
Preprint YERPHI-1336C31>-91

AM9800014

EPEBAHCKMH CDM3MHECKMK MHCTMTyT
YEREVAN PHYSICS INSTITUTE

S.V.ESAIBEGYAN, S.N.TAMARYAN

THE INFLUENCE OF THE INSTANTON C£DIUM ON LIGHT QUARKS

2 9 - 4 2
HaT

-- 1991



We regret that
some of the pages
in this report may

not be up to the
proper legibility
standards, even
though the best

possible copy was
used for scanning



Mnnnmbuintnajpli ilaripunatp ihuihinnf (N f =l) gmpnibailioitfnili

m Jipm ilpgptnsgitaib hpiTbaihmpgc: Ommgi{ni6 qnpftmi«^piiJin tqmpiiiUinljnitf t

pnqninnjpli Ijbn anipimi) qmjtnbpp htna (iilaptilibpti mptuniTnnpmp

npn JMUJI fc mm{|ia l]]ipaiDb[ piBinDponrhhpp

bli Inntulfpininl titinqprniliajpti ilBinbgtltnilp

ai

3bpqpboijp pfnnapinBnn

bphmli

UeHTp^lkHUH HayMHO-HCCJICAOBaTejlbCKHH riHCTHTyr
H TexHHKo-3K0H0MNHecKHx HCcneAOBaHHH no aTOMHofi
M TexHiwc (miHMaroMHH^opM) 1991 r.



Recently there was an essential progress in understanding

the mechanism of spontaneous breaking of chiral symmetry (SBCS)

[1—53. As a consequence of this, the physics of pseucioacalar

octet particles becomes more transparent £5*6,7]. The instanton

"fluid" vacuum model allowed us to describe the low—energy

characteristics of (Tt,K) mesons in a good agreement with

experimental data [5,6,8,91.

The general method for calculating the correlation

functions in instanton medium proposed by Dyakonov and Petrov

is the following. The instanton anti—instanton superpositions

must be considered as an external classical field. The

correlators in the presence of this field will depend on the

characteristics of all pseudoparticles, i.e., their dimensions

p, orientation U, and center z. Averaging over the statistical

ensemble of instantons with distribution function finally give

an exact correlator in instanton vacuum. This distribution

function, which is the propability of arising of fluctuations

with a given parameter, determines exceptionally by

pseudoparticles interactions and not contain fermion—

pseudopartide interaction corrections, i.e. in quenched

approximation N./N «1. The averaging is substantially

simplified due to the following approximations:

a.The instanton fluid- packing parameter p/R, when R is the

mean distance between pseudoparticles, is small p/R«l/3 C4] ,

and therefore the pseudoparticles may be considered as

uncorrelated.

b.Whsn the number of colors N is large, the instanton

distribution as a function of instanton size p is very narrow



and tendB "te. the? 6""3i"î pE:d functien at N. ->OD? so i:hat in the

,-eadir.a urder over i/N_ ff,î e;3 of im;tan corsrj pT iRtf.y be replaced
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clhe Hilbert apace of the fermiDn»- is truncated to the

spficE1 of zero modes. This approxirastion is justified for the;

i B:TJ Mivelength properties of the vacuum {5r.eles>O.JfE) , The

reason is that thf? spectrum of the Dirac operator in the field

of an instanton is rharacteriied by a gap of <Tibout p ' *6O0MeV

wtween the zero energy state antf tn>~ coritim-ujr,! of scattering

A diagrammatic procedure for averaginrj was developed and

ti-'<:. f>r;int correlators were calculated. However, three end

•~iiq~\K::- point functions are not obtained by such a method. The

procedure of ladder diagrams calculation in different

directions does not exist. In general, the solution of the

coupled Bethe—Salpeter type equations is technically difficult

to obtain,.

Therefore, there arises a problem of finding a reliable

algorithm for calculation of another Green function. Beside

that, it is interesting to find the effective action which is

equivalent to the previous model. There are several attempts to

write an action of such typet9-113. The idea is the following:

to start from the multipse.udoparticle partition function, an

equivalent of the previous model, and after averaging obtain

the effective action. Nevertheless, all of these actions are

not equivalent to the previous model, (see, for example, Cil3).

In fact, the QCD theory has a chiral limit, which means that

quark mass may be tend to zero in the final stage of calculati—



one. and, obviously, no singular by m terms will arise. But, as

will be s+iown in sect.l, exact calculations give such terms. In

our point of view, this discrepancy is actually connected with

the incorrect procedure of averaging. The influence of fermions

an the distribution function (that implies extractions of zero

modes and ultraviolet divergences from fermion determinant) was

neglected, but this non—regularized determinant was included in

the correlator definition.

