||I||I!||II|||||||I||||I\||I|l||I|||\I|II|H|IH|I||II|

AMS9800011 Preprint YRRPHI-1342(38)-91

ereduLh Hh2r4U3h PLUSPSNRS
EPEBAHCKMN OUSNYECKMHA UHCTUTYT
- YEREVAN PHYSICS INSTITUTE

e e e . s, S———— ———— e e e . St S ——— ———— e e o— . e = . e
e e i, At . S, e et oot e Pt T i ——— e~ i Wt et T . St . s

T.5. HAKOBYAN, A_G. SKDRAKYAN

SOME NIEW SPINOR REPRESENTATIONE OF QUANTUM
GROUPS - Ba(n), Ca(n), Ga(2).

29-42

FLibEb e oasndgiog

2ELAT T8t



We regret that
some of the pages
in this report may

not be up to the
proper legibility
standards, even
though the best
possible copy was
used for scanning



Luubannhy bpdp-1342(38)-91

SUAU4NRSUYL , UAUEHNULUSUY

Ba(n), Cq(n}), Gg(2) 24ULSUSPL RULGrP

neac vt 0MPLarusbL Lvoruaususnkroveee

Ogunugnpdlqny Aq(u).da{n) pdwlbwughl hwlipwhwohdibpph  hwpnbh
hpmborfrugnudp pgwinmgplt @1hdEpnnh hurhipwhwony jni] 'folding”
gypagtnoipur dblp ummgmd Blp o Bqg(n),  Ca(n), Ga(2} pdulenwihl
hwhiiputhwohditiph npng lnp wiypdmpenhu Wbiplugugnidbp:

Getdmup bhefiuifh hhowmpummn
Gatajaal 14991



1. 1INTRODUCTION

The progress of the guantum inverse scattering method [ 3]
has been led Jimbo [ 8] and Drinteld { 2] to the definition of
new algebraic structures known as guantum groups. They defined
a Hopf algebras which can be considered as a quantum
deformations of enveloping algebras.

The vertex operator representations of guantum affine
algebras are constructed in articles [ 1) ,[ 5] . The spinor and
nscitlator representation of quantum enveloping algebras are
presented in T. Hayashi s article [ 7] , where he defines the
quantum analogs of Clifford and Weyl algebras with their
algebra homomorphisms to the g-analogs of A(n),B(n), C(n) and
D(n) algebras. In the article [ 4} the vertex operator
representations of the twisted affine algebras were constructed
usiné the folding procedure of Lee algebras [ 6] . Qur purpose in
this paper is to construct some new spinor representations of

q-analogs of B(n),C(n),G(2) using the folding of Lee algebras

[6] ,{4] . An oscillator representation of Sla(2) ie also
constructed.

In sec. 2 we recall the definition of the folding
procedure in ILee algebras. in sec. 3 using the folding

procedure we construct the spinor representation of Ba(n) and
G (2) from Da(n+1l) and u(4) correspondingly. The spinor
representations of Ca(n) and Ba(n} from the As(2n-1) and Aa(2n)

are constructed in sec. 4 and 4.



THIS PAGE IS MISSING IN THE

ORIGINAL DOCUMENT



v v 1 - a ‘-ax'_v v
(6) (-1)" [ ] e : e e =20 ( = )
V=0 . a L
78 b . 1-a i-a v v
L (-1)° [ MRS D 4 ’ £ £ =0 (=)
V=0
fm !
m = : fmd f=f1) (2] _.[wm
(Here [ n ]q =z — ml =041 q..\'nq)
fmmn) ! Ifn) !
q a
From (5) follows:
h\. hl’-a\' hl hl-&1
7) Q e =e q ! q f =f q J
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if [7):
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In [7] the quantum Clifford and Weyl  algebra
representation of gquantum Lee algebras Aq(n), Ba(n), Ca(n),

Dr(n), was constructed. For Da(n+l) it had the form:

+ + .
€ =4a a, il. sa, 8 hx - NLu_ Nx (i=1..n)
(9)
+ +>
e - a a f = a a h =1 -N_ ~-N
N+l » N+l N+ N+ n N+l N+ n

Our aim is to try to extend the folding D(n+1)=>B(n) and
D(4)=>G(2) to the quantum case and to use the representation
(9) for M(n+tl) to construct new quantum Clifford algebra
repregsentations of Bi(n) and Ge(2).

