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‘In papers [1] devoted to the problem of quantization of a
point partirle, it was shown, that the description of the elec-
tron spin i®m possible on the classical level if one introduces
to theory‘ﬁ new type of variables ~ elements of Grassmann algeb-
ra. For quantization of this theories Dirac's method [2 ] of
quantization of constrained systems was used, which prescribes
to substitute the Dirac brackets of the variables of classical
theory by the commutators (or anticommutators for odd elements
of Grassmarm algebra) of corresponding quentum operators. For
odd elements Clifford algebra emerges which is realized through

- Dirac's a’-matrices. The first class constraints of the clas-
gical theory are transformed to equations omn vectors, describing
physical states- Dirac covariant equation in [1] +« However this
quantization scheme wasn't vigorously proved so far.

In this paper a different quantization scheme is applied.

Nemely, gauge fixing additional consiraints, equal in number to

a number of first-class constraints,is introduced into a c¢lassi-
cal theory.As a result only second-class constraints are present
‘in the theory,and Dirac's brackets of this theory,consistent with
}all second clags constraints, are computed for independent va~
; riables (for systematic treatment of the method see [3] ). In a



recent paper[4] this scheme was spplied to the gquantization of
a relativistic particle with one of a gauge fixing constraints
taken in a form X, + 'L'%gnpcz ¢ , which allows to describe par-
ticle and antiparticle at the same time in the classicalntheory.
In that paper the quantization of relativistic spinning massive
particle was also considered. lowever the obfeined result does
not allow to investigate the limit m—= (O, describing neutrino-
like particles; this is a consequence of a definite form of the
additional "fermion" gauge-fixing constraint in[?4] .

In this paper the canonical quantization of the Dirac par=
ticle 1is carried out in a gauge, which allows to investigate
both massive and massless particles. The investigation is carried
out in spacetimes of D=2A dimensions (while in [4] D=4). In
sect 2. the complete set of constraints of the theory is obtain-
ad by Dirac's procedure, In sect.3 Dirac brackets for initial
physical variables are calculated and new variables, for which
the quantum commutation relations have a canonicel form, are in-
troduced. In sect, 4 the quantization of the theory is
carried out; the claessical Pauli- .Lubanski vector is introduced
and (within the Dirac's quantization‘scheme) the corresponding
quantum operator is constructed; it's shown, that up to a cong=-
tant, this opérator coincides with the operator, corresponding
to the initiel varieble (more correctly, it's gauge invarient
generaelization) describing the spin degrees of freedom. In sect.
5 the limit m-+Qof the theory is analysed. In sect. & the theory
i this quaﬁtization scheme 19 shown to coincide with the Dirac

theory of a spinning particle in: Foldy-Wouthuysen representation.
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In sect.?rseveral classical relations among the dynamicel varicb-
les of the theory, quantum analogs of which were obtained in
preceding sections,are deduced.

2. Congider the action of the theory, describing lLhe rela-
tivistic massive spinning particle in a spacetime at any dimen-

sions D=2n

J ’(x) em - (f? ) )(/‘L_ -mg, JM”

Here M=0,1,..,, D-1, ffﬂ’ :(1, -1,... —1)3 /(’“—- the particle
coordinates, ; -grassmann variables, describing the spir deg-
rees of freedon, %'ri"x and & are additional fields, a being
an even, g.D-H and X —odd elements at Grassmonn algebra; the
dot means the differentiation by—z parameter along the trajec-
tory of the particle. lote, that the introduction of the additio
nal field permits to consider a limit M —»>Qof the theory; the
field \X ig introduced as a Lagrange multlpller to the additionnl
dqnstre.ints, excluding from the theory indefinite metric steotes,
while the figld é” - the analog of ?5. in four dimensions - is
introduced to make the presence of the mass in that constiraint
possible., "he action (1) is invariant under reparametrization

and supergauge transformations {_—1,5]
SX'"=L’€§", Se=iek, SX=2¢, (2)

