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Two approaches to the quantization of gauge theories using 

BRST symmetry are widely used nowadays: the Lagrangian quantiza­

tion, developed in b-3} (BV-quantization) and Hamiltonian quan, 

tization, fo:rmulateP, in [1-s] (BFV-que.ntization). For all known 

examples of field theory (Yang-Mills theory, gravitation etc) 

both schemes give equivalent results. However the equivalence 

of these approaches in general wasn't proved. The main obstacle 

in comparing of these formulations consists in the fact, that 

in Hamiltonian approach the number of ghost fields is equal to 

the number of all first-class constraints, while in the Lagran­

gian approach the number of ghosts is equal to the number of in­

dependent gauge symmetries, which is equal to the number of pri­

mary first-class constraints only. 

It should be mentioned, that paper [9] was devoted to the 

verification of the equivalence of the Lagrangian and Hamilton-
,r 

ian quaatizations of the classical action, which in both cases 

coincided with the Hamiltonian action in the phase space. How­

ever the relation of these quantizations to the quantization of 
. I 

the initial classical Lagrangian action (which depends only on 

the coordinates ) still remained unclear. 
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Thia paper is devoted to the proof of the equivalence of 

Lagrangian and Hamiltonian quantizations for the systems with 

first-class constraints only. This is achieved by a choice of 

special gauge in the Hamiltonian approach. It's shown, that af­

ter integration over "redundant" variables on the functional in­

tegral we come to effective action which is constructed accord­

ing to rules for construction of the effective action in Lagran­

gian quantization scheme. 

In sect.2 the rules of constructing effective actions in 

Lagrangian [1-3) and Hamiltonian [4-8] approaches are briefly 

reviewed. An effective Lagrangian action resulting from the Ha­

miltonian approach after the integration over redundant variab­

les in the functional integral is introduced. In section J it 

is demonstrated that the effective action introduced in sect.2. 

satisfies the master equation [1-J] • Apart from that it's 

shown that the gauge fermion is incorporated in the above men­

tioned effective action according to the rules of Lagrangian 

quantization. In sect.4 the facts that the constructed effec­

tive action is local functional and has correct boundary values 

are established. Thia completes the proof of the equivalence of 

the quantization in both approaches. 

In sect. 5 for methodical reasons we demonstrate explicit­

ly that the summands of the first order over ghost fields in 

the effective action, introduced in sect. 2, at ii=O are in 

agreement with the general structure of the master equation so­

lution. 

2. Here we will briefly state the rules of BRST quantiza­

tion~ in Lagrangian and Hamiltonian approP~hoQ ~n the quantiza-
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tion of gauge theories. 

In the Lagrangian BRST-quantization approach the extended 

action of the theory is constructed by the rule: 

s:(Q.1..,'1',) = ~~..\ Q .. .,r ...... H. "h.~1~· ~;:· (1) 

A 
Here Q=(ic,c, B), where <\.-is the set of the fields of the ini-

tial gauge theory, f>o1, C°", Co< - additional fields,ol'9J., ••• , M, M 

is equal to the number of parameters of gauge transformations, 

q:,.;:c av,c) I IQ - sources of the fields Q. (antifields}. 'l'L -
an arbitrary local functional of the fields Q , which is fixing 

the gauge (gauge fermion), while 5,,.i,, ( Qlllia, T~111 ,.) satisfies the 

master equation: 

c~Q. 6' ~ f ~ ( 1 
(-i) -.+- ~ €-lt'P. l. ii Srniri \. Q'"'")Q..,J = o 

SQ hli11 ~ ..LQ"''" {2} 

(the summation over repeated indices is assumed), with initial 

conditions: 

