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11. A. EAr LIACAPJ!H 

fEOMETPl15! MATEMATl14ECKl1X ~PAKTAJIOB 

npHMeHHTenbHO K ~paKTanaM nocTpoeHa HOBaH reoHeTPHH, B 

KOTOPOA TaKHe reoHeTPH4eCKHe nOHHTHH, KaK HeTpHKa, Hepa 06beHa, 

rpynna npeo6pa3oBaHHA H TaK nanee HenpepblBH~ OTHOCHTenbHO TaK 

Ha3blBaeMoro napaHeTpa nocTpoeHHH ~PaKTana. Ha npHHepe HecKonbKHX 

~paKTanoB noKa3aHo, KaKHM 06pa30H 3Ta reoHeTpHH MO~eT npHBOAHTb K 

KOHe4H~ 3Ha4eHHHH reoHeTPH4eCKHX Hep ~paKTanoB, KOTOpNe B 

npe~eA reoMeTpHH OKa3blBanHCb paBH~H Hynro HnH 6eCKOHe4HOCTH,' 

npH4eM npH CTpeHneHHH K Hynro pa3HOCTH He~y pa3MepHOCTbro ~paKTana 

H pa3HepHOCTbro Ha4anbHoro HHO~eCTBa, Ha OCHOBaHHH KOTOporo 

CTPOHTCH ~paKTan (pa3YMeeTc~, npH HanH4HH B03HO~OCTH TaKoro 

npenenbHoro nepexona), OHM CTpeHHTCH K reoHeTPH4eCKHH HepaH 

COOTBeTCTByrolllHx Ha4anbH~ HHO~eCTB. 

EpeBaHCKHA ~H3H4eCKHA HHCTHTYT 

EpeBaH 1990 
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GEOMETRY OF MATHEMATICAL FRACTALS 

In conformity with fractals, a new geometry is constructed, 

in which such geometrical concepts as metrics, volume's 

measure, transformation group, etc., are continuous relative to 

the so~called fractal building parameter. It is shown on the 

example of some fractals how this geometry can result in finite 

values of · fractal's geometrical measures that were proved to be 

zero or infinite in the former geometry and besides, when the 

difference between the dimension of the fractal and that of the 

initial set on which this fractal is built up approaches zero 

(of course, if there is a possibility of such limit 

transition), they aim at geometrical measures of corresponding 

primary sets. 

Yerevan Physics Institute 

Yerevan 1990 
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1. INTRODUCTION 

The so-called mathematical fractals [l,2] are the sets 

generated as a result of an infinite interpolation with 

dimensions that in general differ from those of initial sets on 

which they are built up. Application of usual Euclidean 

geometry to them leads in most cases to zero or infinite values 

of geometrical measures of these sets, except for the so-called 

"thick fractals" [l,2]. 

As an example, let us consider the Cantor set obtained from 

the segment (0,1] by throwing out the q-th part of 

segment got on the previous step (Fig.l). 

The Hausdorff's dimension [1,2] of this set is 

d = ln2/[ln2 - ln(l-q)] , 

every 

(1.1) 

whereas the length L(q) that represents the sum of lengths of 

segments remaining after infinite discarding, is 

L(q) = 1 - q - (q/2)(1 - q)2 - ... = 1 - q(l/q) 0 ( 1. 2) 

It is noteworthy that the length L(q) is equal to zero 

identically for any q>O, suffering rupture in the point q=O, 

because L(O)=l and does not actually distinguish between 

different q. 

Let us now turn to the fractal curve (we call it 

"continuous Cantor curve", since it is built up on the basis of 

the Cantor set (Fig.l)) derived again from the segment (0,1] 

according to Fig.2, all the segments of the broken line being 
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taken equal amongst themselves. The Hausdorff's dimension of 

the curve is 

d = 2ln2/[ln2 - ln(l - q)) ( 1. 3) 

And the length L(q) turns out to be infinite 

L(q) lim [2(1 - q)]k = oo , (1. 4) 
k+oo 

since in accordance with the construction O<q<l/2. Thus, in the 

case of the continuous Cantor curve too, the length L(q) being 

determined in the usual way, does not distinguish between 

fractals that correspond to different values of q and 

suffers a rupture at q=l/2 as L(l/2)=1. 

besides, 

The self-similar fractal shown in Fig.3 

mentioned (we call it "ruptured Cantor curve"), 

should also be 

the dimension 

of which for the same value of q>O coincides with the dimension 

of the continuous Cantor curve (1.3), but at the same time, it 

has an absolutely different topological structure. As it is 

seen, in this case even the usual Hausdorff's dimension does 

not distinguish between these two quite different self-similar 

fractals. As to _the length determined in the usual way, 

infinite for both of the fractals (at O<q<l/2). 