_e X sly._ -
Ssr-g(L-55&=spr, 55 =m.
From (1) we find cenonical momenta, conjugated to coordinates

xfoe, gl &, X



M x €

¢ = 56=9 sr 38,
- )4 1

Toey = 22 = L )

o 8, 2 S > M= aq = ©

Relations (3), except the first one, are primary constraints
P =T ~=< ~ 0
M r 2 3

(’/4 f""'O’ 19...5 D~1 (4)

¢.'D = TD{-»( +2 ;D*‘{ ~0} %,5 :ﬂ'e ’-!:0’ C]SD,.?;_]}:_-O

Here and below the indexing of constraints is chosen with the
aim to make the matrix of Poisson brackets of all constraints

Lpe :{¢eﬂ¢e’} ag compact es possible. The canonical Hamiltone-
_an of the theory is

H = Xﬂ/‘% +g’/‘~7r/4 +'§3+4 Moes -4 =
=e(Fm) e X (e -mE,).

Nirac's procedure [2], we introduce totel Hamiltonian
‘h2 system:

& Yo+ i’[ﬁc{,)r * L"\DC%+/\3+5

(5)

TN

(6}
D+5+ i";ua-;ﬂ%r?

are Logrenge multipliers) and find the secondary constraints



»

¢
= A = - A~ _ /> 2)3
oo 'Pﬁgr’”’%mo; Ba=fp)-wz0, D=(Fr) o
The constraints o, d?>+5‘7 qbp+? are first class. There ia

one more first class constreint L:P , which is a linear combi-

nation of the constraints Cb 5 ¢.I> 5 d).bH .

@ = Pl +m + (B, =

(8)
=—';-( Mg
2 Pg,, M§p+4)+p-7r+m]5+4 .

Hence there are four first class constraints in the theory and,
according to general prescriptions [2,3], to eliminate the de-
generation, one has to add four gauge fixing constraints. First
we introduce two constraints (according to the number of prima-
ry first claés constraints and will try to optain remaining

two other constraints from the requirement that the L deriva-
tives of these constraints are equal to zero: this method will

énsu.re the congistency of new constraints with former equations

of motions [2,3])
"B = Aot TR0, B,,=L=0 (9)

(according to constiraint 4544 0 Xo=7 for sign P < Qand X=-T
for signB > the firat case ;zorresponds to a particles, the
second - to antiparticles; for details see {4]). Next it's con-
venient to go over to canonical variables X f' P connected with
variables F and ,D by relations

. /
x% = x "+ Tognp, X =x5 A=h . oo



.in terms of new variables the constraint \%H’ now becomes X °‘-O
while the toual Hanmiltonian, with new constraints (9) taken into

agcounit,is chunged to

HC’* Z/Pv/r H + l:/\r#)r """-/\Dd)_p "/\3;4%&4 +
; (11)
+ /lwa'qsn'ra' * "’\Dﬂ‘ bey T C"pu q%ﬁs .

Conservaiion in time of the constraints (9) means that the fol=-

lowing relayvions hold:

qszm, = {Xo’:\'L/:} =e/:z i- Sign}% =0, , .

(12)
] . - ;': , - 0
Boug ={Xy He f == hoer = 0.
e first of these relations is a new secondary constraint
‘ 4
B =€+ 75 = 0.
ore L (13)

“his is the third of four gauge fixing constraints. it's easy

to check, that the constraint ¢_pi-5 is conserved in time and no.

nevi constraints follow.. ' - .

At last we introduce the fourth additional constraint

¢D*f? = a?o * ggn “ ~0, (4

vhere Q and g arc perameters, wm.ch do not becone zero simultane-

ousl;‘; (nowo, tlucy v ‘,41(‘0\‘-7 erczads only on the ratio /6)“50
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corresponds to (‘M K 0 , while Q+o0 gorresponds to é: 2 0; below
an additional restriction on that ratio will be imposed)., In
paper [4], where the space time dimemsion was D=4, instead of
(14) the' constraint §5~0m chosen. Por M#(the constraint

