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HEYCTO~'iHBOCTb B CYnEPnPOCTPAHCTBE 

YicnoJ11>3ysi Teopmo Mopca Mbl onpeAeJ1S1eM CynepnpocTpaHCTBo 

n pocTpaHCTBO acex BceJ1eHHblX. B CynepnpocTpaHCTBe Mbl H3y4aeM 

reoMeTpHO ~eBHTTa. noK~3aHO , 4TO reoAe3H4e~KHA n o TOK ~eBHTTa 

3KCnoHeHL\HaJibHO Heyc1·0A4HB. .UHHaMH4eCKaSI TeopHSI 3AHUJTeAHa TaK)l(e 

HMeeT Hey CTOA4HBOCTb, eCJIH ' 1 BceJieHHasi 3KCno;1eHL1HaJibHO 

pa3Ay BaeTCSI B JIOJ(aJib HOA o6JiaCT,H; 2 - B JIOKaJibHO;'i o6JiaCTH 

BceJISHH'ilSI O'l!eHb 6blcTpO MeHsteT KOH<j>OpMHYO reoMeTpHO ' He MeHSISI 

o6'beMa. C.JJeAOBaTeJibHO, KBaHTOBaSI Teo pHSI Ha MHHH-cynep-

n pocTp aHCTBe HH4er o He roaopHT 0 "peaJib HOA" KBaHTOBOA Te OpHH Ha 

Cynepnp o cTpaHcTae . So Jiee To ro, KB3.3HKJiaccH4ecKoe , npH6JIH)l(eHHe 

HMeeT CMblCJU TOJlbKO .ll.JISI KOpOTKHX npoMe)l(yTKOB speMeHH. 

EpeBaHCKHA <j>H3H49CKHR HHCTHTYT 

EpeaaH 1990 
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1. Introduction 

In a number of recent papers diffe rent appi"Oaches of 

quantizing 'of gravitation are considered . However, in all these· 

papers the methods preaented are a~plied solely to 

minisupersi>ace models and quantized i n a seaiclassicai 

approxiaation. Here a question arises : what connection ls there 

between these toy :•odels and the ·real· quantlDI ·theory? In this 

paper we try to answer this question. 

For quantization of the classical theory first of all a 

corresponding space is needed, which must include poss i ble 

states of variables describing the theory. In cosaology that 

space •ust include the set of possible Oniverses [1] . While 

considering the quantua cos1ll0logy the global properties of that 

spa·::::e are used·- [2] . Therefore we consider several properties 

of the Superspace . For this purpose a natural definition of the 

Superapace is given and the geoaetry of the metric given by the 

ADI! Haai l t onian of gravitational and mat6~ial fields is 

investigated . The geodesical flow stability and the Kinst.ein 

dynaaics in the Superspace has been investiga~ed. In fact, this 

wo rk is a c ontinuation of the approach of Ref.3 . 

2 . Universe, World, Superspace. 

The set o~ d-diaensional Universes will be described as 

follows. Ne as5uae, that the Universe is close d (compact anc 

without ,boundaryJ . 
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"'-
By md+l we denote the set of all d+l- dimensJonal, saootb

1
, 

oriented. co•pact mani.folds ( d> 1), 

md+l = {JJi+l} = {all d+l di.ensio.aal a.oath.- or.ie.ated, 

co•pact aa.a1.folds}. 

c-world {i.e. sp8.cetble with naterial fielde, see Appendix A) 

will 1:1ean the following triad: 

(Ip+ 1 
I g( II) I W (II) ), 

where 1/Hl emd+l, and g(ll) is a sltOOth Riell<UlDian metric on 

gI+l, ~(II) is a saooth scalar field (we consider scalar fields 

for simplicity, the following de.finitions can be ~vidently 

generali~ed for aaterial .fields of any type). Denote the set of. 
_il+l c-worlds by ~ , 

,jl·'rl = {w} = u111+1 , g(lf), w flf))J={(lf","''~'fl)}. 

Let us consider the set o"f saooth :functions on 111+l without 

singular critical points {l'iorse·s :function} [4]. Ne de"!lote that 
set by 3" ( 111+ 1), 

if 

f'E$(111+1) 

rec r u11+ 1), 

£:111+1 ~ s1~ro.2n]/{0,2rr}, 

all1+1=£~1(bf'Cll1+l>J. 

. )!'.or. every oes1, :l;lef!J'(ll1+l) we denote 

f.Hereafter ·saoot.h• aean.s from class C ",r>2. · 
~ 
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.il+l .il+l f [Ir ] = {xi :JJ.Elr , f(x) = c}. 
c 

Y{fc[JJl+l]} = {xix ~fc[..f+l], dfif rtf'1+11Cx) = O} 
c 

The co•pactnesa of JJ1+l and non-singularity of critical points 
_t .ii+ 1 .ii+ 1 

lead, for e,-ery ceb-, .fcS'(lr ) , to the set Y{.fc[lr ]} which 

contains a finite nuaber of J,oiuts. 
l!'or given wefii1+l, iE.J'.( If") and ces1 we have the following 

triad: 
u(w,f,c) = (fc[lf"], g,</>), 

where g is the aetric· induced on .ft If ] by II. , 1> 
. ' " " 

