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In papers £1 ] devoted to the problem of quantization of a

point particle, it was shown, that the description of the elec-

tron spin is possible on the classical level if one introduces

to theory a new type of variables - elements of Grassmann algeb-

ra. For quantization of this theories Dirac's method £"2 J of

quantization of constrained systems was used, which prescribes

to substitute the Dirac brackets of the variables of classical

theory by the commutators (or anticommutators for odd elements

of Grassmann algebra) of corresponding quantum operators. Por

odd elements Clifford algebra emerges which is realized through

Dirac's ^-matrices. The first class constraints of the clas-

sical theory are transformed to equations on vectors, describing

physical states- Dirac covariant equation in [i] . However this

quantization scheme wasn't vigorously proved so far.

In this paper a different quantization scheme is applied.

Namely, gauge fixing additional constraints, equal in number to

a number of first-class constraints,is introduced into a classi-

cal theory.As a result only second-class constraints are present

in the theory,and Dirac's brackets of this theory,consistent with

all second claa» constraints, are computed for independent va-

riables (for ayattwitic treatment of the method see [3] ). In a



recent paper f4j this scheme was applied to the quantization of

a relativistic particle with one of a gauge fixing constraints

taken in a form Xo+ IUan£)= Q , which allows to describe par-

ticle and antiparticle at the same time in the classical theory.

In that paper the quantization of relativistic spinning massive

particle was also considered. However the obtained result does

not allow to investigate the limit Vv\^O, describing neutrino-

like particles; this is a consequence of a definite form of the

additional "fermion" gauge-fixing constraint in£"4j .

In thi3 paper t'he canonical quantization of the Dirac par-

ticle is carried out in a gauge, which allows to investigate

both massive and massless particles. The investigation is carried

out in spacetimes of 3=2/1 dimensions (while in £i] D=4). In

sect 2. the complete set of constraints of the theory is obtain-

ed by Dirac's procedure. In sect.3 Dirac brackets for initial

physical variables are calculated and now variables, for which

the quantum commutation relations have a canonical form, are in-

troduced. In sect, 4 the quantization of the theory is

carried out; the classical Pauli- -Lubanski vector is introduced

and (within the Dirac!s quantization scheme) the corresponding

quantum operator is constructed; it's shown, that up to a cons-

tant j this operator coincides with the operator, corresponding

to the initial variable (more correctly, it's gauge invariant

generalization) describing the spin degrees of freedom. In sect,

5 the limit m-*Oot the theory is analysed. In aect. 6 the theory

in i-his quantization scheme is shown to coincide with the Dirac

theory of a spinning particle ixr Foldy-Wouthuysen representation*



In sect.7 several classical relations among the dynamical variab-

les of the theory, quantum analogs of which were obtained in

preceding sections,are deduced.

2. Consider the action of the theory, describing the rela-

tivistic massive spinning particle in a spacetime at any dimen-

sions D=2n

Here /l=O,it..t } D~l , ^ = (±, %,.. -l)t X*- the particle

coordinates, ^ -grassmann variables, describing the spir. deg-

rees of freedom, %• ,. J( and Q are additional fields, £ beinr

an even, %*.+ , and Jf —0(*<i elements at Griissmann algebra; the

dot means the differentiation by-£ parameter along the trajec-

tory of the particle, "ote, that the introduction of the aridilio

nal field permits to consider a limit #t-*(?of the theory; the

field vA is introduced as a Lagrange multiplier to the additionnl

constraints, excluding from the theory indefinite metric states,

while the field €• - the analog of <•„ in four dimensions - isCan & C5

introduced to make the presence of the mass in that constraint

possible, 'i'he action (1) is invariant under reparametrisation

and supergauge transformations £"1,5]

Prom (1) we find canonical momenta, conjugated to coordinates



3/

3e

delations (3)» except the first one, are primary constraints

~O. h ~ Of "/j •., D-1 (4)

H<3re and below the indexing of constraints is chosen with the

aim to make the matrix of Poisson "brackets of all constraints

~="{4&)(:fe'f a s compact as possible. The canonical Hamilton-

-n of the theory is

a.

ig 'Urac'a procedure [2 J, we introduce total Hamiltonian

1 he systems

ire Lagrenge multipliers) and find the secondary constraints



The constraints c ^ 3 , C^+ „, Cjfc> , are first class. There is

one more first class constraint ^ , which is a linear combi-

nation of the constraints ^i, & 4
5

(8)

