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1 I n t r o d u c t i o n

In papers [1-3] tbe relativistic spinning particle was canonic&Dy quantized in the free

case (in D = 2n dimensions) and in the external electromagnetic field (D ='4). The

paeudociaaoical description of the partkle (see [4-7]) was used in these papers and the

quantization acheaie was characterised by introduction at the classical level of all gauge

fixing constraints. This quantization was Bhown to result in the Diiac theory in the

Foldy-Wouthuysen representation in the free particle case (see also [8] ), while for the

spinning particle in the external electromagnetic field a generalization of the Blount's

picture [9] was obtained. The quantization was carried out not in the terms of the initial

variables of the theory, but in the terms of new (Newton-Wigner ) variables, for which the

quantum commutation relations are canonical. The transition to canonical variables prior

to quantization seems more appropriate, considering that in the case of the relativistic

particle in the external electromagnetic field the operator realization of the theory in

terms of the initial variables appears impoesibie due to the complexity of corresponding

Dirac brackets.

In this paper a method of constructing of the Newton-Wigner type variables at the

classical level using the poeudoclassical analog of the Foldy-Wouthuysen transformation

is proposed. This allows to obtain straightforwardly the relation between the canonical

and initial variables bypassing the calculation of the Dirac brackets with the subsequent

diagonahzation of these brackets. The investigation is carried out in the space-time

dimensions D = 2n. Note that pseudodassical Foldy-Wouthuysen transformation was

wed in [10] to obtain the expression for the hamihonian of the electron interacting with

the external constant magnetic field, which after quantisation automatically brought to

diaconafised hamiltoiiian.

Z C o o s t r a i a t *

Consider the action of the theory, describing the relativiatic spinning particle in the
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external electromagnetic field in D=2n [4},[6], [11]

1 \\ I d r [ 7 + " ^ - * ($£• - 6 H I & « ) - *x

here z1* W particle coordinate, /i = 0,1,2,. . . , Z>-1, f is Oiassmann variables, describing

spin degrees of freedom, fo+l> x and e axe additional fields (e is an even element, {o+i

and x are odd dements of Orassmann algebra) , g is the charge of the particle, TC is the

vector-potential of the electromagnetic field, Fp, = d,Av - 9,A^ , the overdote denotes

the differentiation over r along the trajectory; the derivatives over Graasmann variables

are left. FoDowing the steps analogons to those of [3] we come to the complete set of

constraints

*„ = *•„-j6,,/* = 0 , l , 2 , . . . , 0 - 1 ; 4n = f » i + ^€D+I» (2)

= z'o> *£>+s = *«> *£>+« - e + - , (3)

(4)

here T^TD+I,* , are momenta, canonically conjugate to f , {c+ i "n^ e - respectively,

/ f3l»
and the constraint $p+4 = ! f f - «r , which is one of the gauge fixing constraints,

was transformed into Eq.(3) by a canonical transformation of variables x*, P^ to z'M, P^

defined by the relations

X'o = Xo - KT, Z* = X\ Pp = Ph (5)

(the corresponding generating function is W — x"P> — TKP'Q ). The value « = +1

corresponds to s particle, K = - 1 corresponds to a an-iparticie. For the independent

variables of the theory we choose x*,Vi>£\

i F o l d y - W o u t h u y e e n T r a n s f o r m a t i o n

Let us now consider a pseudoclaamcal canonical Foldy - Wouthuysen trangformaXion
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with a generator of the infinitesimal canonical transformation [10]

' (6)

where 8 k a function of the variables of the theory which will be specified later. The

remit of the finite canonical transformation of any dynamical quantity / is given by the

expression [12]

where {',}* denotes the Diiac brackets for the (2).For the variables of the theory we have

6 H I } ' = ' - « , {Pn.M* = «/•<» (8)

(all other brackets vanish).

Applying Eq. (7) to a function A of the independent variables x', •*%,£* and taking

into account the relations

(9)

where y = i{(Vi&), (?&)}* = V? + ig.fijdd » B.i «• • fancUon of the variables of the

theory, we find for A the expression

-±={A,(Viti)

(10)

where & , like Ru depends on the variables of the theory, the explicit expressions of Rj

and Ri are immaterial. If we now specify the function 0 by taking tg('iOs/y) = &, and

= ^ , coa(2Sy/y) - =, then

where u - </p? + m2 + igFi^ = • /7 + m5.
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4 F i n a l D i r a c B r a c k e t s a n d Q u a n t i s a t i o n

The next step will consist of the prove, that the variables 5 \ •?,,£" obtained by ap-

plication of Eq.(ll) to the variables x\Vit? are Newton-Wigner variables, i e . the final