S~, .. 1 =Set 
C-=lq="f-=o 

E ( $..,,~-= o J cf (Sn.i .. ):: o , 
{J) 

where E (A) and %h(A) denote as usual the grassmann parity and 

ghost number of the A quantity, respectively; "r" and 11{n in­

dices of functional derivatives denote right and left derivati­

ves. It's important to stress here that the sources IQ and the 

Sl -
gauge fermion 't'L enter ~ only in the combination IQ= I~+ 
+or~~ $~ Sq_ • Note also that ~ too satisfies the master equation~ 

e~A 0~ ~ e { . -x } 
(-!) SQA &I~ ~p ~ ~~(Q,1~,'i'L) =o (4) 
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Within the Hamiltonian approach to BRST quantization the 

effective action is obtained in the following way . Let the dy­

namical system of the canonical variables ~ , f be described 

by a canonical Hamiltonian Ho(<¥1 p) and a system of linearly in­

dependent constraints cPar(CV
1
f),;;i:-=-i, ..• ,ht (as it was mentinned in 

the introduction, only first-class constraints are considered 

in this papeP). Then we have 

l <P.,,<\>p) = u;, 4'1 , { 11., <\>"} = V2 ' <I>; (5) 

first-order structure functions. The set of 
¥' -

idlereU~~· V~'- are 

constraints <f>d: is naturally divided into subsets <1>o< .~~-- -,l 
I: 

4;:; = \ <t>o(t.)" · · 4>..,L} ; ~ : { oC,, ... old 
where ti< - are the constraints of the t< -th order of Dirac pro· 

cedure <cl>~ ~e primary constraints). ·For ·all.mplicity we consider 
1 . 

the case of equal number of constraints in all ordersof Dirac's 

procedure. (tV,I 
To constructs~ one has to enlarge the ~as~ spao! by _in-· 

troducing new pairs of canon~al variables: \ >,"' J Tc:il) , (c ~ P°'.J 
(

- J: <'1>~) xcJ. C. , :::r , where (Lagrange multipliers of const-
A. ~ -;;r . 

rai~s "Y.;;;- ) C _, C (ghost fields) - are coordinates, while 
..c. -~ lnd. :1r" , .P , J are the corresponding canonical momenta. The 

BRST quantizatio~ in the extended phase space then consists of 

oonstruct1ng of generating function J2 = D.,.i" + PJ ~ of 

the BHST transformation and of Hamil t .onian '}(, , which satisf7 

the equations 

b 

{ il.._ila > i2Ni•1 ::.0 ) { 1l, fl,_.J : 0 (6) 

with the ini.tial. conditicmas 

12~1"'- = c j; ~J 
!>so 

) 1e \- = Ho, s>-.o 
(7) 

where 12..._and ~•.,.U. c:ml~ Oil· the ftel .. ~the m1n1wl aeotor 

o,,p,c.;i, 9>.1' • The solutions of these equaUou exist being u 

follows: 

Q.._i.= CG(+;{+ c~cP LJ,.~ ~ t A.0.(f-J ,-
- ,_ 

1l = Ho~ cci V.i ~, -t IH) 
(I)_ 

U 1 __ J.. Eju l 
:Ia - .2 fl) --

r ""',. ' 

(8) 

where. 1n genera.1 1 ti.fl can be ~ed 1n a power -rie• cwer 

ghost fte1da C, !P 1 starting h'ca the :fifth power and 1{. is a 

series starting from the fourth power d the gJJ.oata C 1 9> • 

S
c,.;z 

l'lllSl.171 the effectiTe action :elf is canstru.cted 'bJ' the 

rule: 

-s: = ~dll~ rwr-':ll + {'t'tt(r'),12} +J:{ct,12~, (9) 

where r denotes the set of al.1 TU"iabl.•• of the extended phase 

space, { r, r) - w , \f'ff is th• gauge ~Ullion, L; -.zoe 

sources of 13RST tranatoxnations of the fie1ds Q~ • The genera.­

ting functiona1 of t he theor"J" i s 



Z 'Yi.= ~Dr ~xf{ ~ s~! (r. 1G.,'¥11)} . ( 1 O) 

i\ccording to Fradkin - Vilkovsky theorem [5] l'qiH is independent 

of the gauge fermion '-VH . 

Let us divide the set of variables [1 into two subsets. 