Rence there are four first class constraints in the theory and,

according to general prescriptions [2,3j» to eliminate the de-

generation, one has to add four gauge fixing constraints. First

we introduce two constraints (according to the number of prima-

ry first class constraints and will try to obtain remaining

two other constraints from the requirement that the "ZT deriva-

tives of these constraints are equal to zero: this method will

ensure the consistency' of new constraints with former equations

of motions £<?,3J}

(according to constraint $$+4*0 Xo—Tt0T sign p <z Qami X~-Z

for signp>£); the first case corresponds to a particles, the

second - to antiparticles; for details see [A])» Next it's con-

venient to go over to canonical variables X /*. yO connected with

variables X ̂  and P by relations

X L-X 3 PH — >h • (10)

1



.In terns of new variables the constraint <^ now becomes X'°zO

while the total Hamiltonian, with new constraints (9) taken into

••'.ccouni ,is clumped to

(11)

Conservation in time of the constraints (9) means that the fol

lovrinf; relations hold:

^0,
(12)

The first of these relations is a new secondary constraint

'1his is the third of four gauge fixing constraints. It's easy

to check-, that the constraint ^.-e i s conserved in time and no.

new constraints follow..

At last v/e introduce the fourth additional constraint

?
where Q. and C arc pr.rameters, which do not become zero simultane-

ously (i\ozb,ih--l -;'•;--• theory depends only on the ratio /^'.d^O



corresponds to ^ . ^ 0 . while Q+*> sorxeaponds t o £ « 0 ; below

an additional restriction on that ratio will be imposed). In

paper £4], where the space time dimension was D=4, instead of

(14) the constraint 3Ls0was chosen, for ftl*0fche constraint

(8) then becomes a second class. However for#1^0 the constraint

(8) remains a first class constraint and the degeneracy of the

theory isn't eliminated. The additional relation (14) (with£*Q)

is more suitable, since for both 1*1*0 and ffl<*0the theory isn't

degenerated. JEhus after the introduction of additional const -

raints (9), (13) and (14) all constraints In the theory are se-

cond class and we can now calculate Dirac brackets for inde-

pendent dynamical variables. The physioal Bamiltonian is given

by Hpk-lfehG&rfft* T a k i n« into account the fact that the Dirac
brackets have iterative property and that preliminary Dirac

brackets with a second class constraints Jf»0, jl^«(?are equal

to Poiason {bracket with remaining variables, we can omit these

two constraints. Thus the complete set of constraints is the

following

= e
3. Dirac brackets of two functions F f and Q of canonical va-

riabloa are defined as follows f2] ;



a}
where Cgtt is a matrix inverse to Cgg' *

<***^'/,which is compose^

at Foisson brackets of second class constraints Y^ . Here we

present the results of the calculation of Dirao braoketa (with

constraints given by (15)) only for independent dynamical varld-

,bles . In this theory we have chosen as independent 3D~3 variab-

les Xl» P; , ̂ l (Dirac brackets for other variables of the theorjf

axe given in the appendix)

• • * v r'» • s

The relations (17) allow in principle to turn to quantization

of the theory, as it was done in [4~] • However it seems more

appropriate to find new variables oland If* , for which Dirac .

brackets will have a more natural forms

V/e will suppose, that ty, and r^are given by the expressions

where -fCp)an ̂ Cp) are some functions, depending only on spatial

components of the momentum. Substituting (19) into (18) and

.1.0



uBing (17) we find that f=-i(Q

where "X^-ttyp. Thus

The expressions, inverse to (20), have the form

I1?a eaay to show, that if parameters <X and o are subjected

to a condition d?/<?3P€'f-a»»0], then (20) and (21) do not contain

singularities i.e. c£ and y9 are different from zero for all va-

lues of p . Hote that the singularity in (21) tor<X=0±a con-

nected with the fact, that tordL-0 the constraint <b becomes

a supergauge invariant quantity: <fijt+2 I _ = fls" «
= *?£ £© ~ (Po/tn)^j>+. 7 , and thus does not eliminate

the degeneracy of the theory. From (20) and (21) it is easy to

see, that on the gauge ^>~3C?i>+< (tf=i,6 = -3e/ X and ̂  are

canonical variables. In other words, in that gauge Dirac brackets

coincide with Foisson brackets; this is due to the possibility

•>f performing canonical transformation of constraints

to a special form f37t when half of them in terms of new variab-

les have the form - canonical variable is equal to zero. Note

also that in the gauge f& a 0 (d = 0) the expressions (20), (21)

coincide with similar expressions in [4-1'

It's not difficult to calculate remaining Dirac brackets of

11



variables ̂  ft u .

