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I The canonical quantization of D=2n dimensional irac
;éinning ﬁarticle in the external electromagnetic tield is
Carvried out in the gauge which allows to describe simultaneously
particles and antiparticles (massive and masslessd already at the
classical level. Pseudoclassical Foldy-Wouthuysen transformation
ls used to obtain canonical (Newton-Wigner) coordinates and 1«
tel ms bf lh;se variablesthe theory is quantized. The connection
'of this cquantization with the Blount picture of Dirac particle

in the external electromagnetic field is discussed,
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1 Introduction

In papers [1-3] the relativistic spinning particle was canonically quantized in ihe free
case {in D = 2n dimensions) and in the external electromagnetic field (D = 4}. The
peeudoclassical description of the particle (see (4-7]} was used in these papers and the
quantization scheme was characterized by introduction at the classical level of all gauge
fixing constraints. This quaniization was shown to result in the Dirac iheory in the »
Foldy-Wouthuysen representation in the free particle case (see also {3] }, while for the
spinning particle in the external eleciromagnetic field a generalization of the Blount’s
pictute [9] was obtained. The quantization was carried out not in the terms of the initial
variables of the theory, but in the terms of new (Newton;Wigper ) variables, for which the
guantum commutation relations are canonical. The transition to canonical variables prior
to quantization seems more appropriate, considering that in the case of the relativistic
particle in the external electromaguetic field the operator realisation of the iheory in
terms of the initial variables appears impossible due to the complexity of corresponding
Dirac bracketa. v .

In this paper a method of constructing of the Newton-Wigner type variables at the
classical level using the pseudoclassical analog of the Foldy-Wouthuysen transformation
is proposed. This allows Lo obtain straightforwardly the relation between the canonical
aud initial variables bypassing the calculation of the Dirac brackets with the subsequent
diagonalization of these brackets. The investigation is carried opt in the space-time
dimensioins ) = 2n. Note that pseudoclassical Foldy-Wouthuysen transformation was
used in {10] to obtain the expression for the hamiltonian of the electron interacting with
the exiernal constant magnetic field, which after quantisation automatically brought to
disgonalised hamiltonian. ’

2 Constralats

Consider the action of the theory, describing the relativistic spinning particle in the



external electromagnetic field in D=2n {4],{6], {11]

AL . . :
1=} [ 4t omt i (68 - ovibon) - ix (4 - mon) +
+2g2" A, + igeFu€€1, )

here z* is particle coordinate, u = 0,1,2,..., D~ 1, £ is Grassmann variables, describing
spin degrees of freedom, £p41,x and ¢ are additional fiekls (¢ is an even element, £n4:
and x are odd elements of Grassmann algebra) , g is the charge of the particle, A* is the
vector-potential of the electromagnetic field, Fi, = 8,4, ~ 8.4, , the overdote denoies
the differentiation over r along the trajectory; the derivatives over Grassmann variables
are left. Following the steps analogous to those of [3] we come to the complete set of
raint .
Q,.=1r,.—%£,.,u=0,1,2,...,0-1; QD=7D+1+%€D+1, @)

. . L 3

Vo3 =P? = m —~ igFul?¢, Spp=3zp, Fpis=%, Ppie=c+ = @)

@541 = Pul" ~ mépys, P43 = abo +bépats (4)

here 7,,%D41, 7. are momenta, canonically conjugate to £#,£p,, and e - respectively,

Pu=Pu~gA,Po=-xid,0= \/‘?."+m’+1'gF,..,£“€".‘Recaﬂ {3}, that 25 = 20 - nr

and the constraint ¥p,4 = zo - KT , which is one of the gange fixing constraints,

was transformed into Eq.(3) by a canonical transformation of variables z#, P, to z’, P,
defined by the relations

zhp=go-xr, 2"=1', P,=P, ()

{the zorresponding generating function is W = «#F, - 7xF, ). The value = = +1
corresponds {o a pariicle, x = ~1 corresponds to & antiparticie. For the independent

varisbles of the theory we choose z*, 7y, £,

3 Foldy-W outhuysen Transformation

Let us now consider a pseudoclassical canonical Foldy - Wouthuysen transformation
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with & generator of the infinitesimal canonical transformation {10]
Sa=-2%(Pi&)eorb, . . . - (©
. . ‘ . . : "
where‘ﬂilcinncﬁonofthevmbhaofthetheory which will be specified later. The -
relult of the finite canonical tnndormnhon of any dynumcd quantity f is given by the
expression {12}

J=df=f+ (5 + glh a5+ D
where {;}* denotes the Dirac brackets for the (2).For the variables of the theory we have
{120 Pt = gpor - &6} =g penibparl’ =4, (PP} =gFu (8)

(all other brackets vumh)
Applymg Eq (7 toa fanction A of the independent va.na.bles z¢ ‘P.,f‘ and taking
into account the relations '

{Aép+1, S} = A(20)(P;€,),

{A(Pi6) Sa)" = -(0)vAbn + (Pi&douRs,  (9)
{A(P;i&)epe1, Sa}* =0,

where v = {((P:&), (P;6))" = P2+ 1gF.,f.f, , R, is a function of the variables of the
theory, we find for A the expression

A=A- ﬁm, (P30} Ep1oin(26V 7) +
CFHA PN P16 sV T) - 1) + (Pi6) EpuaRa (10)

where R;, like R;, depends on the veriables of the t'neofy. the explicit expreesions of R;
" and Ry are xmmater\n.l H we now specify the fanction ¢ by taking tg(20v’") = ﬁ, and
hencesm(20\/—) 3_5, cos(20/7) = =, then