(8) then becomss & second class, However form=0the constraint
(8) remaineg a first class constraint and the degeneracy of the
theory ism't eliminated. The edditiomal relation (14) (with Q#()
is more suitsble, sinoe for both M%Oand m=0 the theory isn't
degenerated. Thus after the ’introduction of additional const -
raints (9), (13) and (14) all constraints Ln the theory are se-
cond class and we cean now calculate Dirac brackets for inde-
pendent dynamical variables, The physiocal Bamiltonian is given
vy Hy,=[}?,[=(i>’3rnf)i. Taking into account the fact that the Direc
brackets have iterative property and that preliminary Dirac
brackets with a second cless constraints X=0, j}‘-‘-"o are equal
to Poisson bracket with remeining variables, we can omit these
two constraimis. Thus the complete set of comstraints is the
following '

¢f¢=xf'~$?r’ lld‘:o,i,.u,.b"i, ¢ :/e/_a),
. _ z '
¢D - 234'1 + -2- D+41 ? %4'4 Xo’

¢M4épg-m§3+i,' ¢p+5'=z;,
¢D*2 = a§o+ ggbwf ’ ¢D+6 =e+ {APJ

3. Dirac drackets of twe functioms / o Gnd G ot canonical va-
riables are defined as follows{2] :

(15)



{F G} ={r6}-{R &}, [¢' G, (16)

lwhere C‘”, is a matrix inverse to (gt = ‘pn 4}/} which 18 composed
at Poisson brackets of second class constraints ¢f¢ « Here we
present the results of the calculation of Dirac bracketa (with
congtraints given by (15)) only for independent dynamical verid-
.bles . In this theory we have chosen as independent 3D~-3 variab-
les X i, Pi . ?'.' (Dirac brackets for other variables of the theory

are given in the appendix)
prindh =B [si & (0l 0], fxse}ﬁsé .
Z’X §Jp=d2§PJ (rgoppc/ {g ;}—L(

{P«Z’Pd'}p:O: {pc.’agd_}z],r'oa
A=QR +Em, /6=007*Z)‘z, <)’=02-_€2’ ( g)

The relations (17) allow in principle to turn to qua.ntization

(17)

of the theory, es it was done in [4] +« However it seems more
appropriate to find new va.riabies 2‘ and ¥*¢, for which Dirac

brackets will have & more natural form:

Z‘@E, 2{,2) = 0: {‘/"; 9""‘:}1,=“‘.8‘z{ (18)

l: -
VYie will suppose, that ? and (f"are given by the expressions

gt X‘+f(ﬁ*)§£( £), ‘/’L=§+5p('7”03'57 (19)

where £(7 ) an Y(F) are some functions, depending only on spatia.l
components of the momentum. Substituting (19) into (18) and

20



using (17) we find that‘ F=-i (0*52)/,5("-’””), 9‘=(a+6’2%(w+@),
where 2=-fl-gnp Thus

9= x-S 5P E), Vg LS o). o
The expmssions, inverse to (20), have the form

Xt=9°- i:(iuf; BT ? =¥ ati;i) P(‘ﬂw} (21)
I¥s easy to show, that if parameters QA and 8 are subjected
to a condition 0/6’26600,0]. then (20) and (21) do not contain
singularities i.e. o and B are aifferent from zero for all va-
lues of 3 . Note that the singularity in (21) forA=01is con~
nected with the fact, that ford=0 the constraint <b becomes

a supergauge invariant quantity: ¢J, +2 / = q ;
=0 ©

= ﬂ[io “(Pa/M)?pi,‘] , and thus does not eliminate

the degeneracy of the theory. Prom (20) and (21) 1t is easy to

see, that on the gauge £- X?bﬁ {Q 1, 6‘-2) X andg are
canonical varzalglea. In other words, in that gauge Dirac brackets
coincide with Poisson brackets; this is due to the possibility

»? performing canonical transformation of congtre.ints

{ A
028,20, M *t5%,,, %0, (22)

Pg‘-mg‘bf-tzo, go—&g_bu‘-‘-'O

to a special form [ 3] » when half of them in terms of new variab-
les have the form - canonical variable is equal to zero. Note
also that in the gauge f5:~,0 (a=o) the expressions (20), {21)
coincide with similar expressions in [4].