The first of these subsets consists of the variables Q=(<t,c;c)>) 
c'kc-<L Col.=ColL P:.a(=:J\""L While the Second includes all remain· 

) - I 

ing variables, which we will denote by)f. Thus f=(Q 1X). Let 
'3' (~}, :t ( ) 

us now define a functional ,.::>ef.J,'f1e Q> IQ by a relation: 

;_ "'CH), l 

e~$~.'!'"(Q,1~)==~DX-e.xp{~ $~~1(r,1Q:~ .. g. c11> 

,....,(11),I 
lie will show below that the functional s~. 'h defined by ( 11) has 

all the properties of the Lagrangian action in EV-quantization 

scheme: it is local,depends on sources I~and 'Vi. only through 

combination IQ+ ~~L' also it satisfies equation (4) with the 

initial condition 

c_cH),r (Q,TQ)/ = 5ce. 
,__;~,1¥11 1~=1=c~ o 

(12) 

This will prove the equivalence of the ERST quantizations 

in Lagrangian and Hamiltonian approaches of theories with first· 

class constraints. 
"'(rQ, 1 

J. In this ·section $~,'I'll will be shown to satisfy the master 

quation (4). To prove that we will use the method used in (Jo]. 

'onoider the functional integral 

8 
I 

J = f DX .e-xp{~ $~:r ( Q', X, IQ~ '\'11)} , 
(13) 

where Q': Q + { Q,.f2}r J f - grassmann parameter. Expanding 

the exponent in series over powers of r (.r.'l.= o) we obtain 

J= J DX [ e ~ s:' ..- ~~. e~ 5~i'f. tQ•,ll}r J = 

) 

i. $.(fO,·l ~ (' (' ..L ('.'\ (f1)) l - DX e~ ~ .+ "X ~ _ot_ e1' ~e~ 
- ... ~h v ~Q." ~ra · ·t 

- ~DX e~ s;:/ s-tr l~Q~({Q",Q}r)J 
(14) 

cC+Q,r S tH),1 (Q X I . \u ) 
where ,._Jef{ ==- ~ 1 ) ~1 l II • On the other hand, after 

the canonical change Of variables x~~x:=X;.-+{X.t'D.}fwe have: 

'J = J DX scld( ~~:1 ~p{ ~ S~1(Q.+{Q,~, X-+{X ,n}r,1~ ~ ~w)}= 
= J DX sJe-t \ ~ ~. \ ~~p t~ $~~1 ( Q, X, I~~~ H)} = 

. '-'fir J i. s tfl);1 ls ({ 11 )\l =jDXe~se# +~Dxe~ .effsi:r Sxj x~,i21f~ 
( 15) 

~(~,I 
To obtain (15) we had to use the ERST invariance of .::>Q.ff 

$~(r~{r,.ll}~, Tc;i) '\'Ii) ~ ~~~(r ,I~; 'Vtt) 
Equating the expressions (14) and (15) and taldng into account 

stt-[:;~(lQ~.rr}r)J + 5-b-[~;~({x\n1r)] =O 
( 16) 

we find 
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~ 
...Ls°''"J(QXI · ' ~i0~11 <QTi-' bX ~r_ be e ~ I I ~, 'f'11J ~& ~-< 'i;"Ve«,'ftt I -~ 

<oct ~1~ . = t-V ~~'t)!~ € = O (I7) 

,...... (~,I 
irhus the functional SQ.ft, 'f1t ( Q 1 IQ) satisfies the master equatim. 

Describing the procedure of the construction of extended 

.,ffective action $~(Q1°IQ;\V~in Lagrangian formal.ism we streseejd 

that the sources I~ and the gauge fermion \JJL. enter $~in cont­

bination l~~t~L • In general $~~11 (G.,TG) doesn't hare 

this propert7. However this takes plao~ for a certain class of 

\.\'H • Since the phJ'sical consequences of the theory do not de· 

pend on \}111 , we will consider ·the class ~' gauges 

'f'tt(r) = \.f'LlQ) + ~i(_X) (18) 

~ubstituting (18) into (9) and taking into account 

{'t'"(r),.Q.} = ~~~ lQA1Q.}-+ t~~cx),il} (19) 

we ascertain"' ~hat '$:•~11 does depend on T~ and \.VL(Q)~J' through 

combination ~-I~~~ Bence 

"'(.~ "I . ,R. ,..., 

~~'"'"( Q)Q) = 0 l Q,1~)' (20) 

.vhere ~(Q.}:q)st!ll satisfies equation (4). 