= 

C- Universes (i.e. space with aaterial fields) are 

the set ud, 

ud = U U U u('!t,f,c), 
,p+l l wE :fe F( Jf") ceS 

ud =- {u} = {T .11. , 4> } 
U U .U 

' 2 According to Korse·s theory (4,5] 
ud = Ld U od u {0}, 

~wif [Hr 
c " aeabers of 

where zd is the set of all d-dimensional sJtOOth, oriented, 

closed .a"nifolds with a s1100th Rie.annian •etric and a 3mooth 

scalar field on the•. We shall consider the eapty set. 0 as a 

trivial manifold . 
At ltorse·s reconstructions Od are critical with a give;1 

metric and scalar field . Thus, if we consider the c-worltl ~ 
.il+l and L-: !Y(tr ) , 
If 

the embedded ' T and 
u 

the iBere w~ do not distinguish between 

abstra.ct T aanifolds. 
u 

5 



11(w, f, c
1 

)a<\J{0}, u(w, f, c
2

)a<\J(0}, 

and i'f there exists a unique c such as c 1 <c<c2 , Y{fc[Jfw]}""0, 

then 
• d 

u(w,f, c) = wen • 

So the manifold Tw is defined bJ' two al:lllifolds belonging to 

L<\J{0} and indexes A1 , .. . ,Ak of critical function fro• :Jt(J/1+l) 

[5], then we introduce Tw as follows: 

T = T (A
1
-l, ... Ak-l)T , OSA.~dH, l~.t'fA::, 

w 0 1 °2 l. 

where k. is t.he nuabe:.t" of point belonging to Y{fc[Jfw]} _ In the 

case of k = 1 Morse's n=A-1 ·reconstructions mean contraction of 

the sphere S1 e•bedded in T
0 

into a point, and then expansion 
1 Jt-n-1 

into the sphere s- . 
l!'or example, if d = 2, A:: = ~, n = 1, we have 

s2-+ il-c 1Hil+s21 .. s2+ s2. 
It is clear that Ta (n) Ta = T

0 
(d-n-1)2"

0 
[4,5]. If n=-1, then 

1 2 2 . 1 

0 .. 0(-1) S1- .. $1-, 

a sphere is born frO• nothing, and vice versa 

$1-.. S1-cdJ0 .. 0, 

the sphere vanishes. 

k > 1 is the unification of the reconstructions of the k = 1 
. d J!1+1 cases. The spaces <-> fro.I Cl have singular pointa ( Y{fc[ ]} ) , 

though the c--worlds including those spaces are saooth. 
. d 

In order to construct the set U as a space the re is• needed 

a topology, a e-yste• of open sets. Ne solve this problea as 

follows: first we define the set of •MK>Oth• curves ud 

A mapping like 

A. :[0.11 .. ud 

is needed a ·saooth• one in ~d, if 
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BO, that 

3 WE ,p+l, 3:fe :Jt(Jf~ 

1 A(w,f) (T) = u(w, f,T). TE[O, l]cS 

0 is the strongest topology on ud, for which every curve from 

the e;et of ·· saooth- curves 

u U A ( we~+l.teF(lf ) (w,f ) · ) 
If 

is continuous on [0,1] (cf. [6]). 

By c--Su::;ierspace· we ftean an ud wit~ t.opology 0 (Ud ,0). Then 

we denote that s~ce bJ' ud again. 

Linear connectivity of ud depends on the n~0-boardism group 

·so s d . 
[4]. If nd "" 0 , then U is not connected linearly and the 

nuaber of non-connected piecea of ud depends on o;0 . 

Connectivity of ud also depends ?n .the type of aaterial fields 

a3 well: if ~ is not a usual scalar field (i.e. having real 

valuee), but has values froa the non-trivia.! group G, then ud 

will not be connected even if n~0 = 0(7 ]. 

The space of c--Oniverses with given aan:l.fold T we denote by 
d 

UT, 

U~ = { ueud, Tu = T} • 

Not.ice that, if T e :id, then C udT (c l osing of the subspace 
. d 

with respect to i) topology) includes points from n . It 

clear that the ud is not complete and if T e nd, then 

topology induced on the U~- subspaces is discrete . 

By c--Su:perapace do-.e aut.hors -.ean U~ -for so-.e f i xed T E 

We call such subspace T- superspac e s. 

s 0 so = z, 0 so = 0 so = 0 so = 0 , 0 s o = z. 
0 1 2 3 ' 
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3. aeometry o f Superspace . 

It ia c lear tha t there ia no Banac h struc ture on Ud, i.e. Ud 

is not a mani fold (i~ fol lows fro• discrete ness o f the topology 

i nduced on Od). But such structures exists on any u:. for JkLd 

Let u s fix any JkLd and con sider u:. In t h is case U~ is the 

space of all smooth Rieaanni an aetrics and saooth s c alar fields 

on ll. It is known [8 ,9] that there exists 6aooth Banac h 

structure on such 6paces . If s2 (l'.O is th~ apac e o f a,,..etric 

2-c ovari ant t ensor on lf and S(lf) is the space of function then 

t he t angent bundle of u~ is [10] 

TU: ~ u: x [52 (II) • S(ll)] I 

where ~ is the Withney sum. 

Le1: us de note the set of s}'lmetric 2- contra'variant tensor 

denai~ies ( s calar densities ) by S~ (II) (Sd(ll) ) [10.11). Let 

* d d -2 T UM ~ UM JC [8d_ (II) • Sd (ll)]. 

