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The induced Dirac operator emerged for the first time in
Ref. (1] as a naive continuous limit of the three-dimensional
Ising model, The determinant of the Dirac operator induced
on surface 2 by spinor structure of R’ wherein X is
cmbedded was calculated in Ref. [2] . This result was general-
ized for the Rd case in Ref. [3] .

Using the structure similarity between this theory and the
Green~Schwarz superatring theory it turmed out possible to
apply the bosonization technique developed in Ref. [2] to the
heterotic superstring theory [ 4] .

In the present peper the result of [ 3] is generalized for
the case of arbitrary smooth manifold /‘7 .

Let /7 be arbitrary smooth menifold wherein the two-
dimensional surface J. 1is embedded.

We shall be interested only in locai properties of this
embedding and not in global restrictions on it. Therefore we
shall work in the limits of one coordinate vicinity on J
with the coordinates s = { X = 1,2) and one coordinate
vicinity on /7 with the coordinates X/ ( 4 = 1,...,4).
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By means of th: tetrads &2 (X)

£pe O%).- EJ(X) = Guv(X) (1)

we can determine Dirac action in N :
SD‘—‘:z‘-'ﬂ/o"’?h/c? EL (G0 -2 F7Y) (2)

which possesses local SO(d)-invariance.

Here (G =a/¢z‘/6'},, J ¢(/\’} are the spinors of the
space tangential to /7 (s0(d) representation).

Let the surface S’ be described in /7 by the equation:

XF= X&) (3)
Then the projection P:171-== can be realized using the
projective operator:
P X g XY
Pr= ax” d I X (4)
where fs is the metric induced from /7 on 2 H

(5)

= 5 y
S dm=%8 , =X G GX
The two-dimensional field theory of interest is obtained

from (2) using projector (4):

Symh g S AN E Trnst-GId)

Now we introduce the vectors tangential X" 4l and
normal /"L’: ( 2 = 15.005d=2) to the surface:



#oo Y '
X Gy 2= O /zf'-é;w )= dy | Gjm 2 (7

J

Orthonormalizing the tangential vectors using two-dimensional
tetrads

XS @) =5 & - X)) | herber- FF (8)

we obtain orthonormalized basis in each point of the surface:

Y4
(Xa 2 25 ) (9)
With the ues of local S0(d)~rotation the basis (9) in every
@ o)
point of 2  can be reduced to some fixed form ( X% . R

independent of £ >,

Or in the spinor representation:

Vo @) = XT)- Uy = 02 (E)60 )
(10)

V=718 % = & )5, @)
where X:: Xap' E,Z’
ny=ri &y

and ( Oa , O, ) is some fixed basis of d-dimensional birac
F-matrices which differs from 7, in no.more than global
rotation,

From (10) we can readily obtain:



2702 =4i(92, Y+ Wy dTE) =

(11)
ab ol -
=4—-/~f L *54 Vo *‘4{-/%/5/92-.
where A . /L and ad fields are defined as expansion
coefficients of 2?7 and /7% over basis (10):
0__ ab ard ,

Y=~ LY » T,

The integrability conditions of system (12) provide the
condition of embedding of & in /7 in terms of / , 4
and 77 fielas:

o//-.a-éz _ Aa‘:A b¢
a/Aa(':___ ’_/—abé 6L /_/Q/AQ./ , (13)
At e g

Differentiating the (5) we can readily obtain a relatior:

., Z Vg
Vu(c/aa)(/"jz hos - 12, (14)

which defines a symmetric second quadratic form of the surface
AD;G . Here the covariant derivative affects both curved
indices ol and £¢ .,

The fields defined by expansion (12)



ROE L ATAT V=GRt Wl Ix?
(15)

Aom gl BO QT = Pl e XE 12

A ﬁ_{z BAT) = 153X RN - ct™ bt

© @) @)
differ from the /~ , 4 and /7 fields corresponding to them

=4
in the case AT=R only by one term which contains spinor
77
connection of space /7 , = ) XVE/;«V,; Lcr‘”” , the
presence of which in the action reflects its local SO(d)-

aymmetry.
The relation (11) can be rewritten in the form:

AR = TS - AW Ry T (16)

o
which mekes the relationship between the case /7= A&° and
the general case explicit,
The induced Dirac operator corresponding to the action (6):

. C’) . ’ &
D= z,ezfz"o"’é, —,{C%&- -ZH, @)Q + £ &Y Vo an

The last term due to which D di_.ffers from the Dirac' operator
considered in Ref. [3] does not ellow to write the action (6)
in the form of two-dlmensional field theory of fermions intexr-
acti;:g with the gravitation and gauge field.