4~ We will n~ prove that the tunotional .1 ( Q 1 ~defined in 

(20) can be ohoaen local and satistJ'iilg the initial condition 

( 12}. To aohieY• this and we choose the gauge fermion 'f H ~ tb 

f'orm-:-

10 

· - L-t 

li.I ""LC alL 'Xot (iy) + ~ L ~~X"' + ,z: C -''Tot.·+-
\ .. {~} L {. olt.J t•.l{oi\j 

4 
' 

L-1 (21 ) 

-+ g .?:= c ..ct >iaet•J. . .... 1,{Gf;,} 
Setting in ( 9) the expression {'f'tt,.!1.} found b7 usJ.ng (8), ( 21 ) 

and relations 

l cit lii } {-oti m } c ) Jaltt : c , ~c(lt ::. 
I X"~ J[ 1 "" b «• l ) cCicj oCa: (22 ) 

we obtain L , 

$(10,1= L. a.f ... ~ (co11ep -+ ca1" ~ +A'" .. ~)- H .. 41.#- r { 
1 

. o(1e tt .. . o 
. L i.-+l ti:•i., ~J L 

-~ ~ coli.l/o/1<.~ . + "')1 ""'5"'"" cqlL{.:r" (•.\ ~ Jc1tr. 
L- L- 1 Vq;. "'" L- L-. ~ ~h '" + 
"l.ai,{.C;,\ t:.-l,{.Ct:) ftaJ,{~i:} {~ 

+ L x.a(L T"'L + g z: <:P°'J ~ "'i + g z: 1 olt. Pa1~ + 
{at,.J {olt} ~""'1 L.-J. (23) 

L-i L-i ~ - ./ (I) 

+ t / -:rc(•1a<• + ~ L. .Aa1 .... ,1r<ll1e. * "L--j le t. Ja{,.+j, ... 

~tJ J<.•ie\.(t:} J<.•.tl\.(ICJ 

4gi= ~ L.c-{wt1•\o11c'rc u k ~ ~ O(~' +I'~ {QA n} 
l'-J,{olr} !•J, { "} {-i1} a(,a(IC " · Q ) • 

It's clear that 4'tt(tjhas the form of (18). Since the plQ'lllo• · 

doesn't depend on the ohoice ct\}'", we consider &(Q1Tq)in the. 

lim.U g~oo and we'll show, that it has the tollowiDg f02'llr 

,..., 

~ = 5.,.,11 -+ Te~ -:t.,,~ > (24) 

w!l.9re sh\ .... S&ti8f1H (2) and the initial OOndit.icm. ())e Mating 
W.I . . 

\.n C11J Cwre $~ is dYen 'by (2:3)) the ohan&e ot vari.ab1H 
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- -\- - . -~-o(· -~ 
~:1.~ € · ~1. j Cal'--+8 C '~ l"o<t-7~ 2:Jra(;.,(i..=d., ... ,L-1); 

a.. "-~en ( L'),\alj "-~\olj(· i,.\cC,s. -i\o<1 -:r.,,"', 0 ~"' Ke i, ... 1 /J /I ~ ~ /\ J = 21 ... 1 
'-')J /I _,, { /I • 

we obtain in the limit ' ' oo (after integration over all above­

ci ted variables, except the )..ol.t ) the expression: 

e~8(Q,JQ) = ei Ic...r.L f DY D>.., -"lp{~ jJt [z:: 'if+ 
L. - I... <+:!. 

~ c"'kP - 11 - .,--. ..._,, c"'' 11o(" 1 -t "r'"" \c/1. + f__ "'i: Ho f__. L__, Vo1, o1):. L..... "t'o( 11 + 
1:-:::2~o(1:J l"'i,{cltJ f<:.21{oli:} {ot~J :I. (25) 

+±:_ \{'IA • .} c"' +z= LL. A"'c"'Lf~t;,,.·tJ.~'1-.P)~+ 
~i,{olt:} ~~{ ~t:}{ali} { of1..} Lo(L k. 