It's not difficult to calculate remalmng Dirac brackets of

11



variables QZ, 5[’ ':.

. < : .
19524 =8;, 19,%4=0, fp,yd}=0
It's evident, that it's convinient to astart the quantization
of the theory by quantization of expressions (18),(23).

4. The transition to a quantum theory is preformed by the
replacement of the canonical coordinates and momenta by opera~
tors, for which the commutators (anticommutators) are defined

by the rule [ , J =L'})L{,}D, Then we get from (18) and (23)

the comgtation relations.
(8397 =[4,8] <[4+ 6] <[4,%]]. -0, @»

—A - e ¢ AL 4 J] — ;J'

/4 p]-c}f%-, [sb,% L =AY, (25)
Consider the second of the relations (25), It generates Clifford
algebra in (D-1) space dimensions. A3 is well known, only one
finite dimensional 1rreducible represSentation at this algebra

(>-2)/2 -,
by the matrices (denoted 0°‘) with a dimension 2 XQ( 2’/‘?

4. 4.
=i(#/)26“ = x(t/g)‘?@“‘ i<1,.., D-f (26
Using the relation (21), together with the equallty; -"'_(Pf)

(ZQ/O() (p ¢/, which follows from constraints ¢.D+1 s By and

{21), we can wr:.te down the expressions for operators, corres-~

ponding to X &% & ¢
ST ,_f, C?:,p+é’ [}‘(5’5")] %n a(t)

dae+£ —-

s S B, 2ot

12

[X\EN
‘ Q1 o>

(27)



Here éi is the cperator of "p}ysicn' ocoordinate, The physical
operator for spin variaebles ; I corresponds to a classical va-
riable g’/'z g/'.. (p"/m)gbH + The latter is gauge invariant and
is D ~dimensional ansalogy of the gpin variable g"(,a =O,..‘59.
in terms of which the spin temsor is [5]

SPiFrE = g8 L g (8P gy, Flg-Lg s
(In paper [6] it was noted,, that the Dirac bracket algebra of x¢
and. S ¢ ( vector dual to,SJ in P =4 dimensions), which is called
spin vector- coincides with the algebra of mean position and
epin operators, introduced by Pryce, however a "bad" gauge fixing
Xo=T was used and the operator realization of X‘. and g‘. wasn't
discussed). The invariance of g I under trangformations (2) en-
sures the fermion gauge independence of spin vector, Note that
the canonical generator of Lorents rotations

: I = - (np- xPpr+ ig1EY), (29)
which for D =4 is identified with & total angular momentum of
the partiéle, is also invariant under transformations (2) [5]

For operator § I‘ we have )
tf i Pt TET) o
g

Using (27), it's easy to express in terms of operators

of physical variables: .
A"k A4 AL Ar P ,
y — gt K+ KAt _ & 6:4 6:k
Fipregrpi - P [eh 6] 319

~ oy pr ~fa [¢ w+ j(ﬁx PJ[G- 6‘dj

13



Apart from operators considered above, it seems important to con-
struct the Pauli- Ia.xbunnii vector within this quantization schenme.
¥e defino the Pauli-Lubanski vector in classical theory in D=

" ~dimensions by

(—_2376/'“2 >-1 pJAA’ '\7*}2*’-’; (22)

where E:,.,: Agers ,\ p.g 18 totelly antisymmetric sensor in D-dimen-
sions and ‘JHY is given by (29). Substituting from (29) in (32)
we obtaln

-2
T V_A o4,
% (.D‘Q)’ f'uz""\_p-i Pg "‘g -t (33)
It's easy to show, that for W?. the relation Wi ( §‘7 ")

holds, from which it follows that W/ 1s fermion gauge inva.ria.nt.
A

Recalling (27);.;33) implies for W,‘ operator
W" = ?2;3’“ 50;J2"'Jn-1 ﬁ é J'z‘ ) g et =
»2
2@;‘/)2?;_ 537 Sl dos P.6;, 6, =37 PA"??;)
W = ((5-2)55 iorg-Ay, P pogh.. gt -

ax(t)# (i 42

L4

a_) + m
The operator \X//.,, is naturaily supergauge invariant., In deducing
(34) 'we used the relation &oy.,, 3.y =— 642" " =-1
and also the O -matrix algebra in (p~1) dimensions [§]. Comparing
A
(34) and -(30) we find the relation between the operators W nndg

