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A.H.Ko~apffil, TI.C.0BH8Hffil 

3JIEKTPOHHHE KOPPE..JIHUID1 B ~EKTHBHO~ MOP XABEAPllA 

HatU\eHO HOBOe yHKrapHoe rrpeo6pa30BaHHe, KOTOpoe Il03BOJIR6T 

KOHpOJIHPY6MhlM o6pa30M ITOJIY11ITTb 3!lXIX7KTIIBHbl! raMWibTOHH8H MO,D;e.Jra 
Xa66ap.na rrpH rrpOH3BOJibHOM 3Ha~eHHH H Be~e BHyTpH8TOMHO! 
KOHCT8HTbl u H ,lJ,JlR IlpOH3BOJlbHOro i:rn:cJia 3JI6K'l'p0HOB Ha aroaM n. 

IlOK838HO, ~o B orpa~eHHOM rHJib6epTOBOM rrpocrpaHCTBe rrpH u<O 
H rrpH IlpOH3BOJibHOM 38ITOJIH6HHH 3!lXIX7KTIIBHhl! raMWibTOHH8H HMeeT 
BH,IJ; MHOrOCITHHOBOro o6MeHa H 06Jia,naeT CKphlTO! SU(2) H UC1) 

CHMMerp:IDIMH. 

EJ:eB8HCKH! ~H3~6CK1-IB HHCTHTyT 
EJ:eBaH rneo 

1. Introduction 

The interest in strongly correlated electron systems, 

which may be realized in high T superconductors (HTSC) has 
c 

considerably increased in recent years [l]. The remarkable 

progress in the investigations of the properties Qf strongly 

correlated electrons is owing to the perturbation expansion 

theory [2]. 

The effective Hubbard Hamiltonian in the limit of the 

small parameter t/U has been calculated on the basis of this 

theory for a degenerate system with many particles [3]. 

However, there are many difficulties for taking into account 

all the terms of the same order of t/U sequentially into 

account [4]. Later on. the method of projection operator was 

developed in the form of a canonical perturbation expansion 

( CPE) of the Hubbard Hamiltonian at an arbitrary fi II i ng [S ,6] , 

in which many-body interactions result from even numbers of 

inter-configurational transitions. However. it should be noted, 

that the CPE method is valid only for the leading order in t/U 

[7] . 

Below we propose a new modified method of unitary 

transformation [8]. which allows us to take into account in a 

controllable manner all contributions of any given order of t/U 

in the' effective Hamiltonian in the unrestricted Hilbert space 

H . This canonical transformation is valid for an arbitrary 0,.1 ,2 

value and sign of U and for any given filling. For · half filling 

in the- restricted Hilbert space H (H ) with no empty and 
0,1 0,2 

doubly (single) occupied sites the Hubbard Hamiltonian at U>O 

(U<O) and juj>t is equivalent to the multi-spin (pseudospin) 
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Hamiltonian. At U>O it is shown that the local gauge U(l) and 

SU(2) symmetries exist only at half filling, whereas at U<O and 

even number of electrons the hidden U(l) and SU(2) local 

symmetries hold for any filling. 

2. The Two-Site Hubbard Model 

We consider the Hubbard Hamiltonian at an arbitrary value 

and sign of the parameter U 

H = -t l c;ocjo + u l nioni-o ( 1 ) 

o<iJ> io 

Introducing new operators in terms of the Hubbard operators 

Xab=la> <bl [8] we Qbtain: 

~ 00 -0'2 00 -02 
BiJ=BJi~ I/2l o<xi xJ + xJ xi > 

0 

+ ~ oo oo 2-o -02 
TiJ =TJi=l<xi xJ + xJ xi ) 

0 

/ "f'.he Hamiltonian (1) can be rewritten 

form of the sum of two-site Hubbard models 

in the 

( 2) 

( 3) 

symmetrized 

~ ~( + + u 22 22 
H =lHij=-tl (T -t + h.c. )+2(8-t -t +h.c)- ~x-t +X >) (4) n 1 . i +A . i i +! i 1 +! 