it is 

But if for a stronger geometrical distinguishing we want to 

extend the measures of the corresponding pref ractal 

partly-smooth geometrical objects to fractals themselves (e.g., 

in case of the Cantor set shown in Fig.1 this measure is equal 

to the length), which are continuous relative to the building 

parameter (what is q for fractals plotted in Figs. 1-3), then 

we ought to change the geometry of the space around the fractal 

in such a way, that the geometrical measure of the 

corresponding prefractal objects in the limit of the infinite 

interpolation should tend to a finite value not equal in 
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general to zero (~ven in case of Cantor sets with O<d<l [l], 

where dis the fractal dimension), since only in this case 

there is a possibility for the limit transition (qo q+qo 
corresponds to the initial set) after infinite interpolation. 

How we will construct the eigengeometry of just this fractal. 

2 . EIGENGEOMETRY OF FRACTAL 

Before constructing the geometry of a mathematical fractal, 

note that no finite-dimensional space will do for this, if 

required that the volume measure of the neighbourhood of an 
arbitrary point of a fractal that is in a power dependence with 

the diameter of the neighbourhood with index d defined as the 
fractal's dimension, should be represented as a product of 

increments of coordinates at a given point of this space (since 

it is known that the volume of a range in the n-dimensional 

space given in this way is proportional to the n-th degree of 

the diameter of this range) and beside this, at the limit d+d
0

, 

where d0 is the dimension of the initial set, without 
additional limitations on the group of admissible 
transformations (see below), and correspondingly on the space 

on which it acts, all geometrical values should tend 
continuously to their d

0
-dimensional analogs. 

Here Refs.[3,4] should be also mentioned, where the 
infinite dimensionality of the space put in correspondence with 

the dimension d, but in some other aspect, necessarily follows 
from the postulated relations laid on the metric tensor. 

Proceeding from the aforesaid, let us define the infinite 

space with basis vectors {~.(u)}~ 
1

, where u=(u1 ,u2 , ... ) are 
1 1= 

coordinates of a point in this space. Correspondingly, let us 
define the differential of the vector di and the metrics ds 2 as 
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where 

to be 

d°ti dui ~- (u) 
]. 

2 i j 
ds = G .. (u) du du 

l.J 

( 2 .1) 

( 2. 2) 

G .. (u) is the metric tensor. Repeating indices are meant 
l.J 

summed from l to oo. Both, the basis vectors and the 

metric tensor are assumed to be dependent of d and d-d0 . Since 

G .. (u) = ~- (u)~ .(u} , 
]. J ]. J 

( 2. 3) 

it follows from invariance of ds
2 

under transformations 

that 

~'.(u') 
J 

G' .. (u' ) 
]. J 

i 
ou ~. (u) ' -- .. ]. 

ou' J 

auk a l 
--- u 
ou'i ou' j Gkl(u} . 

(2.4) 

(2.5) 

We define the volume measure invariant under (2.4) in the given 

space as: 

where G(u) is 

dV 
u 

the 

lim 
N-+oo 

N 

n 
m=l 

determinant 

dum ;-;;::;; 

pm 
Am 

of the 

(2.6) 

~ 

infinite-dimensional 

A 
m matrix G .. (u}; A >O,p >O depend on d and d-d0 , by the way, 

l.J m m 
have the same dimensions as um; p are dimensionless and, as by 

m 
definition the dimension of the volume in (2.6} is equal to d, 

then 

lim (N -
N-+oo 

N 

E 
m=l 

pm) = d . ( 2. 7) 

Let us demand that at the limit d.+d0 (implying a continuous 

dependence of the dimension d on the fractal's building 

6 

parameter q) all of expressions (2.l)-(2.6) should turn 
continuously into their d

0
-dimensional analogs. Por this 

purpose let us choose the metric tensor G .. (u) in the form 
l.J 

Gij(u) = Gij(u)•wi(u)•wj(u) , (n. s.) (2.8) 

where (n.s.) means "no summing", G .. (u) is a sufficiently 
]. J 

arbitrary matrix turning at the limit d-+d
0 

into 6 . . , and 
]. J 

wm(u), Am(d,A), pm(d,A) functions, where A=ld-d
0

1, have the 

following properties at d-+d
0

: 

wm(u) { l, ~d0 
--+ o, m>d

0 
(2.9) 

pm { l, ~d0 w (u)/(A ) 