If ( k ,:t) eTU~, (n ,p}ET*u~, then 

<(n ,p),(k, :i:.)> =JM n·k + p·:i:.. 

Now we introduce a metr ic on u: such that the kine-.tical part 

of the Haailtonian given by IUJll for9Rlisa could expressed by 

that met ric (we take N = 1, Ni = 0). So, "fie have the following 

me~ric on u: [10 , 12,13 ] 

~[g,¢](k, -x. ;h,&J = J
8 

<J.i(g)(-tr(k.)tr(h) +tr(k. JC h) + 'X_&) , 

where 

d d 
(g,¢) e UM, (k. ,-x. ), ( h,& ) e TUM' 

d.1(g) = ( detg)l/
2

dx.
1

A .. :Adx.~ 
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c 

tr(k) = .i/1bkab' (k JC bJab= kacgcdbdb" 

. -1 
The aetric f$ has inverse aetric f$ and 

f$-l[g,¢](n,p;p,q)=JM 4J(g)(- J..
1 

tr(n ')t,r(p') +t.r(n 'xp ')+p'q ") 

where 

(n ,p), (p,q}ET-\i~, 

1T = 1T 'cjJ (g), p = p'cjJ(g), 

p = p ""cjJ (g), q = q'cjJ(g). 

By aeans of this aetric we can -P TU: on T*u: and vice versa -

T*u: on TU~. These aappings are o f the following form [10] 

b d #. d 
<S . : TUM .. T UM, 

~b [g,¢](k. 1 :i:.J=cjJ (g)( - tr(k)g-1+k-:1 ,:i:.J=cjJ (g)(-tr(k).i(lb+kab ,'X.), 

II *--d d 
f$ : T UM + TU11, 

<S
11
[g,¢](n,p)=(-l/(d-l)tr(n ')gm -h,p'J.= 

=(-1/(d-l)tr(n ')gabm -ab'p 'J . 

Notice that "every k-tensor froa s
2

('1) can be introduced by 
following fora [14] · 

k = JcTT + Jl-' +k tr 
where 

tr(k.TT) = 0, V · k.TT = 0 ((V· k.TT Jb = v8A:~), 
there exist.a a vector field Z on II such that . 

L L .£ 
k. = £ a - (2/d)g "l· z, k b = "' z. +"lbZ -(l./dJg bv · z. -, 

2i · a a - b a a c 

ktr _ tr(~ 
11 

._tr _ tr(k) II. 
- d ·• •ab- d ab· 
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Hence T(g,¢ )U~ c an be i n tl"Olluced as a s ua o f pert_>end icular 
nubs paces 

d TT d L d tr d ¢ d 
T(g, 4>)UK = T(g,¢)UK 11> T(g,¢UK 11> T(g,¢)UK • T(g,¢)UK. 

where 

TTT d 
(g,¢)UK = {(k,Q),k = krT }, 

TL d (g,¢)UM = {(k,0), k . =if} , 

Ttr d (g,¢)UM = {(k,O}, k = !ctr} 

T¢ d 
(g,r/>)UM ::;: {(O,x)}. 

Perpendicularity o~ these subspaces is evident 

@[g,¢)(1'.TT+ t:L +!'.tr+ l'.¢,Y/TT + Y/L ,c Y/tr + Y/¢) 

(3. 1 ) 

= <$[g,¢ JR TT ,ri TT )-IG[g,¢_7rt,L ,riL )IG[g,¢ ]({ tr ,YJ tr )+IJS[g,¢](7;¢, r/') . 

In the above 4 spaces the vectors belor..ging to T;~,¢)U= have 

negative length ( "ti.elike" vectore.) and the otilers have 

positive length ~"spacelike" vectors). 

tangent to the orbit, passes through the 

diffeomorphic to (g,¢) (see Appendix 

[6 , 10,11]: 

Mote thl:':t vectors 

point {g,¢) and i s 

A) , hav·e the f or11 

(CJ!l,Cz¢) = ('i7a2b +??>Za• ?c¢ f), 

and 
. L d tr d · .....d> d 

T (g, ¢)orbit c T (g,¢}UK <II_ T (g,¢)utf •T~·g,¢)utf.- (3.2) 

As on a mani f o l d of finite di.ension, on U= there exists a 

Lev i - Civ i.t a connecti on, i.e. a Ri~ian one without tor8ion 

[15 1 . In t hat case, as it 

(cf . [ 3, 12 ,16 ] ), 

10 

is shown in Appendix B 

r[g,¢](k,x;w,p;b,fJ) =JM dJ(g) {-tr(k)tr(w}tr(h) 

+3 tr(k)tr(wxh)+tr(w) tr(Jcxh)+tr(b)tz-(IP<w) 

-4tr(Jcxwxh)+tr(b)xP+tr(w)xfJ-tr(k)f)&}, 

!Rtem{g,¢](w,ip ;k,x; J ,a ;b,& J=JM(j.I (g) {(l/4Jtr[(k:J<.1.u-wxk.)x (bxl - lxh)] 