,'where summation over the lattice vectors A is made over the 

half of all the nearest-neighbor pairs, z/2 (z is the 

coordination nu~ber). 

For simplicity. let us at first consider the unitary 

canonical transformation for a diatomic molecule (dimer) with 

i,j=l,2 (z=l). 

+ 
T =exp [c(B .. -Bi.)] 

lJ J 

Using the properties of B and B+ cperators 

--- -- ------- ___!_: 

(5) 

+ + + 
B . . B .. B .. = B . . 
lJ lJ lJ lJ 

+ + 
Tij Tij Tij= Tij 

(6) 
2 + 2 2 

(Bij) = (Tij) = (Tij) = TijBij 
+ 

Tij Bij =O, 

the expression (5) is reduced to 

+ + + 
T=( l+( u-1 )( BijBij + Bi}ij )- v( Bij - Bij ) ) , (7) 

where u=cos(c), v=sin(c). Then, the diatomic Hamiltonian can be 

rewritten in the form 

rv + 2 2 + 
Hij=THijT =-t(T

1
j+Tij)+(Uuv-2t(u - v ))(Bij+Bij) + 

+ ( uv2 
-4tuv }[s . .,B:.] +U( x~2+ x22 ) < 8 l 

lJ lJ l J 

The condition of disappearance of linear (B++B) in (8) 

gives 
? ? 

Uuv-2t(u--v-)=O 

which allows to get the Parameters u, v and c 

2 1 
u=-i-<l+ 

v
2 = ~1 

U sign(U)(U2+16t 2 )-l/2 ) 

2 2 -1/" Usign(U)(U+16t) -) 

c = 1/2 arctg( 4t/U) . 

( 9) 

( 10) 

Then the effective Hamiltonian of the diatomic molecul e 

has the form 

H .. = -t(T .. +h.c.) + E(U) [B . .,s:.] + 
lJ lJ lJ lJ u( x~2+ x~2 l 

l J 

where E( U) u 
2 

sign(U) (U2/4 + 4t 2 ) and 

+ 
[Bi jB ij] 

1 \' O'O'' -()'-()'' \' 
2 ( l oo' xi xj - l 

cxo., 0.0., 

xi xj l 
oo' aa'=0,2 

( 11 ) 

The eigenfunctions and eigenvalues of tlij can be obtained 



[8], and the spectrum is the same as in [9]. Turning again to 

' the electron representation, we get the exact expression for 

the effective Hamiltonian for dimers, which coincides with the 

formula (24) of Ref.[3], but instead of the expansion 

E=U and 2 2 1/2 E=U/2+sign(-U)(U /4+4t ) + U8(~). (16) 

To study the spin structure, it is convenient to use the 

coefficient t
2
/u we have the exact factor E(U). I constraint between the spin and electron operators 

In states with one electron per atom n=l·, the term linear' ' 

over T vanishes, and the normalized eigenfunction of the 

singlet state at arbitrary sign and value of the parameter U 

has the form: 

-1/2 ( \ GllO GllO \ O'O -0'0) ~65=2 v l xi xj: ul <:1Xi xJ loioj>. (12) 

Gll=0,2 <:I 

The action of the electron operators on the vacuum state 10.0.> 
1 J 

is equivalent to transition to the Hubbard operators 

+ qQ . 

ci<:1loioJ>= x loioJ> 
+ + 20 

uci<:1ci-uloioJ>=X loioJ> 

For the main-state energy we correspondingly have 

2 2 1/2 
EGs=U/2-sign(U)(U /4+4t ) +U 9(-U). 