---+ 6(um), m>do 
m m (2.10) 

where 6(um) is the 6-function that depends on 
um. Furthermore, the form of the metric tensor 

the coordinate 

(2.8) remains 
the same after the following general coordinate transformations 

. u' i i l 
P (¢il(u ), 5 

¢i5(u), ... ) , (2.11) 
where 

J[ 

¢i (x) = f w (t)dt, a~l s s (2.12) 
0 

and Pi(x
1

, ... )=0 at d=d0 for i>d. Thus, at the limit 
d+d

0 
the 

continuous transition of expressions (2.1)-(2.S) into their 

measure 
~orresponding d0 -dimensional analogs is secured. The 

(2.6) consists of the product of 6-functions depending 
on the 

coordinates um for m>d, and after integrating on a range that 

includes points with um=O for m>d
0

, turns into the measure of 

this d0 -dimensional set. 
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In this geometry, within the framework of group-forming 

transformations (2.11) any tensor T. . . . (u) given on the 
111213'''1p 

fractal has the form: 

T . . . . (u) 
111213···1p 

T. . . . (u) w. (u)w. (u) ... w. ( ) (2.13) 
111213 ... 1p 11 12 1p u 

where T. . . . (u) 
111213 ... 1p 

are sufficiently arbitrary functions. 

Since for any 2-valent tensor T .. (u) that continuously depend 
1) 

on d according to (2.13) we have 

00 

det(T .. (u)) = det(T .. (u))'( 
1 J 1 J 

n w (u))2 
m=l m , 

then requiring, that in correspondence with continuity 

matrix T .. (u) 
1) 

lim 
d--t 

(T .. (u)) 
d 1) 

0 

l~i, j~oo 

lim 
d--+ d

0 

CTcx/1Cull 

l~a.~d0 

(2.14) 

of the 

(2.15) 

there should be continuity relative to d also for det(T .. (u)), 
1) 

we derive the relation 

00 2 -
lim det(T .. (u))• lim 
d -+d

0 
1 

J d -+d
0 

( n wm(u)) =lim det(Tcx/1(u)) 
m=l d-.d

0 
(2.1~. 

from which the necessity of the infinite dimensionality of tfe 

space put in correspondence with the neighbourhood of 

fractal is evident, because in the finite-dimensional case 

the 

th~ 
..... 

equality analogous to (2.16) is in general not true because of 

the property (2.9) of functions wm(u) and arbitrariness of 

functions T .. (u). Then it follows from (2.16) (also through the 
1) 

arbitrariness of functions Tij(u)) that 
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00 

lim ( n wm{u)) ~ 0,oo . 
d-+d

0 
m=l (2.17) 

An example of wm(u), Am(d,6) and pm(d,6) functions that satisfy 

the relations (2.7), (2.9), (2.10) and (2.17) is given in the 
Appendix. 

By integrating (2.6) over -&m/2~u~cm/2, ·~1 segments, 

cm meet the condition 
where 

lim 
m+oo 

jcmj /Am = l, ~do, (2.18) 

ensuring (along with the requirements A 2~o, 
. m 

Appendix) the convergence of the volume 
A 
2 ·r 2~oo at m m m+oo, see 

passing to values &=maxjcjj, l~j~oo 
obtain 

d 
6V"' & Fd(&) , 

and 

measure 

vm=cm/&, 

< 2. 61, and 

at &"'0 we 

(2.19) 

where Fd(&) is a finite function at &~O. Then let us cover 

fractal with a minimal number of ranges of the volume given 

the expression (2.19) which are necessary for its enclosure 

the infinite-dimensional Riemannian space. Let us 

the sum 

the 

by 

in 

N 
6V E 

a=l 
6V 

& 
a 

demand that 

(2.20) 

should tend to a finite value at max &a~O, l~~N, where 

maxje:j, l~mSoo, &: are local increments of coordinates in 

infinite-dimensional space, N is the total number of ranges. 

& = a 
the 

Then it is easy to show that 

lim 
max & ~o 

a 
l~~N 

. d 
[lnN - lnK + ln(c )] 

9 

0 , (2.21) 



d 
or co, & is the where K tends to a constant not equal to 0 

d-th power of values averaged over all ranges. 