It's evident, that it'a convinient to start the quantization

of the theory by quantization of expressions (18),(23).

4. The transition to a quantum theory is preformed by the

replacement of the canonical coordinates and momenta by opera-

tors, for which the commutators (anticommutators) are defined

by the rule [ , 7 - i-/j { , J^ # Then we get from (18) and (23)

the commutation relations.

ri i 4Ji -ft, p,l -[i] PL -A, Pi -o, <*>

. , 2 5 )

Consider the second of the relations (25). It generates Clifford

algebra in (D-1) space dimensions„ As is well known, only one

finite dimensional irreducible representation at this algebra

by the matrices (denoted 6* ) with a dimension 2 X2 •

Using the relation (21), together with the equality j» =--^-

CxCL/oQ f ^ H which follows from constraints <f> ^, and

(21), we can write down the expressions for operators, corres-

ponding to X\ $\

12



lax* ty,1 is the operator of "physical" ooordinate. The physical

operator for spin variables p t* corresponds to a classical va-

riable gf~ £^_ (Pl/^f * Tlie l a t t e r i s g»uge invariant and

is 3) -dimensional analogy of the spin variable j» ̂ M =<?,... 3/ ,

in terms of which the spin tensor ia f5j

(In paper f6j it was noted, that the Dirac bracket algebra of X 4

and/5 ( vector dual to ,$LJ in J) «»4 dimensions), which is called

spin vector- coincides with the algebra of mean position and

spin operators,introduced by Pryce, however a "bad" gauge fixing

Xe=Z" was used and the operator realization of X* and £ wasn't

discussed). The invariance of ^' under transformations (2) en-

sures the fermion gauge independence of spin vector. Note that

the canonical generator of Lorents rotations

(29)

which for D «4 is identified with a total angular momentum of

the particle, is also invariant under transformations (2) [5]

For operator £ 1 we have

(30)

Using (27), it's easy to express .7' in terms of operators

of physical variables!

13



Apart from operators considered above, it sesas important to con-

struct the Pauli- Lubanski vector within this quantization scheme.

We define the Paull-Lubtnski rector in classical theory in D "

-dimensiona by

where WiVA»--An ^ *
fl totally antisyomstrle tensor in D-dimen-

sloas and J^ V is given by (29). Substituting from (29) in (32)

we obtain

Vi P 0 * •' # *"* (33)
It's easy to show, that for $ 1 the relation ^ ^ f

holds, from which it follows that wL is feraion gauge invariant
A /

Recalling (27), (33) implies for ̂ operator

(34)

A

The operator ̂ M I S naturally supergauge invariant. In deducing

(34) we uaed the relation £CH-,.*-4 —~ £i2—$-i — ~ 1

and also the G£ -matrix algebra in (D-1) dimensions /"<97» Comparing

(34) and (30) we find the relation between the operators wH and£

(35)



This relation means, that one and the same quantum operator cor-

responds to two different classical objects fa£^ and WH . Per-

haps, with a correct definition of classical average[46]this cor-

respondence is true in the classical theory as well. This ques-

tion needs further investigations.

5. Let us now discuss the limit Mi=0 of the action (1). As

we already mentioned in sect. 2 the fermion gauge fixing in the

toTm.Q.fo + 6$jyn~0 (with&*0), unlike the case of £ + ^Q ,

allows to consider the massless theory. Hence the results for

canonical quantization of massless theory coincide with results of

preceding sections with tt\-O» Prom (34) we have

This expression, which, by the way, is correct in any gauge be-

cause of the gauge invariance of Wi* , for 3) «4 coincides with

a well-known expression for Pauli-Lubanski vector of maasleaa

theory [sij* The presence of the factor 3C a-ftOH P reflects the

fact that helicitea of particle and antiparticle have opposite

signs* From (35) it follows, that the physical meaning must be
A

attributed to W|-,which in the limit tn-^O is equal to

D <? (37)