Further jt is convenient 

operators 

+ \..... qq' -q-q' 
e 1JeiJ = l/2t:v'Xi xJ 

which satisfy the relations 

to introduce the 

+ 
8

iJ8ij 
~ GllGll' Qii• 

l/2lXi · X j 

( 13) 

(14) 

projection 

(15) 

+ n + 
( BijBij) =( BijBij) 

+ n + 
( BijBij) =( BijBij) 

+ + 
( BijBij )( BijBij )=O • 

With the help of the projection operators one can easily 

find the spectrua of the two-atoa 110lecule at U>O and U<O. The 

energy of triplet excitations is lndependent of the parameter U 

and is equal to zero. There are two IDOTe singl~t excited states 

•with ~OeTgy 

~ 

+ + -f- - <:!-<:! 
S =C C =C C = X <:1-<:1 <:I -<:1 

z \...;;: \~ \ <:/<:/ 
s = c·a=c .. <:1=l<:1x · ( 17) 

Obviously, B .. B:. is simply expressed through the spin 
lJ lJ 

operators 

eije;j=1n(i\nj/2 - 2sisj)· c1s> 

where ni = E ni<:1 

Introducing the charge operators for holons (h) and 

doublons ( d) 

x00 
=h + h=( 1-n )( 1-n ) • . ()' -()' 

22_d+d=n n • x - ()'-()' ( 19) 

and the transition operators between them expressed through the 

pseudospin variables L± and Lz 

+ 20 + + + 
L =X =d h=oc c , 

()' -()' 

z + + 
2L =d d-h h=Q,, 

1 

as well as using the constraint between the doublons 

holons, d+d + h+h=M, the operator B+B is expressed by 

+ lJ zz + 

r-
. M. ] 

BijBij=l/2 ~-2- - 2LiLj + LiLj+ h.c .. 

( 20) 

and 

By an invariant transformation over the pseudospins with a 

180° winding round z axis, L±~ -Land Lz~Lz, one obtains 

+ ~iMj 
Bij8ij=l/2l-~2~ -

~ ~ ] 
2LiLj . (21 ) 

In a uniform magnetic field the triplet state is split and 

a transition to a ferromagnetic state at the critical field H 

takes place . 
c 

gµHc < u2 
+ 16t2 )1/2 - u . ( 22) 
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Not dwelling upon the p~operties of the two-atom Hubbard 

molecule. let us consider the one- and two-dimensional Hubbard 

model. 

III. The One- and Two-Dimensional Hubbard Model 

The canonical transformation for an infinite linear chain 

with J=i+l (z=2) may be taken in the form: 

+ 
T = n exp [1/2( 8 .. -8 . . ) arctg 4t/U] 

lJ lJ 

for which the following relation takes place 

-1 }: "' l -1 THT = H. . = TH. . 1T 1,1+1 1,1+ 

( 23) 

( 24) 

Our approach is close to that of [10). but instead of 

summation in the exponent. we use the product of the exponents. 

This allows us to get a more convenient expression for the 

unitary transformations (7) and (23) and get exact results even 

without small parameter expansion. 

The operators 8 and T with no coinciding indexes always 

commutate 

+ + 
[8ij'8kl) = [8ij'8kl) = [Tij,8kl) = [Tij'Tkl) = 0 (25) 

At one coinciding index of the T and 8 operators, some 

commutators vanish 

+ . 
(T. ' +l8. l .) = (8. '+l 8. l .) = 0 

1.,1 1- .1 1.1 1- .1 
( 26) 

others, [TT]~o. [88)~0. [T8]~o. have a complicated form and are 

not presented here. There are interesting anticommutating 

relations for the linked complexes of operators, e.g., 

+ + 
{8ij8ij'8 jk8 Jk} 

+ + + 
(8ij8ij + 8jk8jk -8ik8 ik)/2 ( 27) 

8 

Due to this relation the three-site interaction ijk can be 

reduced to the two-s i t e nearest and next nearest neighbor 

int er act ion ( i j )( k 1 ) + ( k 1 )( i j ) =(( i j ) + ( j k ) - ( i k ))12 . 

Using (23). the effective Hamiltonian (4) may · be expressed a s : 

H =l_ - 1 - 1 - 1 
... T . . T . . T . . H . . T . . T . . T . . . . . ( 28 ) 

i+l,1+2 1,1+1 1- 1,l 1,1+1 1-l,1 1,1+1 l+l,1+2 
l 

As in the former case, one can be easily convinced that due to 

the Eq.(25) the Eq.(28) does not contain the linear term 
+ 

8 .. +8 . .. 
lJ lJ 

In the general case of a non-restricted chain, H .. contains 
lJ 

an infinite number of terms. However. if one makes use of the 

expression for the parameters V"'2t/U, u=l-4t 2 iu2 at strong 

coupling IUl»t, then one obtains the effective Hamiltonian with 

a given precision at an arbitrary filling n in an unrestricted 

Hilbert space HO,l, 2 

+ 4t 2 . + 22 
H = -t \( T • • l + h • c . ) - -- [8 . . l • B , , ] + UX . l 1,1+ u 1,1+ 1,1+1 l 

4t
2 

+ + 
-[(8. . + h.c.) , (B. .+ 8. 1 . 