In this paper we investigate this problem more carefully

and in (c) approximation from QCD Lagrangean will obtained the

roultipseudoparticle action. Averaging over statistical

ensambles using (a-b), finally gives effective action of quarks

in instanton medium. Besides, we will obtain the propagator of

quarks and investigate stability of our results in both chiral

limit and with mass corrections.

l.Let us begin with the QCD partition function in

Euclidean spare.

A expt-J'Cy.'^.A H <1>

The main points of the model are the following:

integration on th» gauge field A is equivalent to averaging

over the statistical ensemble of pseudoparticles with known

distribution function of given configuration and to replacing

•field A in the interaction part by superpos tion of instanton

anti—instanton configuration.

+ * 4 » (2)

V?



Where <<„„•>> denotes the average over the collective caordina-

r.ess positions of all pseudoparticles z, their orientation in

color space U_(following to (b) approximation we will

substitute all sizes of pseudoparticles by p=(600MeV) 5.

However, note that Z' is not similar to this forsner model, since

in the definition (2) the propagator has the following form

<<DetUV-:-im?>>

Isolation erf uncertainties from this expressions demands ' to

change the averaging mechanism , i.e., propagator (3) is not

es.;:.'.3..i '-.o the one obtained in [53»

Therefore, in our opinion, if we wish to construct a theory

similar to (4)... it. is necessary to start from

we introduce bosonic spinor fields %,% to compensate for

contribution from fermions degree of freedom. OtherwiESS it is

necessary to modify the whole kveragino, procedure?« Rerasmbers

that the distribution function was obtained when the fermion

fields were rejected.

Following (c), we will replace the exact Green functions

in the fieSd of one instanton by a model oneC53

<y' (6)

where S0<x,y) is the free propagator, $ (st) is the zero mode



Tor the I-th pseudoparticle: it is a right (left)-handed Weyl

spinor for the (anti)instanton. This model is true at small

momenta p p « l (the range important to the SBCS) and this

propagator becomes a free one at large momenta. Using

S"1" -(i*«-im) and s"1- S~l= -iAj

we have

-iA <= JT^sT1- S"1) + E(I+I)

I J

From (6) and (7) we have

•• tl-»l3 (8)E l ~ i

Using the chiral properties and normalization condition of

zero modes

l^L]' 1-!-^
im

im

from <5), in chiral limit we obtain

(9)

and with account of mass corrections Me obtain



(id+im W+X

x«Ifexp f- - ~ - j"*+< id+iro)« jd^JiS j

f l - _ L

Mass corrections Mill be analyzed in section 3. And now

turn to the chiral case. Using the Brassmanian properties of

y,ip+ for Z(J},1J+) we have

(ii)

Now the theory with Z' can be obtained from Z, if the

variables XiX are omitted

^ ^ ^ V ^ ^ ^ x <12)

The expression (12) differs from the result of CIO] since (12)

is normalized not to n as in CIO], but to the finite quantities

in [113. Investigate now the problem of how far we may

normalize the theory to m, putting m=O from the very beginning.

Let us calculate (12) with nonzero m, and then tend m to zero.

Average Z over positions and orientation of .pseudoparticles,

using the density matrix composed of zero fermion modes [3]a



B|k||q|

Here a,b<i,i) are color (spinor) indices, T~ are N^N^. matrices

with (T,+i) standing in the left upper corner (all other

elements arm zero)T are Pauli matrices, k=kj>y«>- T n e function

is connected with Fouriet—transformed zero modes.

,-27tp/|k| Jk|p«l
)-I (z)K (2)J , ={

x l lr Î IP'̂  U k p

For anti-instantons y 5 •• ~Tf^i T~ -> T , when averaging over the

orientations with the Haar measure normalized to unity, we use

the relations

We can obtain

where

c

N + is the number of (anti)instantons. Then in the thermodynamic

limit N+=N_=N/2, V-»oo, N-wo, N/V=const using the well

u x

known equation Umfl+x/N) = e we obtain
N-oco



J^

It means that M(k)~m and lim m->O does not exist. Theory

singular! Thus, the method can be applied only when m tends to

zero from the very beginning[1O3, which is equivalent to the

approximate cancellation of Det in exp.(3).

2.Let us now return to Z. First integrate (11) over the

orientation matrices Uj, keeping only planar terms(the leading

order over 1/N ) which means neglecting of the cross terms.