1) D(n+1)=>B(n). We try to find a quantum analog of (3)

in the form:

, 5/ b _1/ h ,
— 2 T+l + 2 ™ e - e
& =9 €, q €has [
1 1
/. h -7 h
(10) (. 2 n+a 2 n to_
fn f, Q + fnu a fl. - fl



h = hn + hh” h\. = hL (i=1. . n-g)
Proposition. Element=z e .. e, f _..f', h' ..h satisfy
1 b2l 1 n 1 n
the properties:
(11) (h ,e ] = a e fth ,f 1 = -a_ f
hY ] 1] i) I 1 L] ]
(12) fe ,f 1 =1h }q Here a  is Cartan matrix of B(n)
2 -1
s -
a7 .2 -1
-2 2
Formalas (11) are evident and the only nontrivial case in
(12) is when i=n: [en . f, 1 =
i 1 1 1
’ Zhn+1 - Zhrv /zhrn-x - 2 rn
=0 a €, + g Tt fn 9 fn+1 a 1=
hrn—l ‘hn
=9 {er.' fr:] toa [er-+1 ’ mF L +
‘s (h ~h -1) ‘Y (h__ -h +1)
+ q 2 n+41 n [en‘l ) fn] + q 2 n+a n [eh’ fn+l] -
= e (h) g } = [h+h 1 = [h ]
=9 q t a neacq r»+ n+i’ q =1 » q
In the derivation we use (9),(7),(10). Unfortunately (10)
do not generate Bag(n): the equations [eh ,f”_l 1 = 0 and

. v

[eh_1 ,fh ] = 0 are not satisfied. But 1f we take the quantum
Clifford representation (9) of Da(n+1l) then they are
satisfied:

1 1
[en‘ ,fh_l'l = [q'vzhml SO S I [q— ‘2™ e ,f } =0
because e -f = a - a;ﬂ' a:‘_“'an = 0 etc. In other words, in

representation (9) all products
vanish.

Now consider the quantum

el-fJ for neighboring i and j

Serre relations (6) among the



generators e; [4 f; 3. All terms of type e e €

vanish ( i®} ). For example,

3-v v <_h -"v_h 3-v
e’ e’ e’ - ( 2 n+1 e +q 2 n e ) e ’
1 3} i a n n+d n-1
1 1
< ( /2 hn+1 + - /Z hn )U -0
q eh q eh+1 -

. . + s
because there is a in e and LA and a_ there is only

i e .
n €

We proved the following:

Proposition. The relations

1 1
. /2( l_Nn_Nn-u) + + "z(Nn—Nn-M )
& =4 i Q A, A
"/ (1-N -N )} o (N -N_ )
. * 2 L2l T+4 + + i z n s
fn = anﬂ 8, 9 + 4. 8 9
(13)
h* = 1-2N
n N+
P + P + P _ - .
e’ = a a,., fi =a _ a, HL = NH’ Nl (iz1. . n-g)

construct the gquantum Clifford algebra representation of
Ba{n).
2) D(4) » G(2). As in (10) the analogs of equations (4)

in gquantum case have the form:

1 1 1
r ‘2 (hz +h1 ) + ‘2 (ha_hx ) + - /2(h2+h1 )
e, =a e, a €, g9 €,
1 1 1
f. s /z(h2+hl) . /z(ha—h‘) . - -z(h2+h’)
s - L a9 + P +1,4a
(14)
h =h + h +h
1 1 2 3
eZ = eO fZ' = fo h2‘ = hO
Proposition. The element. eL' s fl’ N hl’ (1=1,2) satisfy

the properties:

[h .e 1 =a;e¢ Chy



(15)

le ,£ 1 =101h ]q Here a is Carten matrix of G(2):
a = [ 2 ~3]
L5 -1 2
These equatione can be verified in the same way as (11)
and (12).
As in the first case, e¢°, 'f.l' » bt are mnot the

generators of quantum algebra Gq(2) because [el ,fz'] = 0,

[ez‘ ,fi‘] = 0. But in fermion representation (9), in which
we replace the indexes:

el = al az* ez = a‘ a3" e3 = al az eo = as al+_
(16) f,=a,a’ f =8 a"'" € =a a f, =a a

h:NZ—H1 h

1 2

N-HN b =1-N-N h =N§N-N

it is easy to verify that they wvanish.