Since in the infinite interpolation limit the neighbourhood 

of the fractal is 

infinite-dimensional 

put in 

Riemannian 

correspondence with 

space, the coordinates 

the 
a 

xk 

(l~iC>n) of points of the prefractal partly-smooth geometrical 

object at k<<k
0

, where k is current number of interpolation, and 

k
0 

is a critical number at which the geometry of the space near 

the fractal starts changing, in the primordial Euclidean space 

with dimension n (unambiguously bound up with d
0

) and the 

coordinates u~ of these points in the intermediate Riemannian 

space are coupled as follows: 

m m l 
Uk = gk(Xk' 

by the way, at k<<k
0 

m 
m 
Uk~ { 

xk ' 

0 , 

and also 

m 

xn). k , 

~~n 

m > n 

m ?:: l 

lim ~ = { xk , 
l~~d 

q-+q 

0 

0 0 , m > d 
0 

lim um _ m 
k-+CO k - U , 

m ?:: l , 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

where the value of the parameter q=q
0 

corresponds to the 

dimension d=d
0

. As to the connection between the metric tensor 

of the primary n-dimensional Euclidean space 6of3 and 

the limit infinite-dimensional Riemannian space Gij{u), 

realized by the intermediate metric tensor a:j(u) which 

10 

that of 

it is 

at k<<k
0 

must be 

k 
Gij(u) { 

6. 
:lo 1j 

0 ; i,j > n 

~i,~n 

and furthermore, 

lim ak.(u) = { 
6
ij 

q-+q i J 0 0 ; 

~i,j~d0 
i,j > d

0 

lim G~.(u) = Gi .(u) . 
k-+eo 1 J J 

(2.26) 

(2.27) 

(2.28) 

Since starting with some critical interpolation number k the 

geometry is changing according to (2.23), (2.25), (2.26) and 

(2.28), for self-consistency it is necessary to change the 

interpolation process itself. Por example, if in case of the 

Cantor set (Pig.l) at k<<k
0 

the middle parts of sevmenta 

coinciding with geodesics in the primordial Euclidean space 

(n=l) are discarded, at ~k0 the "middle" parts of geodesics no 

longer coinciding in general with sevmenta of the initial set 

[O,l], but being in one-one correspondence with them -ccording 

to (2.22), are discarded. 

Assuming a sufficiently partly-smooth 
m l n 

gk(xk, •.. , xk)' we have 

d d 
& = r · 6 

where I is a finite value not equal to O 

~~H. 6d is the average d-th power of 6 that 
a 

lengths of ribs of n-cubea covering 

behaviour of 

(2.29) 

at max & a +O, -

represent the 

the prefractal 

partly-smooth geometrical object in the initial Euclidean 

n-dimensional apace. 

With account of (2.29), from (2.21) we derive the following 

expression for the fractals corresponding to self-similar 

11 
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prefractal objects in the initial space 

d = lim lnH(6)/ln(6-l) 
6+0 

(2.30) 

that coincides with the definition of the Hausdorff's dimension. 

It should be added in conclusion, that the infinite­

dimensionality of the space put in correspondence with the 

neighbourhood of the fractal, is conditioned also by the fact 

that fractals · with dimensions of initial Euclidean spaces 

tending directly to oo where prefractal objects are disposed, 

can correspond to the same value of d, e.g., the same Cantor 

curve (Fig.2), but every nezt interpolation step of which is 

carried out in a new dimension. ThUs, the most general space 

corresponding to dii'd
0 

is infinite-di.mensional. 

3. CALCULATIOM OF GEOMETRICAL MBASURES OF FRACTALS 

So, the requirement of fractal measure finiteness (the 

thing is about the prefractal partly-smooth object's measure, 

such as length, area, etc., referring to the fractal itself in 

the limit of the infinite· interpolation) provides the fractal•• 

neighbourhood ~ith properties of a Riemannian space which turns 

out by necessity infinite-dime~ional. Furthermore, the 
m l n · 

partly~amooth behaviour of gk(zk, ••• , ak) function• in (2.22) 

for any ~l keeps characteristic feature• of the construction 

for the fra~tal'a . projeetion onto tbe initial Euclidean space . c; ~. . z; e.g~. there is a ••lf-siailarity for the prefractal 

object; it .will be kept for the projection of ·th• fractal in 

the limit of infinite interpolation). Therefore, it is possible 

to cildulat• independently th• dimension d of th• "fractal and 

it• geometrical .. a.ure. As to elements of th• length, area, 

etc._,/ then. when calculating the corresponding .. aaure, one is 

12 

to use their Riemannian generalizations. On the example of some 

fractals we show how the new geometry allows to obtain finite 

values for geometrical measures of fractals. 

Let us consider at first the fractals, the measures of 

which are lengths. In correspondence with the aforesaid, the 

shortest lines between the points formed on the k-th step of 

the interpolation, where ~k0 and k0 is a critical number of 

interpolation in the initial Euclidean space with n dimension, 

are not the straight lines that connect these points, but the 

geodesics, since the space around them is .no longer Euclidean. 

