .
Bagis of aslgebra Sdiff T2 4 expresged through besis of al-
gebras  Diff (G(T2),0g ), i=1,2 and satisfies the follow-

ing commutetion relations:

Sdiff T°= ® clum @ Clyp ® Chgp ® cCy ®cCo,  (9a)

{n,m)ez2
" (@) m (@
Lkam= Mbmp = nbnm,[‘u Lpg] ml-mo-n,nfp pLHHP,m"‘K; (9v)

LLnm,upkl =(MK-MP)Linyp,mix + (Eg“"’ Cem)8ntp,0 Smey0 £9¢)

[.!-l(o,;,hnm:lz ‘n‘-mm , [L.(Z) an] == ml.:nm . (94)

Note that the central extensions for EViZ, ana EViZ; are

not connected with the corresponding central extension for

6
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sdiff T®
3. Highest Welight Representation

Extended Virasoro slgebra EViZ, has the following root

space decomposition:

EViz,=n_- @H@nNs (10a)
. 4} 1)
n.=@cl_ chy (10b)
e ™ e "
mei
%)
=@ CL @Cbo,...n ’ (10¢c)
ﬂe \{o} sn\{o}
€3} (1)
H“Cl-'oo @ Clboe ® cC1 . (10d)

in accordance with which we have defined the highest waight re
presentation of slgebra E Vllz, in the space admi:tting non-

zero vector Y , such that

L(otg"’ = hv (118)
CyV = Czl), {(11Db)
1)) )
LenmV = Lgsn? =0, nezi\{0}, mez, (11¢)

and the representation space is a linear combiunetion .f vectovs

of the form:



U) ‘1) (1) (1)
Ll-ns7ms can L‘_n')m1 . L‘o’-Pz Ve L‘°,'P1 1) 5 (11d)

(n,,m,)s E(ns,ms),(O,P,)s "'E(O,Pz), S, eeZ+,

niez4\{o}, miez, i=1,... s,

Pecz \{o}, Ced,..,z2.
We agsume that all monomials of the form of (11d) are 1li-

nearly independent and we denote the representation space as

M (h')hzrc’) . The corresponding representation is known
a8 Verme representation, and the representation space

M(hy, hy,Ch) | is Verma module over algebra EVi2; , An impor-
tant tool for the investigation of Verme representations ig '
antilinear antiinvolution (Hermitian conjugation) end contra-
verient form <'|+> , which give & possibility to study the
reducibility (degeneration) and unitarity of Verma represente-
tion.l Antilinear antiinvolution is defined over bagsis of algebra

Fvie, and by entilinearity continues on the whole algebra:

W ()
W (bam)= b-n,-m, (12a)

R R . i.g
(3 (‘_L‘om>" bgg , L=1;2. {(12n)
which getisiies

N ¢ ) .
6 (Clinm ; Lpk 1) = [0 (LI, w(Lim)] (12¢)

CL)'Z:I (124)

Continuing @ from algebra E£Vi2,; over universal enveloping



algebra U(EVi2)) we define contravariant form <-I->as

{RV|Pv>=<V]|w(R)PY>, (13)

for arbitrary R and Pe U(EVizy) .
Representation space M(hy,hz,C1) decomposes to orthogonal
direct sum of proper subspaces L.(Jg and ngg which can be
infinite-dimensional:
M(hy,ha,C1) = @ V(hetjy, hatjs,C1),
J. €24

her

(14)

where V(h'+j,,hz+ja,c1) is linear combination of vectors of
the form (11) for which j;=-My---MgtP t.n tPy and jp=My+..+Ng,
It is well known that Ke?<'('?> 1is maximal proper subre-
presentation of Verma representation which 'elso decomposes to
orthogonal direct sum of proper subspaces Lg.’, end Lfg whose
elements we call null vectors. Subspaces of the form
. D V(hyt}; ,h2,cq) coincide with Verma modules over Virasoro
2;;;bra. Therefore, they reproduce all known degenerate repre-
sentations of Virasoro algebra, which are well studied [4] .

In particular, Kac determinent in the subspace @ V(h¢tj, )hz,c,)

€4
has a form:
. P(js~ 2S)
det(hﬂ’.h )I'Ia,C1)"' n . (hf'hzls(ci)) b . (15)
1€ 25< )
2,3€EN

All other subspaces V(hitjs,ha+j2,C1) , for which j, #0
eand j,€Z+ , are infinite-dimensional, and we discuss the
simplest of them, & subspace of the form V(l’h ,ha*' 1, Cy)

whose atructure differs from subspeces of the form

V{hytjy, h2, Cy)
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V(h1 he H, c') @ L"i,j 'V(hity, ha ,C4) (16)
+\{°J :

We clagaify null vectors which can arise in the subspace
V(hs,hp+1,C1) . Althoughr we discuss only this subspace,
this epproach, apparently, can be applied also for classifica-
tions of all other null vectors in the subspacea of the form
V(hitir,hetay C)  , j,€2 eand j, €E+ . Kull vector in
the aubspace  V(h;,hz+1,C1) we call induced if it is repre-
sented in the form L(-11)J 's for some j€Z+ , and V¥ is
null vector in the subspace V (hi1*j,hz, Ci) . In the opposite
case null vector is cslled proper. All proper null vectors in

the subspace can be found with the help of orthogonalization

process of basis in the V(hi,ha2+{,C1) , for example, the

vector
2 OO NEAEC)
L[?_- L|_1,1 Llo’-1 v 9 (h1+1) Lt..1 ? L'O -2 1) (173)
ia- proper null vector if equation
c=2{~hlhert)r |97~ 8L . (17%)
B hard -
R =¥ N
Jlgebes iDVG2y has subs whiah LnvZuss wvon et sebra