Comparing this expression with (36) one can see, that on quantum

level £$+A corresponds to helicity operator of a massless par-

ticle . Usually in theories of massleas particle the summand

% § ia omitted from the action, because for /??=0no ver-

tices including £ exist . However our investigation shows,

that -thia term must be included in the action and after quanti-



zation 4 must be interpreted aa in nassiess particle helleity

operator. Sote, also, that as it folloms from (2), the -variable

j for m sO is supergauge invariant. A A

6. We'll demonstrate now, that operator 0 and V0«, construc-

ted above* coincide with the corresponding operators of Dirao theo-

ry in Foldy-Wouthoysen (PI ) representation.

The operator 4 In W representation is defined by relations

where A is operator in Dirac representation. We choose tor y -

matrices the representation

t = (o -i) , A* ' U oA ^ "I w o
We have for operator jf' in Dirac theory the expression

(hers X' -physical coordinate operator, P = - P/1 ). JCt's easy to

check, that the spatial part of total angular momentw CTp is ia-

variaxtt under VK txansf onaatlon: Jp^ = /̂j • Wn1rtT1e

Y - matrices representation (39) we gget fron (40)

As for the aerator J , in the Dirac picture {£>•=.-

it can be transformed to the form

Taking into account, that pr ^°U) it's easy to find J In W -

representation - .



Comparing (41) and (43) with corresponding expressions in (31)

we find out that they coincide; the upper component of (43) corre£

ponds to 38 = 1 , while the lower components correspond to 3£ =-1.
* J>

We define Pauli-Lubanski vector Wtv in D-dimensional Dirac theory

as a quantum analogy of (32) where J£ is given by (40). Using

yhe explicit expression for C?C and using the relation
»/2 *

we find that V^u is given by

i'or Vvyuj we have p< Wi^^f/.while it's square is the Casirair in-

variant of Poincare group in D-dimensions

(46)

Calculating wL in F«V-representation we come to the expressions

(47)

raking into account the explicit representation of A and the de-

finition of 2L through 0 -matrices, we convince ourselves that

(47) and (34) coincide. Again the upper components of (47) corres-

pond to the value 9f— •/ , and the lower ones — 3^ -~i -

Jhus upon the canonical quantization operator £*, , corres-



ponding to a grassmann variable f , is proportional to Pauli-

Lubanski pseudoveotor in SW representation, while H = HphUty\n -

Hamiltonian of Dirac theory in FW representation)

7«lIn this section we will discuss the generalization of se-

veral pseudoclassical fourdimensional quantities to D-dimensional

spacetime.

Formula (28) gives the expression of a tensor S" , which is

called a classical spin tensor, while (32) and (29) define the

classical Pauli-Lubanski pseudovector. Consider nowJ>-dimensional

classical pseudotensor

( 4 8 )

Using the latter we will deduce on the classical level several

relations, operator analogies for which are known in quantum

theory. The tensor $Mj for D =4 is dual to spin Censor (28), and

S?oi is a spin vector in terms of |; &oi
 =~2^*JKij$i( ~ O . ? .

Note also, that £>.,,; is supergauge invariant by construction. Con-

sider now the components

Using the relation fd-^j^^f^^J/m^fr^ which follows from

the definition of f and (21), we find from (49), that

where

(50)

(51}

Introducing a notation

3) =4) from (49) we get

analogy with relatio:



m(lO+/n) (52)

In terms of the pseudotensor Ou-) *^e expression for the classi

cal pseudotensor Wyt, now has the form

w^ = sj^V- (53)

Using the equality £*0 = ̂ , (P$)/tOfl) , on account of (52) we find

(54)

The quantum analogy of formula (52) is obtained on account of (51)

and the expression (26) for H* ;

Por 2) =4 Oj -{!}/$&' and (53) coincides with well known expres-

sion for spin operator, introduced in /7j. After quantization S:

is replaced by S- (given by (55)), then the relation (54) turns

into (34) .

Note, that here also, one and the same quantum operator cor-

responds to two different classical objects jo- and Y; •.

Authors are indepted to ?yutin -I.V. for useful discussions.
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Appendix

Here we give Dirac brackets for Initial variables of the

theory, which were not given in the main text.

20
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