2 
- h.c. >] u 1,1+1 1-1,1 l+ ,1+ 

2t2 
-U [(T .. 

1
+ h.c.) 

l .1+ 
+ + 

( 8 i-1,i+ 8 i+l,i+2 

4t
2 

+ 22 
U-- ( 8 i,i+18 i+l,i+2 xi+l - h .c.) · 

-h
1
.c.)] -

( 29) 

Projection of (29) on the states without doubly occupied 

sites (X
22

=0) at n~l and U>O in a restricted Hilbert space H
0 , 1 

without charge fluctuations, yields 

9 



-1 
PHP 

t 2 

u 

00 Oo 4t2 
+ 

- t ~ ( X . X . l + h .c.) - -U ~ B . . B . . l i i -1: l i,i+l i. i + l 

( 30) 

l oO -o- o' Oo' 
(oo'X . X. x . +h . c .) 

i i + l i+2 
ioo' 

whe r e P=n (1 -X~2 ) is t he Gutzw i ller proje ct i on ope rat or . The 

. i 

second term in ( 29) can be expressed strictly through the 

spi non opera tor s (18). 

Besides the two-si te intera ction o f the t 21u order he r e 

ari s es a three-site nei ghbor int e r act ion of the s ame order. The , 

three-site terms cont r ibute t o (29) o nl y i n t he presence of a 

hol e . The las t term in ( 29 ) descr ibes t he next nearest neighbor 

hop with and without an associat ed s pi n flip. Compa ri ng our 

r esults ( 29) with t ~e formula ( 3 ) of Ref . [4], we notice that 

they co i ncide, exc~ • f o r t he factor in the last term. At 

ha lf f i lli ng the cc P lete effecti ve Hamiltonian is rewritten in 

the fo rm of t he sum o f different complexes of product of the in 

series linked ope ra t ors, e.g. B .. s: .B .kB~k -·. and hence, can be 
iJ iJ J J 

e xpressed by (21) i~ the form of a multispin exchange. 

With the ne l p o;f a recursion relation one can collect all 

si ~ ilar terms . Thei~ coefficients contain d ifferent powers o f 

t hP pa ra:::eter s ( 1-,_;' a nd v, which does not change their sign 

wren subst 1tut1ng t by -t, that is why the complete effective 

Hamilton i an at n=l on the subspace H
1 

is invariant to the 

elect r on-hol e • ansformation. Beginning from four-site 

i nterac~ions , a g with the Heisenberg interactions . sisj and 

Sisk , t here appear multispin (double exchange, (SiSj)(SkSl ) , 

a nd so on) inter actions. 

At half filling the resonance valence bond · (RVB) [l] 

corres ponds to covering a system by the singlet 
+ 

(BijBij=l). 

1 

dimer s 

l: 

Let us consider also the cases with U<O and an even number 

of electrons, at which only empty and doubly occupied s i tes 

without spin fluctuations occur in the restricted Hilbert space 
00 22 . 

H0 2 (X +X =l). Then one may be easily conv i nced, that the 
• 00 

operator P=fl(l- I/Ci ) projects the Hamiltonian on the sites 

i 0 

without cx
00

) spinons, which yields the expression 

N 

H 

N 4t
2 

+ 22 
H = - TUT ~ 8 . i B .. 1 + u ~ x. ,~, l i. +l i , i+ l i 

The Hamilton i an (31) may be rewritten in the form: 

2 
4t ~ ( 22 00 TUT l xi xi+l 

i 

+ xoox22 + x2ox~2. + x~2x~o > 
i i +l . i i+l i i+l 

( 31) 

( 32 ) . 