A=A A P&l f"*’(“;(:':_):)(”'f" ) (Pu&)eoRs, (1)

where w =/ P? +m3+ igfg,-f.-(,' = ¥+ m3
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4 Finail Dirac Brackets and Quantisation

The next step will consist of the prove, that the variables 3, 7;, & obtained by ap-
plication of Eq.{11) to the variables z*, 7;, £' are Newton-Wigner variables, ie. the final
Dirac brackets for these variables are canonical. To achieve this snd we use the relation

{4, B}r,v(o),"—‘ {A, B} oy (12)

where A' = Alowo, B’ = Blowo, {..-)-- -} p(ay demotes the Dirac brackeis for the com-
plete set of constraints (2)-(4) . The equation Eq.{12) is a refiection of the property
of the Dirac brackets which states that the Dirac brackets of the constraints with any
dynamical quantity vanish. From the constraints Eq. (4) we find

épn = _E_(f_ig'l, §o = 6—(1’3-{-’2, . (13)
g g
where § = —bxw + am. Substituting now Eq. (13) in Eq. (11) we get
' ’ rt . . ' b, +
A dloma = A-+i0A, () (p,-g,)g‘@"—:%. (14)
Using Eq. (14) we ﬁnd for varisbles 2%, P, £ the expressions
‘o (b + a)
=z )ﬂ( " )
pl=Pi+ igﬂ;{;(?;&);‘%% = %, {15)
{r+ta)
c + PP i
=& +PPi)z——~ ot m) = 1 |
Consider now the right side of the equation (12). We have by definition
{A, B} poy = {A, B} — {A,0,}"C pu, B (18)

Here @, = (Pp+1,Pp42), {-.-,-..}" stands for the Dirac brackets for a subset of con-

straints (2),(3), €' is the inverse matrix of

Cfr' = {¢n ¢v‘}~ (17)



- Now we’ll take an udvmtnge of the speaal structure of the constraints (3): ane of each
pmofoonstrunbnacuonwdvmabk Th.lsnnowatoprovethu

{F,G}" ={F,G})" (18)

" for any dynamical variables F and G (see e.g.{13]). With account of Eq. (18 ) the formula
(18 ) takes the form

{A B‘)D(.)—{A;B'} -{A',VI' ,,l{vr ,B’} : (19)

 The matrix C is given by
. ‘. . (0 ~io ) 20
== i(a’_b’) , . - (29)

where o = —amw + b
lfnowweconnderfunctnnoA’B’whmhdependonlyoanm: P, € (eg
functions in (15)), then taking into account the relations

(A", &0} = (A, Eo41}" =0, (@1)

and similar relations for B, it's easy to check that the second summand in Eq. (19)
consists of only one term, which contains the matrix element Cp), 1., Substituting in
Eq. (19) the upresmm for A’ and B’ from (14) one can show by direct calculations that

(bx+ a) :

Alw+m)
If now we take for A’, B' the variables g, x, 4 from (15), then on account of (8) we find
from (22)

(4, B ey = (4, BY +i({A, BY, (P36,)1" (P 56;) (22)

{0 ¥} pray = 16617 = =65, {60, 75} peay = {20, P53} = =6y,
{90 %5l pey = 1266} =0, {gi 9} pgey = {202} =0, (23)

b
{m, ’f;}p(@) = gﬂj(;) - ‘QahFuf‘(‘pmfm);( :a)) é;‘(‘I)-’




These relations together with (12) vplove that the variables Z;,%;, & are Newton-
_ Wigner variables. The relations (23) for D = 4 coincide with similar relations obtained
in [3] . Expressions of initial variables in terms of canonical ones are given by the following

+b)
=g — "“l(’}#’))é(%’_*__'n)h

P = x; +’.-gﬂ,=¢,-(n'h)'~%';“‘$%’- *

{ax+8)
7 &#HQ+m)’ o
where & = —axQ) + Em,ﬂ = v 72 + m? +igFa;. -
Thus the variables g;, 7;, ¥» have canonical Dirac brackets and heace it is convenient

(29)
) =%+ "-(’J'ﬁl)

1o quantize the theory in terms of these variables as it was done for I = 4 [3]. Using
(24) snd the relations

. a{my; ' b xi9; E . :
tom = - 2T g, = ‘1"”, (35)
) & &
one can deduce the expreasion for the physical hamiltonian of the spinning particle in the
external electromagnetic field in D = 2n in terms of cancnical variables
” . Foutu(r;t

th" =0~ gICAo - zgn—ﬁ-(-ﬁf-(}-_:'n_)ll' ) (28)
It is worth mentioning that to quantize the theory by the Berezin, Mearinov prescription
i4; ome must expand Q, which enters e.g. {26 ), in powers of F,,lﬁ,l/),, the expa.nsidv
terminating in the order 252, If however we ardinterested in the terms in the hamita.iss

which after quantization will be of the order of 4, then taking info ascount that aftes’

quantization t); = ,»3‘-:»;, we find for the quantum Humiltonian the expressicn
. . Fopri{ono; - vsox) ., Fyoic;
Hy,, $2- gkAo - igkhk S ot 4 +igh—==-4 a7
s - grAo - ig DG ) ar el (27}

where 2 = V'x2 + m?, ~ denotes the Weyl correspondence between operators and their
symbols. Since the expressions for the initial variables in terms of canonical variables are
form invarisnt in all dimensions, the equations of motion for D = 2n are similar to those
for D = 4 found in [2](3]. '
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Thus the peeudoclassical Foldy-Wouthuysen transformation uigniﬁcantly simplified
the search for the canonical variables and enabled the quantisation of D = 2n dimensional
relativistic spinning particle in the external electromagnetic field .
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