From (17) we can see that along with the reparameiri-ational

7



and local S0(d) invariances the action also possesses the local
S0(2) x S0(a=-2) invariance acquired just as in the [7T=R dcase
owing to the transition from X to /=, A and /7 tfielas.
Indeed, in Ref. [3] we had the action %[d?\g‘faa;\:".
(F%dep ~ HaP Ve ) where Guqa =hX' pX/" , 1. a
independent bosonic degrees of freedom combined in a reparamet-
rization~invariant wa&. To integrate over ¢ we reduced it
to the form zfd§ \9‘(2'5)54 where g = &N (A 5/ 652,;
- 41%90"/)_/2 » The d-2 bosonic degrees of freedom are
distributed between QF , /i, AS! ema A4Y tields witn
respect to symmetricity of Aofa = Azafi and integrability
conditions as well as the action symmetries in these variables

a8 follows:
Gr 2 +3~2) v (A-2)d-3) -~ LLT _ 7- @Q_X_d:’)—.z-,z‘d—oz
The similax calculation in the case of arbitrary manifold
for the action (6) gives:

a’g/-’a’- d___.__:“") -2

Similarly d quentities X _are replaced by

£ +3(a-2) +(I-2)(F~3) ~ 9‘;‘"’/

3 o Zr
of quantities e,f' R A.-;'e y ( [ = Qpbve.:@'m ’ 727 con-
strained by .z’c/(d- 7) integrability conditions and local

S0(2) x S0(d-2) aymmetry.
If now we substitute in (17) the expansion

%-‘—‘X,:-?’a fﬂfn?; (18)



SO&)
d -
and use a S0@)= S0G.2) coset-part of local SO(d)-.lymotry

for imposition of gauge condition, we'll have:
S ™ XL 1l = S X (19:
This is possible because at SO(d) rotations
Yo e WEIHLWE) | U > W EITWE) | 2 r2EIWE)
i.e,
UR —~ W22 + W W)W

So¢)
SA2) x SP-2)
< 3 b
we can attain that the expression (A:' * m"?-é“ . would

be symmetric over & , & , which corresponds to gauge condi-

-~ a[
a.nd. choosing oW - W™= ',Zz?ac' <

tion (19) if we recall equation (14).
In gauge (19) the action (6) takes a form usual for two-
dimensional field theory:

S ;f"’ Yol (- fgm o g - F o) (20)

The Dirac operator corresponding to (20) anticommutes with
matrix 7;— s therefore the left-~ and right-side fermions in
(20) separate from each other.

We parametrize the tetrads In the form:

th—aa =§3f/2'oz(fq./)’loa/] (21)

To calculate the actions of the left fermions we fix reparasmet-
rizational invariance by imposing conformal gauge:



ﬁqa(ﬂ-“%‘?-é,a or (22)
e =e,0°%= f"’z-/’s"o’“)
The Dirac operator in gauge (22):
oy .
D= 22N H O G ett) + O (et )fPrr=D, ¢ Dp (23)

where = — j’ Foe 90._&/

Now we define variation of determinant of Dirac chiral

operator:
SW = 5ty et D, = éf,,,oFPfc/s T (50,0. 6 52
-0} (24)

“gn AP 7,’./.0 O + 252 +ﬂ;ogﬂ « L /Jéaqf)e #

- ~ED Le
+ (2GR - 2R rzoy Yor2 - Jzﬁd,,a) /
wherein we pa.rame'trized
=G93 (25)
From here the Ward identities for effective action are
4 (G072 -7 ¥
oW = /d & (9r2-27C /2 * e ) 47/_2/0154@;?) 26

~Z/ R « B fov g0 bye B0

To integrate equation (26) we impose a gauge condition
fixing S0(2) x S0(d=2) lccal invariance:
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i

dé o,
G Tr A ;A e Y = O (27)

The integrable expression corresponding to the first term

in (26) is
~r 13 -
iig} f;/ﬂliCéQQ'f? ) ==‘7;3{#/7$(1i?2-r2 (/o )
o z

where Zi is a three-dimensional region in /7 with surtace

2. aa a boundary.
Using the integrability conditiona of (13) we can readily

show that

fé@ﬂﬂq)—‘g‘é//(\ c//;b-fﬁ (9’ A -3/{4/'&/)

A final expression .f.or effective action of the left fer-

mions will be

W=-22 274 ﬁ?fg‘( f)—AQA);*(/g’—A”aFA ) -

7927 5

~ 26 /\a/,/\/ %”L///‘ e

+t YA - %/12)9/ # ogg_j/dfgg’fdé(ffa %)

(28)

G 45 57 Gy o950 - £/ 4590)

" The last two lines appeer in case &/ T>3 . The first two
%lines, according to Ref. [ 5] interpretation, define a new

i‘covariant local action of two-dimensional gravitation.
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Except for the first three terms all the rest are modified
by the contribution of d-dimensional spinor comnection com-

pared to the /7 =R case.

In view of the necessity of compactification of "super-
fluous" space measurements in superstring thecry, the problem
of quentization of superatrings propagating in arbitrary

smooth manifold is highly urgent.
As far as the theory of induced Dirac action is a simpli-

fied model of string theory (see Ref.[4] ), the present work
geems to be promising in this direction.

The author is thankful to A.G. Sedrakyen for posing the

problem,
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