+x2 [tr(.bx,w)tr(k )tr( 1)-tr( lxw }tr(k)tr(b)l-tr(Jcx ljtr(w )tr(b)-

- tr(Jcxb)tr(w )tr( l)+d[·tr(wx l)tr(Jcx b)-tr(b.xw )tr(!rJ<. 1)} 

+tr(k}tr( l)&p - tr(k)tr(h)'Pa +tr(w } 1:r(b)Xa-tr(<" )tr( l)xf> 

+d{tr(wx l)x;fJ-tr(wxb)Xa+tr(Jcxh)pc;-tr(Jcx lN&}]}, 

or (see eq._(C.4)) 

!Riem[g,¢](w,ip ;k,x; l,o ;b,fJ J=JM4i (g} {1/4)tr[(k:xw..i;;xi)x (bxl-lxb)] 

-1«2· {tr(wx lJtr("i-J<.b) - tr(hxw )tr( ix lJ 

+tr(wx 1Jx;&-tr(wxli)xa ,_tr(kxh)pa-tr(lx l}p& J J, 

where 2 d - tr(w} - TT · d -'· d 
>t -16(d-l)' w=w~g, weT (g,tJ>)Utf • Tf11,f>Ju.tf. 

Note that Ricci (!Ric) and scalar (!Jt) tenso~ not always 

exist on infinite dimensional •3nifolds. Appendlx C (eqe.(C.2), 

( C. 3), ( C. 5), C.13)) iaplies 
!Ric [g,¢ ]( k,x; .t:,X)"'( d--6)( +G>), 

'.X[g,¢P.(d-6}(-l<X>)2. 

There!'ore, if d=6.- then• 

!"!tic[g,</>J(k,x ;.t:,xJ=O, 

'Jt[g,t/> J=O . 

•Therefore, it is meaningless to write !R in the Wheeler-DeWitt 

equation, so :f;;r as 9t is 0 or ±ro [2]. 

11 
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And if we corusider •scalar fields, then eqs. {C.9),{C.10} 

!Rk fg,<1> ](k,x. ;k,x. p.rdl-1 d+2a+4J f-IU>J, 

!Jt[g,</>J:><.(cl--1d+2a+4){-IO.>i2. 

These relations show that in case of saall diaensions and few 

scalar fields in c-Superspace there exists a 

1.natability. The geodesical flow o~uch c-Superspace 

instable than in case of. larger diaen~ions or m.any 

(cf.[17]) . 

4. Dyn-ics.in Superspace . 

certain 

is aore 

fields 

Let us consider some W-superspace and investigate geodesical 
i'low given 'by the ~metric on it. That geodesical flow 

coincides with the dyn-ical syste.o defined by the following 

Baailtonisn [9], 

ut[ g,¢ ;rr ,pJ=C 1/2) · CIJ-l [g,¢ ](rr ,p;rr ,p). 

Let us consider now the stability of this geodesical flow 

(cf. [19]) corresponding to a velocity-doainated IJniverse (18]. 

Me describe the projection of two neighbouring geodesics on the 

subllanifold of the hoaogeneous conformal metrics c-HC, 

(cf . [ 3. 12, 20] ) 
d c-BC={(g,¢)eUM, (N,g,r/>)-h~eneous, { (x)=const, t/>{x) =conBt}, 

where 

and therefore, 

{ (x.) = 
1 

(detg(z))i 
x 

L(s}:::{ o~C (s) . 

12 

(I' 
I 

As shown in Ref.[3], there exists !m ell'ponent.ial iDBtabilit.y on 
c-HC, i.e. 

LacfsP<~P<AsJ, 

where 8 is an affine P8rtt11eter for the geodesics 

c-HC [12] 

g~ -~ 

and [3], (see A.PPendix D), 
ds - { 2 ' 

s 

X = aax{(-<..>1)112, wi <OJ. 
i 

How we evaluate X~ ll'c;J.{C. 7) implies 

n d 
I: If fr1 ,u} = R1c (u,u} = - ~. i=l c c ~ 

proJected on 

where r1 and u are vectors fro• c-HC and are orthogonal 

other, n is the dimeD8ion of c-HC d{:+l) 

n = d(:+l) -2, therefore 

to each 

-1-l{vector u}, i.e. 

1 D 
<If (:i)> = - I: 

C Di=l 

Following ref.[3], 

/fc(v1 , u) =-:a=-

2 d 
X>O and X > d(d+!) 

4(~ -2} 

and ref.(12] iJQ>lies 

L(s) ~ { exp()...8) . s 

d 
4f-!.-<<H11 - 2) 

2 

{

( s - s 2 Jq+ ( s-s1 }q- ··u11e1U::e· Beodesic 

L(a} = --12C(c-s
0

}q+ ·nu11· geodesic 

( s-s1 /
1
+ (s2 - l!l)q- ·spaceliJre• geode-aic . 

(4 . 1) 

,where c
2 

= H
2

t'c.
2 

+p
21• p = ~i (dl>/dBJI o· 

' 1 Xa 
ds0 /ds = 0, q± = 2<1± -cl- Which implies 

Bl = Bo -c, 82= Bo +c, 

t.hat, for s .. +co, 

Ul 



{

s •ti11elike· geodesic 

L(s} ~ ,-IZ"'csq+ ·nu11· geodesic 

where q+ < ! ( l+>-./H-). So, ''timelike· and ·nu11· geodesics 'have 

weak instabilit y ( :for these geodesics the Lyapunov 

characteristic n1111ber is 0). 