It remains to verify two guantum Serre equations
(6). Again, a8 in the first case, all terms in (8)
vanish. Let us consider for example the case i=1, =2.

In the term

-0 v ) <) ) -0
e’ e, e’ =(a e +4 e, ta e e, x
) ) () v
% (q e, +a e, +a ea)
after opening the brackets all monoms where e, enters in
power 22 vanish because there is not a" in e - In other

monoms, a8 we can sSee from (16), there are three a, (in

el,eg) and only one al* (in e, ), so they vanish too.

The second equality (w=2,=¢2) can be checked in the same

way .

We proved the



Proposition. Formalas

1 1
/2 ( “2 +N3 _Nl. —Nd ) - /2 ( NZ +N3 -Nl —N4 )

ei' =4 aﬂ aZ + a al. aZ +
’./2_“2 +
(17) +q ° a, a,
1 1 :
£ = /2(N2+N3_N1_N¢)_' v o "7 (NN oK R .
1 azaz a 3,8 4 .
1/ —'N
+ +* 2 2
a,a q
h’ =N3—N4—-2N1+1
‘o= B S OH' = N- K
e, T 88 2 - 8 8 2 T "4 Ta
generate the gquantum Clifford algebra rei)resentation of
Gq(2).

Note, that we can make the folding D(4)»B(3) in 3
different ways. Here we used the first way of folding.
Cases (2) and (3) in fig.2 lead to another fermion

representation of Bg(3).

4 _FOLDING Aq(2n-1) = Cu(n)

We will try to carry the quantization of formulas (2)

in the following way:

. s h - .
- 2 2n-1 + t -
e =4 ) i a €an-1 €, =€,
1 1
h, -/ h.
(18) ‘ - /2 2n-1t 2 ‘ _
£ =1 a T f, 9 £ =1,
. hL = h.\ + hzn—'\ (i=1..n-1) hh = h
As in the {first two cases these formulas are “bad”,
because fe £ 1 and (e  ,f 1 don't vanish. Again

we take guantum Clifford algebra representation of

9



Aa(n), which was found in [ 7} and 1is

(19) e =a a f —a_ a8 h =N _- N {(i=l..n)

1 141 1 1+1 1 T 1+1 Y
In this case all equalities (5) are satisfied.

It remains to prove the equations (8}). Here they
1-a -~ b
are not trivial: the monoms e ] ej' ei'

Inserting in (6) into a; the Cartan matrix of C(n):

don’t ~wvanish.

2 -1
a = -1 2 ..
13 .. 2 -2
-1 2
we obtain:
J2 v .t ’ ’ , * 12 —_—
(20) e'e; ~(arale’er’e’ +e.'e’ =0

for all (.¥1), besides (i,i+l) = (n-1, n}

3
21 0¥ 3,0 T e e =0
( 3 E ] q er.-x en en—x -
=0
22) e éJ' e e’ (for other i,j)
In the sum (21) all terms vanish aa in the pPrevious

cases; the equations (22) follows from the analogous ones
for Aa(2n-1) ( eq.(8) for a”. =0 ).

We must now prove (20). Substituting (18) in {20)
and wmaking the index substitution i % %, 1+1 = 2, 2Zn-i = 4,

2n-i-1 + 3 we obtain:

1 1 1 K
¢ “2h . - by )2 ¢ <2 e “2h, e > -
k. ei q e@ a 2 9 a3
' 2% - zs 1"/2 E] _1/2hz
-1
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After opening the brackets, arouping and using (7)

10
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5. FOLDING Aq{(2n) -+ Ba(n).