According to (2.2), taking into account (2.22)-(2.28}, the 

fractal curve length between P
1 

and P
2 

points is defined 

M 

as: 

Ld = min lim 
Mk+oo 

k I k i . . 
E Joi. <U:> duk du~ 

a=l J 
(3.l) 

where Mk is the number of 

prefractal curve between P
1 

links Ek of the 
a 

and P
2 

points formed 

partly linear 

on the k-th 

step of interpolation, and the minimum is taken because of the 

fact that the sections of straight lines in the initial 

Euclidean space are put in correspondence with the geodesics in 

the infinite-dimensional Riemannian space around the fractal. 

In particular, from (3.1) for the Cantor set (Fig.l) we 

obtain 

cs 
Ld 

where. 

~ 
• 2k 

min lim 
~+oo 

Mk 

ezp(-x lnMk)• E Fa(Mk' x) 
a=l 

_ -f It-- -m-·--i-----1--T~ 

Fa(Mk, x) - Gij (uk (zka)) vka vka , 

i . i l 1 
vka = 8~ (zka)/aaka x = l/d = l - ln(l-q)/ln2 

13 
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It is easy to show that 

1 
( lnM) = 

M -a
1 

(M) 

E a - clM 
a=l 

for any real number l~l and sufficiently large M, where 

lim c 1M = c 
M+co 

at l=l) 0 < a
1

(M} ~l (= 1 

a
1

(M) N 1 - l/(lnM)
1 

M » 1; 1 > 1 

(3.4) 

(3.5} 

and C=0.5772 ... is the so-called Euler's constant. The relation 

.(3.4) generalizes the equality 

M 
lim ( E l/a - lnM) = C 
M+oo a=l 

which is well-known from the mathematical analysis. Demanding 

finiteness of L:s in (3.2) and using (3.4), we obtain a general 

expression for Fa<"it· •) 

where 

r.<Mg.•> = ce.<Mk.•> - na<"it·•>l ~<Mg·•> • 

LMg 

ea<"it·•> = E 
l=l 

l -a (M.. 
(• /l!}•a l --k·•> 

n.<Mg·•> = c.<Mg·•> - •.<Mg·•> - l/Mg 

LMg 
l 

c.<Mg·•> = E <• /l!)•c.1<Kit> 

l=l 

14 

(3.6) 

(3.7) 

(3.8) 

cl Mg 

Mk 

E cal(Mk) 
a=l 

"it 
lim exp(-x lnMg)• E Ea("it, x) = O 

Mk+co a=l 

L~s = min lim ~(~, x) 
"it +co 

LM is the maximal power of the logarithm for given M 

the relation (3.4) is true, and for a
1

(N,x) we have 

a 1 (M,x) --+co at x+l 

a
1

(N,x) N a
1

(N) at N » 1 . 

Postulating invariability of the Euclidean metrics 

(3.9) 

at which 

(3.10) 

in the 
points not involved in the interpolation, and demanding the 
continuity of the length Les 

d relative to the dimension d, 
taking into account the correspondence principle, and using 

(3.3), (3.6)-(3.9), we obtain: 

cs 
Ld . = (e-1)/[exp(l/d) - l] (3.11) 

Let us now turn to the continuous Cantor curve (Fig.2). In 

correspondence with (2.22), (3.1) its length is equal to 

wher~ 

Lee 
d 

Mk 
= min lim ezp(-x lnMk)• E Wa(Nk, •) 

Nk+a> a=l 

N = 4k 
k 

(3.12) 

Wa(Nk,x) = (g~1coa2pa + g~2sin2pa + 2g~2ainpa coapa)l/ 2 (3.13) 

15 
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k ml 2 i a j_fl 
= Gij('1t(zka'zka))•(8'1t/8zka)•(cluk/8'"ka) (3.14) 

x = l/d = 0.5 - 0.5ln(l-q)/ln2 

9a is the angle of inclination of the a-th part of the broken 

line, k is the interpolation n\Ullber. It should be noted that 

the finiteness of L~c as well as (3.4) do not allow, however, 

to write Wa(Rk,x) similar to (3.6), since as it is seen from 

(3.13), the value of Wa(Rk,x) has not a limit in the points 0 

and l at Rk+a> owing to the angle 9a in it, whereas in (3.6) the 

existence of such a limit is implied. If a=rrr, where r is a 

positive rational nWllber, this difficulty may be overcome in 

the following way. For simplicity, let us limit ourselves to 

the value of a=n/n with n>2, there being only n different 

angles at which the sections of the broken line 

'l'herefore, 

R = 
k 

n-1 

E 
i=O 

R. ' 
1 

are disposed. 