4-T ( Y, °vi C «L, A o(J.
1 

I<\t, I e a(JJ} , 
where l Y} ={ p, ~v···, ~~' <:'.o1J.,. •• > CiiL-J} , and the functiona1T 

is independent of Io(L and Tc:iL and contributes to ~ either in 

loop approximations or in summands, containing powers of the 

fields c«t.. high~r than unity. Thus ts in this gauge indeed has 

the f~rm (24), with s ... ill given by the expression: 

e; s,,.,,.(Q..,~,Ic~ ...... ) = )DYDA"'1.e.xp{~ fc1t[~~p-1-Z
4 

'. c°"i:~"'-
, . ·H J 1=2,{«t) 
.... I.. V.-' -

?; o(• "'" o( - Ho - z=: c . °'• P"'i.: -t L. <:P"' A 1. ~ 
. •1 """2,{olt1 { ol:1.} i 

L ol L "')' ol ol. €.ti+i <•) />t: -+L 11-\a.i,~o(t:}e 1:.-+z= LL, ,X :1.c L(-1) U <~~P-,j26> 
tc:--J.,{.c.,_} "~1iF9 {..is} otL «to!t. 

-+ 'T ( Y, C\i, C oi1..t f ~1 ; T~)cc1J]} 
Using this expression it Is easy to demonstrate that shti~ satis-

12 

fies the initial condition (12) (or (3) ). The contribution 

;S~. I comes from the tree approximation of the 
·~ 1=-~ ~-o 

r ral '- JJ::i;:; 

~DYDX":1.~P{~ f Ji[L:~~ - H~ + L ~o1)o1~ + 
{oli} 

L L-1 ) ] ~ L ( cc1"" - z= cq'< v,ti: ~.J . 
1<-cZ1 {oli::.} L= t:.-1, { oiJ 

Integrating in (27) over ghost fields, contained in 

get from (27) 

.JDrD X~1~pt~ ~&tL Z:~p- Ho+~ ~a<) o(
1
]] 

In the latter expression we omitted the factor 

L-i 

[l ( sJJ v.~··r 

niI - .. 

~--:..;,.. ~. _,.......:;. 

(28) 
~"j !::S-=z;.r/f a:-''t:.£! 

'.;>:: ' . """!Ill. 
1\ •.';"' :..,.. .. - · 

1¥:1 -
(29) 

which doesn't contribute to the tree approximation of the i nte­

gral (27). The tree approxima tion of the integral (28) is. equal 

to exp{~ Sc} where Sc is given by the value of the 

$ = ~ M ('L: ~f - +t + Z. <t>~i X"1
) 

j {alj] 

on tne extremals defined by equations: 

O'S 
~p 

::. 0 S$ = o ' sx~-,. 

actiannrr;: 

(30) 

(31) 

which coincides with the classical action Set, i..e. S
0 
~ Set 

Note also that the calculation of $~;11 with.in the perturbe.-
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--. tll• a ;, Sis )led....a 'Mlag IV.JW :ral.ea llf.:lll > J ptor11 

.... n.1 .. ~-,t,c~ ... ,e~-- wld.cll - o.r.tDed b7 

• a 'y•U.. -.r - ft.a1.da plf't or u. ett~ .n1on in 

... 9"11' ..,.., d t.1lle :bltegira1. (26). :P.nm. (27) ... (2B) :U I 8 ....,.. 

.. -· u.t all U... pi!CJ ptmw .,. prvparU-1. 'iill o( JC-~) 

- mldda :r.u- u.e J.ocaUv or$.._ • 
~ ....,.... u.. proor or u.. eqa:l:mlance or ~an 

- = C"rd- .............. or Jllsr qaantisaUcm Gr B!1111P theorJ.i-

-Wlllla~ cwtnd.mta. 