In ·s~acelik·a· case, in a :finite interval o:f •time· 

l>.s =s
2

- s
1 

=2c, L(B) becomes +oo. This means that •spacelike· 

geodesic is very unstable (:fer these geodesics the Ly~punov 

characteristic number is +oo) . 
Consider now the dynamics with the following Hamiltonian in 

lf-superspace [10-13] 

where 

tK [g,¢ ,n ,p]=(l/2)· CJ!-l [g,¢ ](n ,p,n ,p)+V[g,¢], 

V[g,,PJ=JM . 4' (g){-R(g)+(l/2)H apll 2+F(rJ> }}, 

u <11>n 2=J1b<P I a<P I b. 

The dynllllics glven by this Baailtonian corresponds to 

Einstein's equations, if adding the co»Btraint equations [11] 

tK[g,¢;n,p] =O, 

a 
!pbfg,¢ ;n ,p.J= - 2rrb la + .PP I b=O. 

These equations deteYWline only initial conditions. but not 

~:ynaaics. The equatione corresponding -to the Baailtonian are 

[10.11]. 

'VxX=-'CJ!ts (dV)=-Q'rOb(V}, 

where Q is a covariant derivative on the 11-superspace (see 

Appendix B). 

r = {~· : )eru:, 

14 

and 
- d VZ - (w,x)eTUM 

we have 

J .rl { dV - dV} 
(dV,Z) = ZY= M ax dgab wab"dPX 

=J 4' (g) {(Ricab (g)-4>1a.plb µal>+ tr~w) { - R(g)+(l/2)11dl>ll2+F(rJ>)}+ 
M . . . 

+(F' (¢)Mt/> )X}, 

where 

!>.¢ = -J1b¢I F'(<I>) = dF(rJ>) 
ab, di> · 

Then, 

: =(detg} {(Bicab (g}-4>1arplb )+(1/2}{-B(g)+(l/2)11 ap
2

11 +F(¢>)Jg
81 

ab 

~ = <•htg}or<4>J+A<J>J. 

Therefore, 
. 2 

<ct ,vxr>=-<.d!. ,9-,:ob (VJ> =H 2 r. -{(d-2)[-B(g)+-11 ot>ll2 J+d· F~ )} , (4.2 

(dr)A ,Vx"l:>-=-<.dr/• ,9-rob (VJ>= ~b {Ricab (g)-4> larplb J, (4. 3 
A 

<di>, Qx'r>=-<dt> ,9-rob (VJ>=-(F' (<J> JM.¢). 

Be.l:'e the following exPressions have been used [3,12]: 

86ab _ 4 - 1 r"6ab g8~-
~ - d r, gab' trl:-T J - 0, 

8T) 

(4 . 4 

where {c£.[3,12]) ~{x); Y)A(x}, A=l, . .. ,d<:H) 

coordinates are chosen such that 

1; <J>(x)- 'I 

11, 

15 



8 tr: d 8 TT d r~.d 8 ¢ d 
IJ{ ( ) eT u11 , -A-- eT u11 • T~!I' II¢( ) eT u

11
. x a.,., (x) x 

It is known that this syste• of equations has inflationary 
solutions, 

hence, 

t:~ 0 exp{{d/'l)Ha}, nAoc n! = cons-I', 

¢ oc ¢ 0 = conat, F'(¢
0

)oc 0, 

sraJocsroJ, 

L(aJ = t: sI".acfsJ oc const.exp{(d/2JHaJ, 
i.e. inflationary solutions are unstable . with 

conforaal perturbations <Lac<OJ>O). 
In general, when 

l<dnA,'il'xl).l»l<dnA, g.-a~(VJ>I, 

respect to 

i.e.conformal geometry changes very quickly a~ ·co•pared with 
the conformal potent.la!, then 

or 

and L increases 

L(s)={ sexp(>--afs [cir/~; JI), 

dlri; 
dL(a) = [- --s + <>A ) L(s) 

dB ds e2 ' 
s 

exponentially, if 

' dlri; s 

Ciil 
aA 
~ OC COD.Bt 

es 
(e.g . e ()( canst). 

So,. L increases exponentially, if 

I. es oc exp( (d/2)Hs), local volume of the Universe increases 
expo,nentially- (inflat.ionai;y Universe), 

« - ' 
IL d! <X 0-, the Univel"se changes local conformal metrics 

very quickly as co•pared with the conformal potential, 

the local volume unchanged (coniormal Universe). 
leaving . . 

16 

5. Conclusions 

So it is clear that in any lf-superspace, therefore in the 

Superdpace, the Kinstein dyna•ics and the geodesical flow are 

unstable. The instability is exponential, if 

1) the gravitational and •aterial fields ar~ changed very 

quickb as co•pared ~ith the potential (velocity domi.nated 

Universe [18]), thP. case of geodesical flow . Notice that with 

small dimensions d and few scalar fields • the geodesical flow 

is .are unstable, than in- case of larger dimensions or many 

scalar fields. 
2) t.he Universe is inflationary in some local domain , 

(inflationary Universe). 
3) the Universe does not change its volume in soi.e locsl 

domain, but cha11Bes the conf~raal geometry, (conforma l 

Universe). 
In such cases the instability of dynamics i•plies that: 

a) the _quantified ~yste• OD a subaanifold of finite 

dimensibn (e.g. the •inisuperspace) tells us very little about 

the ·real, co•plete• quantized syste•, because according to the 

Heisenberg uncertainty principle there are always virtual 

perturbations along other frozen directions, and these 

perturbations are unstable, 
b) in the ·Superspace (aoreover, in the minisuperspace) the 

se•iclassical approximation is close to the q •11antu• 
2 - 1 

approxi-t.ion only during a short t.i- [21,22], t i nf oc d H 

- 1-
for i-.iflat.ionary Oniverse (11>'1). and tconi" ~) for "conforaal 

0n1verse" r~2 » 1 and C4. t> illplies that tconf< -f2cdt-oc: 2 F
1

) 
'-t ' <, 

· In further investigat.ions. where the complete Ram.iltoni an 

will be consi dered [2] without preli•inary c o ndition , we shall 

give final answers to t.hese que st.ions (see Int r-:>duct.ion) . 
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Appendix A. 