We change fomulas_ (1) in accordance with the previous
cases: .
1 . 1 '
\ o LN - oohy :
e‘L =49q e‘\, *a Zr-i+4 g
1 s :
s - h L
. zhzn-iu 2
(24) fL =% a e 2 1
h =h +h ( i=1..n )
1 T 2ZNn-1+4
Proposition. Formulas (24) satisfy the conditionsa:
{h ,ej] =a, e [h .f;1 = -8, £
(25)
le ,fjA] =6.”.[hj]q
Here au. is Cartan matrix of B(n).
i
. .2 . -1 . P P2
(20") € G5 - {(a+ra’) € C3% S + €3 € =0 :
(i=1,.n-1)
These equations can be checked in the same way aa (20)
and (12),(11).
In contrast to the p:revious case here all
equations [e.l' ,fj'] = 6.LJ,[ hj’ 1 . are valid. But unfortunately
€, f.‘, hl are not the generators of B(n) again because one

of the equations (6) (for i=n, j=n-1)
be checked:
,3 . 2 -2 . P
e’e  +{a+irg’) (e ‘e ‘e
(28) a
- e ‘e MR ¢]
n n-1

is not valid as it can

So we return to fermion representation (19) again, in which it

is valid.
12

It can be verified in the sams way as (21) wanm. Sao,



we have the

Proposition. Formulas

9
- -
P 2 (NZn—i.+2 NZn—-'u-i ) +
e = +
I3 [ 1+
EALE W)
¥ 2'7F e +
Q r-isd a2n—i.+z
1
- -
27 £ = a a + 2 (NZn—-uz Nzn—-i-u )
N N
7 .
+ + 2 (Ni. N'vb!. )
%n—i.sz aZn—i.-rl a
L —_— -— —_
}ll - Ni.-u N't+ "2n—i+z "zn—i-u

(i =1..n)
are the guantum Clifford algebra representation of
Ba(n). , '

Note, that the folding #a(2) » Bi(l) = (2,0}  ie
valid even without the fremont representation of Aq(2):

v

e =g e +aq 2 €, f =f q +1f q
(28) T
h = h’ + hz
are the homomorphism of q-deformed algebras (but not of Hopf
algebras). I1If we take the gquantum boson representation of

Aq(2) obtained in [7] we get another boson  representation

of SIa(2):
: . qs/z(ua—ﬂz )b’ 0 » q‘/z(u’—t{z)b2 o
(29 . g’/z(us—uz) .- q’/z(u’—uz)
h o= N- N

real q because of the properties: h =h , e =T¢£

13
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e - e ff = f h = h (i=1..n1)
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e
3
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| e, e
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O (o]
e, T Te,
e, = e+ et e f1 = f‘+ f2+ f3 h‘ = h‘ + b+ h,
(4) ‘
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fig.1. Folding of Lee algebras: a) A(2n) » B(n); b) A(Z2n-1) >
» C(n); c) D(n+l) » B(n); d) D(4) » G(2).
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fig.2. Cases of folding D(4) » B(3).

15



Referenses.

1. Bernard,D.: Vertex operator representations of the quantum
affine algebra Uq(Br(1l)),preprint 1988.

2.Drinfeld,V.G. :Quantum groups, ICM proceedings, pp,798-820.
New York: Berkley 1986. :
3.Fadeev, Takhta.]an. The quantum inverse problem metho«? and the
XYZ Heisenberg nodel Uspekhi Math. Nauk 34 (1979), no.5, 13-63
(Russian).

4_L.Frappat,A_Sciarrino,P.Sorba: Fermionic construction of
vertekx operators for twisted affine algebras, Nucl.Phys.B305
(1988) 164-198.

5_Frenkel,I.B.,Jing,N.: Vertex operator representations of the

quantum affine algebras, preprint 1968.
6.Goddard,P._, Nahm W., Olive,D.1. and Schwimmer A . :

Commun .Math.Phya. 107 (1986) 179.

7 .Hayashi,T.: Q-Analogues of Clifford and Veil algebras --
spinor and oacillator ‘represent‘,ations of quantum enveloping
algebras, Comsun.Math_ Phys.127,129-144 (1990).

8_Jimbo,M_:A g-difference analogous of U(g) and Yang-Baxter
equation, Lett_Math_Phys_ 10,63 (1985), Agq-analogue of
U(gl(N+1)), Hecke algebra and the Yang-Baxter equation,

Lett.Math Phys.11, 247 (1986).

The manuskript was reseived in 26 06 1991



The address for requests:
Information Department
Yerevan Phvsics Institute
Alikhanian Brothers 2,
Yrevan, 375030
Armenia, USSR



HHAEKC 3649

EPEBAHCKMA OU3INYHECKUWN MHCTUTYT