(3.15) 

where R. is the nWllber of sections of the broken line with 
1 

inclination angles 9i=ia, i=O,l, . ~.,n-1. Takin9 into account 

that N
8
-i

0
, ~a~n-1 at k>>l, for the length of the Cantor curve 

we have: 

"o 
~ -

Ld = ezp(-xlnn)•min _lim ezp(-x lnR
0

)• E w.ci0 , x> (3.16) 
j=l } 

where 

a -
Wj(R0 ,x) 

RO+a> 

n-1 
Wj(R~, x) = I 

a -
wj <•o' •> (3.17) 

a=O 

-a 2- -a 2~ -a - - 1/2 
(glljcoa 9

8
+922 jain'f'

8
+2g12 jsiQf>

8
co59

8
) (3.18) 

O ~ a ~ n-1, j = 1, . . . , •o 
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-s 
g~j corresponds to the expression (3.14) taken on the j-th 

section of the broken line disposed at ~ . The right hand 
s side 

of (3.16) to within the factor exp(-xlnn) has the same form as 

(3.2). Therefore, one may use the same procedure used when 

deducing (3.11). In result we obtain the following value for 
cc 

the length Ld 

Lee = n(l-(1/d)). (e-1)/[exp(l/d)-l] 
d (3.19) 

Further, let us consider the fractals, the measures of which 

are areas. Since in the infinite interpolation limit the space 

around the fractal is assumed to become Riemannian and 

infinite-dimensional, its area is defined according to Ref.[5] 

as 

G~ . G~ . 
1 1Jl 1 1J2 

G~ . G~ . 
1 2Jl 1 2J2 

1/2 

il i2 jl j2 l 
ldu l\clu I• ldu l\clu I Nk [ 

Sd=min lim(l/2) EI 
Nk+oo a=l 

(3.20) 

k k m l 2 11 k . 
where G . . =G .. (uk(xk,xk)); denotes external product; E is the lJ lJ a 
a-th element from the minimal cover of the fractal representing 

a smooth surf ace with a minimal area in the 

infinite-dimensional Riemannian space. Fig.4 shows one of the 

afore-mentioned fractals. It is obtained by removing two 

mutually perpendicular strips of a width equal to the q-th part 

of the side of the squares got on the previous step of the 

interpolation. Let us cal 1 this fractal the Cantor square, 

since it is constructed analogously to the one-dimensional 

Cantor set (Fig.l). It is noteworthy, that its dimensie>n is 

equal to the dimensie>n of the Cantor curves (Pigs.2,3) 

17 



d = 2ln2/[ln2 - ln(l - q)] (3.21) 

In correspondence with (3.20) the area of the Cantor square is 

Mk 
cs 

sd 

Mk 

min lim (1/2) E E F tMk,x) exp(-2xlnMk) (3.22) 
a =l ala2 Mk-+00 a 1=1 2 

where 
k 

Mk =2 , x =2/d 

F (Mk,x) 
ala2 [ 

k k il l i2 l 
G .. G .. auk /axk auk /axk 

1 1Jl 1 1J2 . I x 

G~ k il 2 i2 2 
. G . auk /axk auk /axk 

1 2Jl 1 2j2 

jl l j2 l 

F auk /axk auk /axk 

x I 
jl 2 j2 2 (3.23) 

auk /axk auk /axk 

I 
l -1 

x = x k ka
1

a
2 

2 -2 
x = x k ka

1
a

2 

(xk1 , ik2 ) are the coordinates of a middle point of the 
ala2 ala2 

square (on the k-th step of interpolation) of the number 

(a
1

a
2
). As in case of the fractals shown in Figs.land 2, the 

demand of finiteness of S~s with due regard for (3.4) and 

correspondence principle at x-+l results in the following 

expression for F (Mk,x): 
ala2 

(3.24) F (Mk,x) = [H (Mk,x)H (Mk,x)-D (Mk.-x)]t(Mk,x) 
ala2 al a2 ala2 

where the function Ha(Mk,x) has the same form as in (3.7), and 
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cs 
sd = min lim (1/2) t(Mk,xi 

Mk -+OO 
(3.25) 

D (Mk,x) is a sufficiently arbitrary function of a structure 
ala2 

analogous to (3.8). Then using the same method used when 

deducing the values of the lengths (3.11) and (3.19), we get 

cs 2 
sd = [(e-l)/(exp(2/d)-l)] (3.26) 

And finally, let us calculate the area of the fractal (Fig.5), 

which is in a sense the generalization of Serpinsky's carpet 

[ l, 2]. It is constructed in such a way, that at each k-th step 

of interpolation one removes the central square out of (2n+l)
2 

ones obtained by dividing every square got at the previous 

step. The dimension of the given fractal is 

d = ln(4n(n+l))/ln(2n+l) (3.27) 