Dirac brackets for these variables are canonical. To achieve this end we use the relation

where A' s J4|«»O, B' = £|«KO, { JD(*) denotes the Dirac brackets for the com-

plete set of constraint (2)-(4) . Hie equation Eq.(12) is a reflection of the property

of the Dirac brackets which states that the Dirac brackets of the constraints with any

dynamical quantity vanish. From the constraints Eq. (4) we find

where p = -bnu + am. Substituting now Eq. (13) in Eq. (11) we get

A' . it.-o

Using Eq. (J4) we find for variables x*y V[^ £* the expTesasons

Consider now the right side of the equation (12). We have by definition

{A'.B^w = {A1,BY' - iA',<p,)-C3{<p,,tff}~. (16)

Here if, = ( $ D + I , $ D + J ) , {•••,•• •}** standa for the Diiac brackets for a subset of con-

straints (2),(3), C"1 is the inverse matrix of



Now well take an advantage of the special structure of the constraints (3): one of each

pair of constraints is a canonical variable . This allows to prove that

{F,G}~ = {F,G}' (18)

for any dynamical variables F and G {ate e.g.[13]). With account of Eq. (18 ) the fonnnla.

(16 ) takes the form

The matrix C is given by

{ J (20)
(0 ia \

\»or »(a?-63)'

where a = - OKU> + 6m.

If now we consider functions A\B' which depend only on variable* x',Vi,£ (eg.

functions in (15)), then taking into account the relations

M',&}* = M',&+ i}* = 0, (21)

and similar relations for B1, it's easy to check that the second sommand in Eq. (19)

consists of only one term, which contains the matrix element CB+i&+i- Substituting in

Eq. (19) the opresskma for A' and B1 from (14) one can show by direct calculations that

{A't#}w = (Ay Bf + i{{A, B}\ PAV&Mfa + ny (22)

If now we take for A', B' the variables q, it, ip from (15), then on account of (8) we find

from (22)

= {*(,&}* = 0. {gd,9;}i,(,) = {ii,sJ}* = 0, (23)



These relations together with (12) prove that the variables 2i,Pj,tk aie Newton-

Wigner variables. The relations (23) for D = 4 coincide with similar relations obtained

in [3]. Expressions of initial variables in terms of canonical ones are given by the following

(24)

where 5 = -areQ + bm, Q - V*? + m3 + »flfi,M>-. • '

Thus the variables qi, Vj, rfa, have canonical Dirac brackets and hence it is convenient

to quantize the theory in terms of these variables as it was done for Z> = 4 [3]. Using

(24) and the relations

fisM itaM • {25)

one can deduce the expression for the physical hamiltonian of the spinning particle in the

external electromagnetic field in D = In in terms of canonical variables

It is worth mentioning that to quantize the theory by the Berezin, M&rinov prescription

J4) one must eipsnd Q, which eolers e.g. (26 ), in powers of Fijipii/)}, the expansion

terminating in the order i ~ . It however we are intere^tsd in the terms; in the hascUtoj,l>s

which after quantization will be of the order of h, then taking into account thai after

quantisation tfc =»• y |? i , we find for the quantum H&miltcniaE the expression

ft - 9«Ao - i ^ ^ X T ^ + igti^p-, (27)
4Q(n + m) 4fi

where Cl = \ /»? + m2, ~ denotes the Weyl correspondence between operators and their

symbols. Since the expressions for the initial variables in terms of canonical variables are

form invariant in all dimensions, the equations of motion for D = 2n are similar to those

for D = 4 found in [2][3],



Thus the pseudoclaaskal Fokly-Wouthuysen transformation significantly amplified

the search for the canonical variables and enabled the quantisation of/? = 2n dimensioaal

teUtivistk spinning particle in the external electromagnetic field .
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nPEOBPA3OBAHME (JiOAI»I-BOTXOPI3EHA K

KAHOJf'TECKOE KBAHTOBAHKE o-an-MEPHOK PE/iHTKBWCTCKOR

4ACTHUH BO BHEUIHEM artEKTPOMATHMTHOM

;rMHOBOH HaCTHIW B np0H3B0JIbH0M BHeiUHeK SJBKTpOMarHHTHOM

nosBOJifliouKea ormcuBaTb ojmoBpeKieHHo

cf<aK MaccuBHyio, TaK M (3Q3MaocoByio3 ease H S

?c»accKMecKOM ypoBHe. KBaHTOBaHwe npoBe^eHO B Te.pMHHax

KocpflMHaT K '/MiiyjibcoB Tuna HbiorroHa- BKHiepa, JWH

Hcnoj[b3OBaHo nceBfiOKJiaccHsecKoe npeot5pa3OBaKJ©

$0JWH-B0TX0a38H3. 0t3cy«WaeTCH CBfl3b .H3HH0B CXeUft! " KBaHTOBaHMfl ^C,

KapTHHOJS EnoyHTa RJM jjipaKOBCKoa "jacTMiw • BO BHecmeM,

3jeKTpo«arHKrHOM

(J)M3VWeCKHH HHCTMTyT.
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