Let Q be a s-.ooth manifold and K(Q) a vector bundl~ over Q 

with a projection n: E( Q) -+ Q. Denote the group of (orientation-. . 

preserving) dif:!eo110rphisas of Q by Dlff{Q). Consider now an 

equivalence relatiou on E(Q). Ne say that £1eE{li') is equivalent 

to £
2
eE(Q), £1~£2 , if 3teDiff{Q) such that t*{ £1 )=£2 . 

and 

Let (l'(Q) be a space of all the equivalence classes 

E(Q) 
(l'(Q) = Dlff{Q)' 

orbit(f) = {yJ e E{Q), >µ ~ f}. 

In that case 11e naae the -hers of E(Q) ··c-objects" (c coaes 

··fro• the word "coordinate") and the ae•bers of <I' { Q) we tuUle 

"objects". so· ~ defining soae "c-'object" Cc-world, c-Oniverse, 

c-Superspace) we shall have an "object" (world, Oniverse, 

Superspace). In this paper the snbol ·c·· has only this 

meaning. 

Appendix B. 

. d . 
If f is '' function defined on UK, then by Df(x) we denote 

the derivative of the func1;ioli. f . and by Df.w(x) the ·17alue of 

the derivative on we TXU~ · [b]. Motice that toe following 

formulae are ·(.rue (here DJ'-.h = 0 = Dgl.h and k.,1,h.: s2 (K)) 

18 

Dgfclµ(g)] .b = tr~h) <J.i(g), 

_ Dg8Ab.b = -bab, 

D
8

(tr(k)).b = -tr{/c><b), 

D
6

( tr(kx l)) .b = -2tr(lc><lxb), 

tr(k;<lxb) = tr(lxk.xb}. 

We have Levi-Civita connection, therefo~ [15] 

where 

r[g,¢ ](k.,.x ;w , v ;b,f>) = (1/2) {D ~['g,¢]. (b.,f> }(k,x ;w ,f> J 

+D ~{g,¢]. (w,'P)(k,x;b,f>)-D <Mfg,¢]. (k.,x)(w,'P;b,f>}}, 

D~.l = Dt/1.1 = D
8
w.l = 0, 

Dif>;;: .o = D,:j/~ .o = Dif>'P .o _ = 0 

d V( l,o )e TUI!. 

D <S[g,¢]. (h,f> )(A,x,;w,'P J=Di~fg,¢].b;fk.x;w,p )+Dif>~['g,¢}.f> (k.,7' ;w,'P) 

= D6W>[g,¢J~Ji(lr.,x;w,p) 

=.»6{J6 <.tJ(g)(-tr(k)tr(bJ+tr(k.xb}'*Xf>}}.h 

=Jff<J.i (II}[' (1/2)tr(b)tr(k.x~)} +tr(w }tr(l»<.k.)+tr(k.}tr(l»<.w) 

-( 1/2) tr{k)tr{w)tr(iJ)+(l/2) tr{b)xf>-2tr(l»<.k.xw)]. 

Therefore, 

r {g,f>J(k,x ;w,9;b.,f> J::J6 d-1(11)(-tr(k.}tr(w}tr{b.) 

+3 tr(k.}tr(wxb.)+tr(w }tr(kxb} .,·tr(b.)tr(k.xw) 
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-4tr(Jcxwxb.)+tr(b.}:x,:>+tr(w )xft-tr(k),:>&}. 

For any vector fields X, Y, ~. U E T"&l: the covariant. derivative 

and the !Rlem tensor are defined as . 

II "l.,r;="lX.Y= D:C.Y. -r" [g,r/>]{r[g,¢](· ;X;Y}), 

!Riem [g,4> ](:C, Y)Z:;;{['l X' 7 yl-7 [X, Y]}Z, 

!Riem [g,r/> ]{U, Z, :C, Y)=<5[g,r/> ](U,'Jt.lem[g,¢ ](X, Y)Z). 

Then, one can see that. 