Since in contrast to the previous fractals the points not 

involved in the interpolation are not isolated points 

the four sides and vertices of the unit square, the 

coordinates for the convenient arithmetization of 

chosen on the centre of the square (Fig.5), at each 

of interpolation there being assumed the following 

but are 

origin of 

points is 

k-th step 

numbering 

system: a
1

=1 corresponds to the first row of the squares 

gathering around the square that is removed first (at k=l), 

a
1

=2 corresponds to the second row gathering around the first 

one, and so on; a
2 

numbers the squares in each row. It follows 

from (3.20) that the area of the generalized Serpinsky's carpet 

(Fig.5) is 

SC . 
sd = m1n 

where 

Mk 

lim c112> E 
k-+a:> a

1
=1 

Nk(al) 
2 E F (Mk,x) (l/(2n+l)) (3.28) 

a =l ala2 
2 
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Mk = n(2n+l)k-l , 

F (Mk,x) has the same form as in 

x = l/d 

(3.23), Nk(al) is the 
ala2 

number of squares in the row with number a1 . Denoting 

~ (Mk,x) 
al 

Nk(al) 

E (1/2) F (Mk,x) 
ala2 a

2
=1 

(3.29) 

one is able to show that the requirement of finiteness of 

results in the following general form of~ (Mk,x): 
al 

SSC 
d 

where 

~ {Mk,x) 
al 

2 k . 
[2a

1 
+ D (Mk,x)]((2n+l)/n) s a

1 
n 

min 1 . k 1m S : SSC 

k+oo n d 

D (Mk,x) is a sufficiently arbitrary function for which 
al 

lim 
k+oo 

Mk 
-2 

E Da (Mk,x)•Mk 
a1=1 1 

= 0 . 

(3.30) 

(3.31) 

Then using (3.28)-(3.31) and being guided by the same reasoning 

that when obtaining {3.11), {3.19) and (3.26), we have 

SC sd = 2n/(2n+l) {3.32) 
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4 • COlf.CLUSIOR 

Sunmarising the aforesaid, let us enumerate all asaumptio 

used in calculation of concrete measures of fractals: 

(i) The space around the fractal is inf:lin.ite-dimens-ional 

and Rieinannian. 

(ii) In the points not involved in the interpolation. the 

Euclidean -tries ia not c:hanqed. 

(iii) There is the dependence (2.22). . 1ll ll. n 
where 91:C~·····•k) 

are auffieientlJ parU.1-smooth f.unct:I! 

(iv) The dimenaion of the fractal is termined hI 

{v) 

{vi) 

demanding the filliten.ess of th 

fractal (2.20). 

d-vollume of'. th 

The -•sure of the fractal defined as tile: Iimi.t'. of 

th.e -•ure of the corresponding prefractal object ia 

assumed to be fini.te- and not equal in g1 

or infini tJ. 

JU? geometrical value-a <-tries, -aaure, 

continuous. 

pa.rameter. 

relative to th fractal 

raI ta s::ero 

etc •. ) azre 

uildi 

(vi.i) The lines, surfaces, etc. , connectina cor~pcmdingl:r 

the fixed point.a, lines, etc·. , in th infinite-
dimensional Riemannian apace correspondinq to 
straiciht lin. planea, etc. in the Drimordial 
Euclidean ce (in partl1-linear prefractal objects 

ve mini-l --urea (e.9· •. , linea1 are geodesics, and 

ao on). 

It should h noted that postulation of: th (2.22) 
and propert.i- (2.23)-(2.28) are neceaaar:r for "•ewiu1 

togetlaar" the two 9•-tri 

partl1-amooth objects, 
- th•• usual'. Euclidean . gecmetrl' ' o: 

the fractal ''• eigenge-tr:r. 

Z.l 



Figs.6,7 show this connection qualitatively in the form of one 

of possible dependences of the lengths of prefractal objects on 

an interpolation number for a Cantor set (Fig.l) and a 

continuous Cantor curve (Fig.2), respectively. 