-(t) ‘3 ‘ N ’ (35)



This relation means, that one and the same quantum operator c{)r-
responds to two different classical objects M ;;' and W{.. « Por-
hapa, with a correct definition of classical average [ /a]thia cor-
rea_pondence ia true in the clessical theory as well, This ques-
tion needs further investigations. .

5. Let us now discuss the limit M=0 of the action (1). As
we already mentioned in sect. 2 the fermion gauge fixing in the
fomafo-r‘;m"zo (with A¥(0), unlike the case of D+fzo ,
allows to‘consider the massless theory. Hence the results for
canonical quantization of massless theory coincide with results of
preceding sections with M =0, PFrom (34) we have

n| =875 O

-/ Y
Ihis expregsion, which, by the way, is correct in any gauge be-
cause of the gauge invariance of lqu , for D =4 coincidel with
a well~known expression for Pauli-Lubanski vector of massless

_theory [9]. The presence of the factor 2 --Jh‘gn R reflects the
fact that helicites of particle and antiparticle have opposite
signs. From (35) Ait follows, that the physical meaning must be

R
attributed to ”’5/4 which in the limit M —+0 ig equal to
A

< _A < oD
m = - g
& PrEou
mn=po
Comparing this expression with (36) one can see, that on quantum
A
level ;134-4 corresponds to helicity operator of a massless par-
ticle . Usually in theories of massless particle the summand
ém? is omitted from the action, because for M= nc ver-
D4 . .

tices including ?m— p exlst . However our investigation shows,

that this term must be included in the action and after quanti-



zation ; Ded must be interpreted as an massless particle helicity
operator. Note, also, that as it follows from (2), the variadle
;DH for Mm=0 ig supergauge invariant,

6. Wa'll demonstrate now, that oparator .7 r and Wr conatruc~
ted above, coincide with the comspcuding opexrators of Diraoc theo-
ry in Foldy - Vouthuysen (F W ) reprssentation.

The operator A\F win F¥ representation is defined by relations

-1 A
AFRw 2D, -2 a AJ2, A =D
AT=UA U, U =[§w(rn+w)] (m+.40*a’P), (38)
A
where AD is operator in Dirac representation. We choose for X -
matrices the representation

30:(4?)“5 ( ) B = 3(4) G9)

We have for opmtor 1n D:Lra.c theory the expression

(here Xr-physi.cal coordinate operator.P = Pf' )o Tt's oasy to
check, that the spatial pa.rt of total cnmlar momentun ':73 is in-

A

iK
variant under FW transformatiam: qu = + Making mse of the
b’ ~ matrices representation (39) we get rron (40)

A 2

Jhe = -Fpme KB il %] wo

IJOK
As for the sperator J, in the Dirac pickure (P =-y°yip +3°n)
it can be trmnsformed to the form

(7“-—-,\’.",0 “ [X P°+ . - )

Ao Sox
Taking into account, that B-'W:-Jow it's easy to 2ind J" 4n -

representation -

o5 =-rp*gulisa- o Bt

Fw



Comparing (41) and (43) with corresponding expressions in (31)

we find out that they coincide; the upper component of (43) corres

pondis to ® =4 , while the lmvér Acompopents correspond to X =-1.