LREKY only by central cxvensicn wind nin 1z goumscrvod with

she fact thaz no Virasore aliebes hes suoaisiors . L3 7
consisting of jh-n)bg S ‘5 . We dencne thils cubsigsovs Dy
SN
""‘“'(2 R) which is described in the following way:
S n Cs 3
[Lima ) Lipp 1 = (et ﬁ)hmwmﬁ T§(°‘ %) 8mep0 Buepyo - (18a)
(2} y - (1)
H = -
[uoa,!—fmaj"‘ mL'md._, (i8b)



where of and f take the velues (1 N,0 ). Chevelley genera-

tors are
m - _,m -
Ei=bliy,-n ) E2‘Lo,n y Fizboyn, Fa= bo-n, 9
Cartan subalgebra coincides with (10d4) and satisfies the follow~

ing defining relations:

) c v .
[Er,Fi]="2nlg, = 7 (N> =Y, , (208)
[E;,F2] = 2nLGe + T (n-n) =3, , (20b)
[E,,Fl=[E,Fi]=0. (20¢)

QY My (v

Simple roots are Y,<Lg, —Nloy and ¥, =nblos , where

< Lo LS > =84

. 2n? -2n?
H=(<x'i ,K-LV >)l;j‘1ja ) H=(_an2 2n2> (21)

s Cartan matrix is

Verma modules are defined (as in the case EViZ; ) from re-
' 't} .
lations (11a-d) in which only generators Lg, g , LE(tNn,0)
mugt be written, A simplest subspace in Verme modules is a

Linesr sombination of veciors of the form:

4} () (13 {1} 8 v

ioeren®  bigen bions Lg-a b-sn ¥ (22)
Lt 3o oy ve check that
STy n. {6 Y 7)) (e () »
£ = alh""L,_ ,_‘nv - cnhol_n-t} + L‘O,"l’l i"‘",n v (23&)

is null vector in the subspace (22) if equation

nd-{
h,:-Tc.+n . (23b)

ig satisfied.

11



For algebra Sd.if-f T? root space decomposition is realized
taking into account the corresponding decompcaitions for EVig,

and EViZZ H
sdiff 7= n. @H®n+, (248)
n.=& cI-'m,—ﬂ @ cline ) (24b)
meNeh | meEAe}
My= & C,Lm,+n ® Cliyn,o ’ (24¢)
f:::;\(os nez\{o}
He=cl? @cLl) @ct @cte, (244)

in accordance with which higheat weight representetion of al-

gebra sSdiff T2  is defined:

) =y Peq-
Lm,+n\)=07 Lu-n,o\):o; ne.=.+\{o} 1] mez ? (25b)

and the representation space is a linear combination of vectors
of the form:

Lms,-ns R le',-n.l L"P';,o e L:-pho'\) (26)

where (M )< ... =(Mg,Ng), SEZ+,M;, F}ez+\{o}
end mMyez, i=1i..,5, j=1,..,2
Antilineer antiinvolution by antilinearity continues from

) )
Laom o&nd Lpk over Lnm :

@ (Lpam ) =-L-n,-m ’ F27)

In this case Verma modules over algebra Siff T® aamit the

12
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following decomposition into a.n‘oz'thosone.l direct sum of proper

subspaces L.w and Lm :

M(h1,he,€,C) = D V(h1*J1,hz+Ja, ¢, ,Ca), (28)
he® ;
jgezii

where V (hyti;,hatj,, T, Cz) is such linear comblnation of
vectors of the form (26) for which J1=-m5- wr=mqp+ Py e py and
j2= Mg+ .~+N, . Therefore, subspaces of the form V(h.+j,, .

ha , E,, Ea) are finite-dimensional and have the

following basis:
L,{l;,o L.!j'}'o Y , Where 1}’11- ”"j=j4 (29)

and matrix of the contravariant form has a diegonsl form on the

diagonals of which there stand elements:
7 I T AU APV A
< L‘ :‘i,O s L'}yﬂ")‘ L"")o i L"inov 7 ‘KD‘ FK ' ( C‘ K-) (30)

Elements of the form L_j, , [€Z  consist of infinite-
dimensional Heilsenberg subelgebra in the Sdiff T? algebrs,
which causes such a mtructure of the subspace V(h#j,,hg,a ’Ez)
Therefore, when 81 # 0 in the subspace of the form V(h, +j1;

he, C ) Ez) where [ E€Z+ , null vectors are ab-
sent.

The next simplest subspece is

A% (‘h‘; ’h2+‘,61 ,Ea‘) = jé.% Llj’--{ : V(h1+J ? h?_ ;E1 762) (31)

Applying the orthogonalization process for basis of the
subspace V(hy hati, 61,52) it is easy to show that vector

U, = Lo -|\)+ L'1 -l (32a)

13



is proper null vector if only equation

~

C: - Eiaz+61’0 (32v)

is setisfied,

Note that due to the absence of null vectors in the subaspaces
V(”'ﬁ.i«,hz,E«,Ea), at j€24 , all null vectors in the
subspace V(hy, hy+1 ,'Eg,Ez) are proper and can be found by
orthogonal;tzing basis in this subspace.

In the process of work I met the a:éticle (5] where are
discussed 2" indexed algebras which in the N=2 case are

attributed to EViz, algebra.

In conclusion I would like to thank S.G. Matinyan and G.K.-
Savvidy for atimulating discussions.
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