It is seen from the figures that at ~k0 there occurs an 

essential change in the geometry of the space around the 

fractals. Since at present the metric tensor G~.(u) cannot be 
1J 

determined uniquely for every particular fractal, the behaviour 

of Lk lengths in Figs.6,7 has only a preliminary and 

qualitative character. But the existence of k
0

, nearby which 

the geometries are "sewn together", is necessary. . 
Then let us present for comparison the 

cc lengths for the continuous (Ld ) and ruptured 

curves (Pigs.2,3), respectively 

Lee = n(l-(l/d))(e-1)/(esp(l/d)-l], 
d 

Ldc = 2Cl-(l/d))(e-l)/[esp(l/d)-l] 
d 

expressions of 
de 

(Ld ) Cantor 

(4.1) 

(4.2) 

where n=n/a>2; a is the angle shown in Fig.2; d is the 

diaension which is the same for both of the fractals and is 

equal to 

d = 2ln2/[ln2 - ln(l-q)] , (4.3) 

It follows from (4.l}-(4.3) that the only geometrical 

characteristic distinguishing between the fractals in Figs.2,3 

is the length determined in the new geometry according to {3.1) 

(in the former Euclidean geometry it is equal to infinity for 

both of them). 

In conclilaion' also note, that the given geometry allows to 

describe uniformly both "rational" geometrical objects, such as 

usual partly-smooth geometrical figures obtained by a finite 

22 

number of operations and "irrational", "transcendental" objects 

formed as a result of an infinite series of operations. As to 

the unique determination of the metrics of the space 

corresponding to the fractal, it is apparently coupled with 

theory of information and requires a rather thorough study. 
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APPENDIX 

In correspondence with (2.6)-(2.10), the functions 

m 2 m 2 m 2 
wm(u) = exp[-(u /Am) 'Pm(u )/(l+Tm(u ) )], 

A 
m Xm Irr 

2 2 p = 1 - exp[-c (d,A)/A ] 
m · m m 

can serve as w (u), A and p , where 
m m m 

X2 
m Cf cr 2 c-d,~))/f cr

4
cd-m+1,A>>>· l (d,A> m m m 

T
2 

= Cf cr
4

cd-m+l,A))/f cr 4(-d,A>>> • t (d,A) m m m m 

~l 

The functions p (um) have the following properties: m 

0 < p (um) ~ 1 , 
m pm(O) = 1 

(A.l) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A. 6) 

and furthermore, they have limited derivatives and are equal to 

zero outside the region occupied by the fractal; A=jd-d
0

j; 

r(z,A) is an additional incomplete y-function; fm(x) are 

positive whole functions, e.g., exp(~mx) with ~>O; lm(d,A), 

tm(d,A) are functions not equal to O or oo at the limit d+d
0 

for 

any fixed ~l, and the choice of the dependence T on d and 
m· 

d-d0 in the form of (A.5) is conditioned by the foll~wing 

consideration: c
2

(d,A) are sufficiently arbitrary functions for m 
which the following relation occurs: . 

(I) 2 2 
E-exp[-c (d,A)/A {d,A)] = d 

m=l m m 
(A.7) 

Let us find constraints on the functions fm(x), lm{d,A), 
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tm(d,A) by the condition (2.17). Let us lntroduce the sips 

. -2 
s = r (-d,A) 

-1 4 2 
am(• ) = fm(r (-d,A))/fm(r (-d,A)) 

bm{s) [l (d,A)•t (d,A)]-l 
m m 

Expanding toe 

correspondingly 

(I) 

Cl(u) = n Ci>n(u) 
n=l 

-1 functions a (s ) 
-1 m 

over s and a 
and 

-1 
am(• ) = I: 

(I) 

n=O 

-n a a mn 

b (s) 
m 

m~l 

into 

(A.8) 

a aeries 

(A.9) (I) 

n b (a) = I: b a 
m n=O mn 

taking into account (A:l), and demanding that the matrix 

Ill T 
m,1 ~ 0 hm,l =t~l amtbtl ; 

should satisfy the conditiona 

hm,m+j a 0 , -m ·S j < 0 , 
(I) , 
I: h < (I) , 

mao m,m 

one can ••cure that 

lim O(u) " 0, a> • 
ckd

0 
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(A.10) 

(A.11) 

(A.12) 
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Fig.2 

Fig.3 

Fig.4 

Fig.5 

Fig.6 

Figure Captions 

A Cantor set obtained from a segment. 

A continuous Cantor curve. 

A ruptured Cantor curve . 

A Cantor square. 

A generalized Serpinsky's carpet. 

A possible dependence of the length of 

object on the interpolation number for 

the prefractal 

the Cantor set 

shown in Fig.l. Dots and crosses show the behaviour of 

the length Lk in the Euclidean and the new infinite­

dimensional Riemannian geometries, respectively. 

Fig.7 A possible dependence of the length of the prefractal 

object on the interpolation number for· the continuous 

Cantor curve shown in Fig.2. Dots and crosses show the 

behaviour of the_ length Lk in the Euclidean and the new 

infinite-dimensional Riemannian geometries, respectively. 
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