...- llia 1811.8 ~ :ror wltllolU.cal. reaacma. WB mmsl.der the 

SQ..c:c:t:ume • 1t11e .... m , :1:a ~ or u. f'GJ.'11. .... T,.c .a t = o 

1mnw....mn. ....._ Ii-~ :ham U.. etruetare or P'"""'1 -1.ution o:f 

_ _. -. t11e :rGJ.'11. "I,._ R!t<'t} c"' 
~ ~- -aa. - if.a .... or pap ~--u-. i.e. has 

It»• ~ jltlig&l4 - • 

- ,- . ~S..tl'tl (;(~ =0. 
(32) 

-:- .c...- UO'OWl ..p!1!d~ 1tllaf; Ule cael'ft.ciJmt :f1mctt.aDB ~ the 

s•1pu•i:lh nw ~C*(~c~ • ........._after cal.cala"t:lcm ~the 
ill'' w• <G:'IZlil. 6D -.1tl.ll!7 u. c:mdUi.ml (32). 

Bill!:' drwll- er ~ :l:a ~ - u... :re-1.ttng a:preaaians 

~ ,,....MllilW WldMm:WGSD&. J1L WW: tlliQ" Bn aiwp) efled Bi.gn:HicantJ.7, 

.....__ .........,..,. a ........ ] ~1111. :far Ullt ccma'Crainta 

_,,.....,.._.....-Gil (j1] • .u u .... mo.m mb-ij 

C!!l!lltC$~ ~ ...,. ... ...,_.. :iD. ..::ii. a 919 U.t the ccmdi-

{qi"' <P. } = .z= D h ,,k IC.' °'s. { ~J a<i:..ols. 't' f'i ) ~ .:d) ... ) L.. , 

{~O I ~olt.l =- ~c( + ~ \;'_,""i. ,..I._ ... : ~ J.:.'i (33 ) :J t::+J. ""t: 'f'_, ,... "'"1• •• } ' 
ol,1.J ""J. ) 

{ Ho, <Pc(} = ~ V : 1 ~o( 
L ~ '-. J • 

hold, where the matrices c::+J.. present in ~fl • without loss 

of generality are taken equal to unity. Comparing (33) with (5) 

and (8) we have 

U ~ = 0 ..e -= '2, .•. , J.., 
c( IC. o( • 

V o(l'... = 0 ~:ti /:. -:/: €t !. 
ale J ' 

(34) 

~ P.e.+1 = ~ f>.e.u 
-J~ ol,, 

With respect to (34) the expression (26) defining S..,;,. takes the 

form (with the accuracy we need) 

e*'Shtr'H = iDYDAdi~r{ ~ J<lt [L: ~r - Ho -t 
/,. . 

+L ~~~"'1 + /. ~ Ia.d ~" 1>"'Jc°'1:.+ 
{«i} ~t:} .. y ' 

+ t:' ( c °''""- c "'"-) ~"" = 
~{olic.} . (35) 

·· · 1 DpDx~~ ~P { ~- r ~l [z: ~~ r~ - Ho-+ .L "'"'~ r'J. -f J ~ {olJ.] 

-+ ~ I ~ 'C_ { q/, <f> ~rJJ ~{:-~> ~ ~ J? 
I.. 'i- t:ci,{a1] J ) 
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.J:. (I<}= ""' a( - ~ 
where '9' "'. - 't'..J C = C. • ... .,_, 

The tree approximation of this integral is given by a Lag-

rangian action, constructed for the"Hamiltonian": 

Ho - Z: <Pol .A o<j_ + ti H 
{cli} ~ 

{36) 

where ...,, I "5- { t ,.I... (t:)) I (l-lc) c( 

6 H == - 4-t 4.• ~l '{; 1 'o/ a 0-t C c.. ,,, lc•J,{'°'J 

As known, for the first-order corrections the relation t>L=-t:.H 
holds. Hence in the first order over C we have 

llhere 

Shti"-::: See+ Z Ii.• R~co( 
c.. 

R i = _i: {a i <k "'1 d(i.-t<) 
c,( ~i,{"} y , a( 1 't . 

(37) 

(38) 

In papers [11, 12] it was shown that the expression (38), 

indeed, is a generator of gauge transformations of the action 

in the Lagrangian form. 
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