!Rlem [g,¢ ](w ,,:> ;k,x; 1,o ;h,&) 

=(1/2£V"fg,¢ J. ( l,c; k,x )(w ,,:> ;b.,& J-V"fg,¢]. (h,f7 ;k,x)(w ,,:>; 1,c) 

+#-~[g,¢]. (b.,& ;w,,:> )(k,x; l,o J-Jl-"fg,¢]. ( l,o ;w,~)(k,x;h,& )} 

where 

~-l [g,</>]{r [&,¢]{- ;k,x; 1,o) ,r· [g,¢1( · ;w,tp ;b.,& )) 

_..-l[g,</>]{r[g,¢](· ;k,x;h,&),r[g,¢](· ;w,,:>;1,o)), 

V$[g,¢]-. ( 1,o ;k,x)(w,,:> ;h,& J=D[D $[g,¢] . ( 1,o )]. (k,x)(w,tp;h,& ) 

=(1/4J Hcf.; (g) {tr( l)tr(k)tr(wxb.)+2tr(b.)tr(k)tr( lxw }+ 

+2 tr(w)tr(k)tr( lxh)+2tr( l)tr(h)tr(Jcxw)+2t.1!"( l)tr(w)tr(lcxb.)+ 

+2tr(w)tr(h)tr(Jcxl)-4tr(k)tr(lxwxh)-4tr(l}tr(Jcxwxh)-

-8tr(b.)tr(k-<wx 1)-8 t:r(w) tr(lcxb>< l)-4tr(wx l)tr(Jcxh)-

4tr(b.xl)tr(Jcxw)-2tr(wxb)tr(Jcxl)-18tr(Jcxlxwxb.)#Jtr(lx/J:xwxb.) 

#Jtr( lxwxltxb.)-tr(k)tr( 11+.r(h)+(tr(k)'tr( 1)-2tr(ltxl) ).,:>&, 

~-l[g,if>J(r{g,¢](· ;k,x;l,o),rfg,¢](· ;v:,,:>;h,&J) 

. 20 

=(l./16].f Mcf.; (g) {d/(d- l)tr(k}tr( l)tr(b.}tr(w) 

+4[tr(hxwxlxk)tr(hxwAk:Al)+tr(hxlxk:Aw)tr(hxk:A lxw)] 

+(3d-2)/(d-l)[tr(k}tr(l}tr(b.xw)+tr(h)tr(w)tr(Jcxl)] 

+tr(b.)tr(k)tr(wxl)+tr(h}tr(l}tr(wxk)+tr(w)tr(k)tr(hx l)+ 

+tr(w)tr(l)tr(bxk) - 4[tr(h}tr(wxltxl)+tr(l)(Jcxhxw) 

+tr(w )tr(Jcx lxb)+tr(k)tr(hxwx 1) ] - {9d-8 )/( d-1 )tr(hxw )tr(k:A 1) 

+(3d-4)/(d-l)(tr(b.xw)xo+tr(kxl)&,:>)-(d-2)/(d-l)(tr(h}tr(w}xo 

tr(k)tr(l}&tp)+(tr(h)'f'+tr(w}& )(tr(l):x+tr(k)o )}-d/(d-l)Xf7'{W. 

Therefore, 

!Rlem [g,¢ }(w ,'P ;Jc,;.;; l,o ;h,& J=JMcf..i (g) (1/4) tr[(Ji::><w-wxk)x (hx 1-l·<h)] 

-He2 [tr(bxw )tr(k)tr(1 )-tr( lxw)tr(k)tr(b.}+tr(Jcx l)tr(w )tr(h)-

-tr(lr.<b.)tr(w )tr( l)+d{tr(wx l)tr(Jcxb.)-tr(bxw )tr(Jcx 1)} 

+tr(k}tr(l}&,:>-tr(k)tr(b.)ipo+tr(w)tr(h)Xo-tr(w}tr(l)X& 

+d{tr(wx l)xft - tr(wx h)xo+tr(Jcxb.)'Po-tr(Jcx l)&tf>} ]} . 

Appendix C. 

We can consider the aet.ric <il on U~ as follows(cf.(12]) : 

" - J cl1xrr Superspace - M lloaolfeneous 
= lia {v(IJJ ~ fi- ' } 

N-+oo II i= 1 B090#feneous 

where 

v( NJ=J 14J1x, 
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<i" Ho.ogeneous=-~ 2 
(X)-Nt

2
{ 

2 
(x) r<l1;;onformal 4,J 

. 2 2 2 d":. 2 
=-CJ: (x)+<t t; (x)(TConformal+dP (x}), 

then, 

r = f cf1xrx = li• {v(llJ : ri} ' 
B It B ... N I.. H , 

U1'00 i= 1 . 

!Jt~«m =Jtlcl1xRie-:=li•lf v~ll~~ Hie-fi} , 
B N+oo i=l 

(C. l) 

!Ric =f1tcf1xaiC:=li• {1 · ~ Rici.} 
B N+oo i=l • 

(C.2) 

!R s=f Mc/1x~=lim [v(ll)J- I: ai . 
{ 

1 N. } 

N+oo N i=l 
(C.3) 

Using these relations we co-.put-e !Riem
8 

by Rie~ . Notice. that 

~ = -d:2(xJ + k.2t;2(xJrro1> 

= -~ 2 (xJ + ,,.2r:2 (x)(rr + d:/>2 (x J J 
c 

= -d;2 + ,,.2t;2(G +cl:P2 ), 
c 

~= - cR: 2
+f(< )GO</> , 

i.e. GB is torsional 11Ultiplication of -cJ: 2 and Gc ¢ [23 J . If vff 

is a covariant derivative o-f (;8 , ~ o-f - cl: 2 , v ol> of Gof, , then 
[23]. 