02 20 22 00 
The operators X • x--, X and X generate an SU(2) algebra 

and hence, t heir commutation relations are isoaorphous to those 

of the pseudospin aperator L 

2Lz= xoo-x22. L+=X20 ( 33) 

02 20 + - . 
Like X and X- operators, L and L are locally fermionic in 

H0 •2 and satisfy the relation for the pseuclospin 1/2 

+ - z 
[LL] = 2L, + -

{L L } = 1 

Using the i111POrtant relat i on 

+ + + 1 oo n + 8
iJ8 iJ8 Jk8 Jk8 iJ8 iJ = 4 (Xk + Xk ) 8 iJ8 iJ 

one can easily obtain the slightly frustrated 

Hetsenberg Hamiltonian with aceuracy t 4;u3 : 

H 
2 

(4t -
TUT 

16t :t ... .. . 1 . 4t 4 ~ .. .. 1 
--a)lLiLi+l- 4) + -3 L,'LiLi+l- 4>+ 
luf i luf 

I 

( 34) 

( 35) 

effective 

uix~(36) 

The first ter• ie the Halliltonlan of the isotropic 

11 



H~isenberg a nti fe r romagnet i c wh ich descr ibes t he s uper exc ha nge 

with the charged quasiparti c l es - holons (x
00

) a nd doublons 

(x
22

). The next term is t he pseudospin exchange of the next 

nearest neighbors. In general, for any filling, the complete H 
consists of infinite sums of different products of all possible 

linked bioperators, B: .B .. = 1/2 ( 1/2 - 2L.L. ), and has a form 
lJ lJ l J 

s1ui!ar to the effective Hamiltonian at half filling and U>O. 

In case of the two-dimensional Hubbard model tha 

>;:-.wriing unitary transformation has a similar form 

+ 
T = n exp [c(B~ ~ - h.c.D 

~ ~ 1,1+! 
l ,f!. 

( 37) 

f 'T wt1c~ it is necessary to choose a definite order of 

-~,r u in ( 28). As in the previous case, the condition 

-·natir'J t"r ',• 0 ar term (B++B) in (4) brings us to Eq.(10) 

" C, U and v. Hence, the unitary 

form similar to ( 7) 

n (1 
• + 

l:l +B B )-v( B - h . c . ) ) ( 38 ) 
- ~ 3 1,1+! t,1+! 1,1+! 1,1+Z .... 

1ctly, that the effective Hamiltonian in 

1tive lattice is invariant under the 

~ation at any filling (at n=l) and at U>O 

1 u, v and n we have obtained a completP 

t •hrough all possible linked operators, which 

u ven here. 

IV. Conclusion 

So, the proposed canonical transformation obtained for 

arbitrary U, t, n, allows us to take consistently into account 

all the necessary contributions in the effective Hamiltonian in 

the unrE 'tr icted Hilbert space H in any order of th-o, l ,2 

pcr•urbn•i;n theory over the parameter t/U. In case of half 

filling at U>O and for any filling at U<O, the effective 

Hamiltonian can be strictly expressed by the spin or pseudospin 

operators. Our transformation has a global gauge symmetry and 

for that reason does not change the internal symmetry of the 

Hubbard model. 
+ 

Though B and B operators are not invariant at local gauge 

transformation, nevertheless, their product, + 
BB which is 

equal to b: .b .. [1], becomes local invariant under the 
lJ lJ 

transformation ci0=ci0exp(i~i). 
Since at n=l the complete Hamiltonian on the Hilbert space 

H contains only BB+-type terms, then it is obvious that the 0,1 
gauge symmetry is a general internal property, which is 

attributed to the Hubbard model at half filling and is not 

connected with its approximation in the Heisenberg model. 

At attraction (U<O) there is a hidden local gauge SU(2) 

symmetry 

cio~ ucio+ ovci-o' ( 39) 

and what i~ more, there 

is a global and a local gauge U(l) symmetry at the 

transformation c 10~c10exp(o~i) as well as at an arbitrary 

filling on the H
002 

subspace. 
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