Vle define Pauli-~Lubanski vector \X/,., in D-dimensional Dirac theory
_ as a quantum analogy of (32) wherej is given by (40). Using

yhe explicit express:.on for jf’ and using the relatlon
D/2

Aa
(J)'Q)/ (C/“}'\é Ap. 4J A= \’Kpd) Ded =t Ja ¥ '(,44)

D
we find that \/Vﬂ is given by

,\ i((F 56w

ror we have “U,while it's square is e Casinir in-
W h f' X/ hil th ir i

ve.rla.nt of Poincare group in D~dimensions
-2
1 v 2sist _ _(hY) 2
Wf. --['-*) Wzt —(5-) m’ (3-1)

: 6: © st
“%ouds = g) ZiZt=p1,

Calculating W/ in Fvl-representation we come to the expressions
A EwW ) i A
We = 2 P )
A .
p; ;EZJ a7
P

~FW (5\F (.4
. ol < N
W :—_—\5) my (Z + P m{é\)rm)/

Taking into account the explicit representation of J and the de-

(46)

finition ofz through G—matrlces, we convince ourselves that
(47) and (34) coincide. Again the upper components of (47) corres-
pond to the value X=4, end the lower ones — =—f

‘‘hus upon the cenonical quantization operator s COTrres—
/‘

ar



ponding to a grassmann va:c:.able ;/' s 18 proportional to Pauli-
Lubanski pseudovector in FW representation, while H th ["O](HFW
Hamiltonian of Dirac theory in FW representatlon)

7.)In this section we will discuss the generalization of se=
veral pseudoclassical fourdimensional quantities to D-dimensional
spacetime. )

Pormula (28) gives the expression of a tensor 5"9, which is
called a classical spin tensor, while (32) and (29) define the
clasgical Pauli-Lubanski pseudovector, Consider nowD -dimensionel

classical pseudotensor
0-2/2

- ~\, A~
S = ((3"2):' 6/“"'\2"3""\1:—4 ? 25 AD..‘ (48)
Using the latter we will deduce on the classical level several
relations, operator a.nalogies for which are knmown in quantum
theory. The tensor S/“; for D =4 is dual to spin "t;ensor (28), a.nd
,So?‘ is a spin vector in terms oi’g S ka gk Sf. .
Note slso, that ;:—is supergauge invariant by construction, Con-

sider now the components

Fx__(®A2a ziy o e
SOI: - (-D"Q)” SLJZ."JD-i ? 2.. .g > . (49)

~ ! v HY 2% S d
Using the relation gd =¢d+ PJ(P V')/”(“)*”g which follows from
the definition of ? and (21), we find from (49), that

X g ¥ ¥ P e *
go,: —};,’Soi = Tngwim) (f:, goJ ), (50)
where ox ; @-2)/2 J d
Sor =" @ Sl PR 405y

* .
Introducing a notation Soi ’—'S;_ (in analogy with relatio
D =4) from (49) we get



~ e '_’(&
sz._ag_s‘l/_ /%(PS)_
) L /)7 (lo-v‘- m) (52)
In terms of the pseudotensor S y the expreasion for the classi-

cal pseudotensor \X?. now has the form

W = S';fp". (53)

Using the equality go =&(P‘¢7/&0/)) , on account of (52) we find

= eg‘*

(54)
, = 3 ¢ —'aé-
W 9‘}"@,'6’75'; ‘*P,:(PS")/{RHMD.
The gquentum analogy of formula. (52) is obtained on account of (51,
and the expression (26) for V-’

'S",.g_:f;,_s’,‘“_ P(PS’V, S;‘(-f)?(h) 6; .

¢ m (W+/m)

For D =4 S (ﬁ/)@' and (53) coincides with well known exXpres-
sion for spin operator, introduced in [7] After qua.utlza.tlon S
is replaced by S _(given by (55)), then the relation (54) turns
into (34) .

Note, that here slso, one and the‘ same qua.ntﬁm operator cor-~
responds to two different classical objects S;’ and (Fl:

Authors are indepted to Pyutin -I,V. for useful discussions.
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Appendix

Here we give Dirac brackets for initial variebles of the

theory, which were not given in the main text.

LR gty BPE
{(éo,é.}h :-l‘—?——’ {g ’gﬁ}D—- O‘z

9 ~ s ag 2 2 ‘_i . &
fopidy =i S 1), 35,5 = L8

{gjﬂ "%B-H}) == o (BQ_ ”"2).

20
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