Denote the integrals under consideration by I', !?..» Xsi/n>

** IX .

(15)

I . . ( k , q ) = r d U Ck$T ( k ) ] . [$_ ( q ) q ] , axplMX i £ $ T d xj"$.idjfd y ]
lj •* X X X J XX

It follows from the explicit expressions (13) that I' may

contain only scalar and tensor productions of left components.

However, note that tensor terms are suppressed in N -HO limit..

Thus, I' is a function of the variable t, I'(t),

t=A/N t2Y2!|)Cz) And the brackets mean convolution

(A^aB., ) (z)=J"A*atfc)B. (q) exptiz(k-q)3a(k)a(q)tfc)B(q) exptiz(k-q)3a(fc)a(q) =
i j ( 2 J t ) a

Note that I' and I a b are connected

ti;}(k,q) • ^

and to resolve this differential equation we find

1O



(16)

From the observationC12], that the group integration is

equivalent to the projection of a tensor product of fundamental

representation onto the singlets of the group (the eq.(14) is

an example, also see ref.[113) we can obtain

Substituting (16) into (11) and integrating over position of

pseudoparticles we obtain

U 8 )

This expression is finite over m, and one can use chiral limit

nereC13].

As will be established later, the action contains the

effective mass M(k)~(N ) , and the interaction potential

11



~(N ) , caused by the circumstance, that the number of

instantons grows with N , hence they must be calculated stage

by stage. In propagator calculation the ghost fields XtX can

be integrated exactly, which was done when the quark mass was

included, and approximately, when the dependence of the scalar

production (X,X,)l2l o n 2 could be ignored. Such an

approximation, which is true in the chiral limit, is based on

the -fact that the function a(k) quickly -falls off for the mean

-v 2values of the ghost fields % JJ'-'l/k (see eq.19) and the

integral accumulates in the region of k~q~O. In fact, the

integrals over <̂ and X are factarized (due to stage by stage

calculation) and the determinant which arises as a result Df

integration over X>X (see Appendix), is exactly calculated

JdxdyP(H,y)exp(-x-y> 1-^+^y-H_+-i-1 c

iLp - iJ iLlf l s »xpCis(Z-z ) ] d g (19)
V n (2n)

i.e. in the chiral limit m-fO the dependence on z,z

disappears.Remember, that our Z(J2,|J ) is normalized to unity

and any suppression is compensated for by analogous

contribution from Det of y,^ , i.e. dependence on z,z in I'(t)

can be ignored.

It should be also emphasized that when mass corrections

are taken into account, integration over X>X i s done exactly

and the result in the limit m->0 coincides with the approximate

one. The advantage of this approximation consists in the

possibility of calculation of interaction potential which is

12



hard to find off the chiral limit.

In connection with the aforesaid, now write the action

keeping D(l/Nc) terms, and substituting (£*2L> C z W Z j ^ H O )

< 2 0 )

In thermodynamic limit

(21)

And Z(O,O) we can write in the form

^ r

=- e x p -JP --^-lnjj •*

2n ft «

After integration over X>X »V»V uaing (19) with P,=O we have

Z(O ,O)=JdJ|+d/i_ g-^ expj- -g- lnfi+- -5-

where

13



In thermodynamic limit in[glfl+,fl_y/fl_Jl_3 must be rejected in

comparison with the terms proportional to V or N.

The integration over jt+ can be performed by the steepest

descent method, since Afi+ is of the order 1/VST . We get

Jl+
=fi_=m£, where £ is determined from the gap equation derived

in [5], which naturally emerges when integrated with Ji+.

d4p M 2
( p) "- -

(27t) p +M <p> c

In accordance with the results of [5,1O1, in this order over

1/N we obtain a theory of non-interacting quarks with M(k)

dynemical mass

• f + - d4k
explJV C-k+iM(k)3¥< -g- | (25)

From (21) and (25) we can see that the mean value

is defined by

,-1

Let us now consider the next order over i/N in the action

(27)

Substituting the mean value(26) instead of colorless production



in chiral limit we have

4
= f fy+tk-iM(k) 3^+Z+k3fl-^-^+2 -^- fV M(k)M(q>M(p)M( 1 >6 4 (k+p-q-l )x

<• J ( 2 n ) * N

-ML-*) (28)

Thus, Me had started from a nonlinear theory and had

obtained a nonlinear theory with nonlocal interactions (N =1).

This action has two essential advantages:

a)perturbation theory is applicable as the vertex function is

small(~N/2VN xl/N ) and besides, the model is superconvergent.

b)potential leaves the ghost fields without mass. This is

obvious from the calculation of fig.l type diagrams. Correction

to the propagator is

^ 2 p i-y d4kd4q q-fc+iH(q-k)
I "Sri N M ( P ) — o -J 5—M(p+k)M(q)M(q-k) =-

(q-k)2+

xSp = ?—= g ^ ^— - ol(p,k)
L (p-f-k) 2 q + M (q) 2 J 2 p 2 p

where o(~l/N , i.e. in the leading order over i/N the

propagator remains unchanged. Also, in the same order the

propagator for quarks remains invariable, this being obvious

from calculation of the fig.2. type diagrams.