H t; c¢ 1 . 
v-;r~ x ye .fix,.,.,. YC'f> +if.K,; (rp)Y c¢ +~ ( rp )Xe¢ -Ge¢ (X.,P' y c¢ ) gra<4_ ( rp ) ] , 

. t; ..._..,, 

where (X:{ ,Xe¢ ) the natural :projection cf X:, i;; = l n [f ( t; ) ]= ln(.>< 2t; 2 ). 
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Rie-.irx, YJZ=Rie9t; (A/;,~ )Zt; +Rieaa/>(Xo/>, YaP)ZaP 

1 
+z{h'IJX;: ,Zt; )Y o/>-bip (Yl!. , Z;: )Xe¢ +Go/>(Xof, .Zo/>)Hip (Yr,) 

-Goi,(YaP, ZaP)Hlf,(.K,; )}+l[{.K,; (VJ )Zt; (VJ )+Ga/> (Xe¢, Zo/>)11dl;;ll2 JY c¢ 

2 -{~ (VJ)Zt; (VJ)+GaP(Ya/>,ZaP)lldl;;ll }Xe¢ 

+{~ (VJ )Ge¢ (Xe¢, Za;,J-.J/; (VJ )Ge¢ (YO'/>' Zo/>)}gra'+ (VJ)], 

where 

_cl-VJ 
\,(~,~)-d;2 ~Y;:, 

2 

II ~11 2=-[:], gra'+ (VJ J=- ~, 

~ (~ J= J?~ .J/;, Rie8( =O, 
d; 

the ref ore 

And 

Bi~(X,YJZ~Bie•crl>(Xo/>,YaPJZa/> 

2 
_,,. {Ga/>(Xc¢,Zc¢)Yc¢-Gc¢(Yol>,2c¢)Xa/>}. 

a1-ato.z.x,YJ = ,,_
2

1;
2

ra1-a/>tuo1>.zc¢,xaP,Yot>J 

2 
_,,. {GaP(Xo/>, Zo/>)Ga/> (Ya/>' Oo/>)-Gcl>(Y a/> Za/>)Gcl> (Xai>, U a/>)}] . 

If U = (k.,x), tben Uc/> = (k,x) (here Y = (w ,& )) and 

Gel> (U, YJ=Gcl> (U cl>' Y c¢)=tr(f.,.t;; )+Xf> . 

Hence it follows froa eqs. (C.1 - C . 3) and [3], t hat 

!>tietu [g,¢ ](w , 9;k.,-;,:;1,a ;b,& J=f 11cJ..i (g) {1/4)-tr[(kxw-<c)x k jx (bx 1-lxli. )] 

-Nt
2

rtr(wx1Jtr(°k-"-h) ·-tr("iv<w Jtr(k"-l ) 
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And 

+tr.(wx lJ;r.&-tr(wxli.)'Xa+tr(kxh}l>c-tr(kx 1Jip& J J. 

Ric · = d(d-6) G 
11 32 <YP' 

IL = d(d-6) d(d+l) 
-ll · 32x2~ 2 2 . 

(C.4) 

{C.5) 

{C.6) 

l!'ro• [3] we have 

Ric c = -{a/4 JG c' 
{C.1) 

Re = -(d/·tJ{d{~-1) -1}. (C.8) 

In the general case, if there are • scalar fields, 

d ., 
RicH=32(d-l){d"-1d-f2.+4JGCYP, {C.9) 

8u-
2 

d
2 

{cr-7d+2•+4}· (d(d+l),/2-1+•)- (C.10) 

32x ~ (d-1) · 

Appendix D. 

Notice, that in HCthe instability of geodesical flow does 

not iaaediately follow fro• [3], i.e. fro• instability on c-HC, 

because only the existence of 2-surface is shown. on which 

two-diaensional curvature K=const < 0. But in the general case 

(not only hoaoe:eneous Oniverse) that direction can be froa 

spaces tangent to the orbit ~we aean conforaal orbit). Hence, 

we say that two c-Oniverses are going ellJIOnentiallY away , fro• 

each other. bl.lt in fact ·t~is aoveaeni is along the orbit. It 

11eana that de~rting c-conforaal Oniverses (conforaal aet.rice) 

can be very close Oniverses (co·il.for.al geometries), while the 

a-Universes can differ aucb . 
Row let us show that there is a vector orthogonal to the 
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velocity of geodesics, which is not tangent. to the orbit, 

on the 2-surface extended on that vector and velocity 

geodesics, st=const <0. 

Aesuae that k is a vector tangent to the 

field on IJ and consider tali:~ any (1 vector 

where 

f1 f1c 
c 

!Sab=/?a/?b-~ 8ab 

geodesic.._ 

<r#[g,¢> 1 ('.8 ,!8 J=l, 

It is clear that 

a b ab r>
1
,p + r1-2/dJ/? r>ia= o. 

Let 

and 
of 

us 

. f a b2 c ac b st(k,$)=!Rtem(k,$,k,!8J= M4i(g){(f? ka~ } -((3~ )((1 kakc~ J,Y-0. 

Choose /? s~ that 
a b_ 

(1 kab/? - 0. 

There exists such /?, because tr(lc}=O, tr{lr'.<lc)"O," which aeans 

that (the saallest eigenvalue of the aatrix ~) < 0 < (the 

biggest. eigenvalue of the aat.rix ~)- On !8,st(lc,!8} = const < 0 . 

As ~la = o. then !8eTI!,¢>)u: and we have "(see eqs.(3.1), (3.2)) 

V(g,¢>,}E~:. !BeT (g,¢>)orbit, on which the statement aade. above is 

based. 
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