3.Now consider the massive case (eq. (10)). Then for J°

instead of (2O) we have

IS



V " [i+

where the scalar production

4 4
d k d qxexpCiz(k-q)3a(k)a(q)

and similarly for <£L2L)(m) and L*R.

Important is the circumstance, that theories with few

fields and definitely different effective mass and potential

may eventually bring to identical results. Thus, expending the

logarithm in action around different values, we get different

vertex functions and effective masses, which must be yield the

same Green functions. Naturally, we are interested in the case

which brings us, as in chiral limit, to a stable propagator in

the leading order over 1/Nc- Introduce the arbitrary parameter

s in the logarithm, any value of which must not affect the

final results. We choose that value of s, which leaves the

effective mass of quarks stable.

(3O)



Expanding In around

after steps analogous to the chiral limit, we obtain the

following partition function:

+ d©+ d^+ «#_ dtt_ fNDZDZ B x p J - " i n 2«j |
2Jt pQ 2jt fl_ *•

(2n)

which brings us to two connected gap equations for quarks and

ghosts fields

c p d4p H2(p)-mM(p)

<27t)4 p2-2m«(p)+MZ(p) .

4(JM A

c * dp
N (2K)4 pZ-2n>L(p)+LZ(p) s s £

c c

From these equations it follows that: i) up to linear

approximation over m, the effective ghost mass l_(k)=O (0=O) as

in the chiral limit (all other solutions for & turn to complex

mass) ii)in the chiral case for any s we will obtain the same

gap equation iii)when 0=0, s is complex (M=iN/2C©-fl(l-s)3/s,

see eq. (21)), i.e. M(k) is real when s-w». Thus, from (29) we

17



have for Elm)

c r d p
N J (271)'' p2-2mM(p)+MZ(p)

( 3 3 )

and the propagator

which coincides with the results of diagrammatic calculations

of C63. Our results differ from those of [11], where in the

kinetic terra (itM-im) m was neglected as subleading in N . But

it is not true. Let us denote the neglected m by fl for

difference and after calculations analogous to£llj, in the

integral part of the gap equation inCHJ we obtain m-2ji instead

of m! If one takes ff=m, one can find the gap equation identical

to (33).

The chosen value of s brings us to a real interaction

potential with coupling constant ~1/N , which means that

corrections to color objects are suppressed, i.e. our result

for effective propagator (34) is stable.

Thus, the averaging procedure in quenched approximation

proposed in this work leads to an action that contains already

in came of N =1 an interaction potential. We restore the quark

propagator and gap equation(in chiral limit as well as with

account of mass corrections) obtained previously by

diagrammatic approach, the results being not affected by the

potential. Effective interaction allows to use perturbation

theory and find higher point Green functions, •• which will be

1 presented in forthcoming publications.

18



Appendix

In this appendix we calculate the determinant which arises

as a result of integration over the ghost fields with mass

corrections. In eq. (18) these corrections lead to the

following replacements: in the kinetic part i9*l9+im, and in K+

and the same -for XrX > a n d besides, in denominators m is

replaced to 2m. Then the integral over X,X can be performed

onto the integral

d4k

(Ai)

P(x,y) here is a polynomial. Extraction of Det<i*+im) brings us

to Det(E-T) T-dT.+flT, where

Ot~2mN &23R

T,(k,q)fb-a(k)a<q)expCiz<k-q)3f-S- —5.fl--iSS-11 fi <A2)
i J L k 2 *• q J-«ij a

T_Ck,q)fb«.a(k)a(q)«xpCiz(k-q)3r-\ 2- fl--^-]] 6.
* J >• k • 2 *• q J J i j •

They satisfy the following relations

where we use the normalization condition of zero modes

19



(271)

and by p we denote

r 2, ,
 5U r . , - d4s

** s^ (2«)H

Using eq.(ft3) one can easily derive

-1
=E+

D=l+i

From the identity

Det(E-T)=exp !SpJ-g—<i'=

we finally obtain

(A4)

Det(E-T)= h-
1 "

We

4M ...2tc 4N v mc

-+ —2 4
-2N
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Fiq. 1

Fig.2

Fig.l,2-Self. energetic diagrams for ghost(dashed curve) and

quark (solid curve) -fields.
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