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1.INTRODUCTION

The progress of the quantum inverse scattering method [ 3}

has been led Jimbo [ 8] and Drinleld 1 2] to the definition of"

new algebraic structures known as quantum groups. They defined

a Hopf algebras which can be considered as a quantum

deformations of enveloping algebras.

The vertex operator representations of quantum affine

algebras are constructed in articles [ 1] ,[ b] _ The spinor arid

nuni Hntor representation of quantum enveloping algebras ire

presented in T. Hayashis article [ 7] , where he defines the

quantum analogs of Clifford and Weyl algebras with their

algebra homomorphisms to the q-analogs of A(n),B(n), C(n) and

D(n) algebras. In the article [ 4] the vertex operator

representations of the twisted affine algebras were constructed

using the folding procedure of Lee algebras [ 6] . Our purpose in

this paper is to construct some new spinor representations of

q-analogs of B(n),C(n),G(2) using the folding of Lee algebras

[ 6] ,[ 4] . An oscillator representation of SLfl(2) it', also

constructed.

In sec. 2 we recall the definition of the folding

procedure in Lee algebras. In sec. 3 using the folding

procedure we construct the spinor representation of Bq(n) and

d?(2) from &?(n+l) and ]>i(4) correspondingly. The spinor

representations of &(n) and Bi( n ) from the Aq(2n-1) and Aq(2n)

are constructed in sec. 4 and b.
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From ( 5 ) f o l l o w s :
h h -»-a h h -a

(7) q e. - ej q q f. = £. q

Generators a , a , N construct a quantum Clifford algebra,

if [ 7] :

a.* a = [ K] a a * = [ 1-M ] [ M ,a + ] = + 6 a +

i l i q L i i q l i i j i
( 8 )

[ K , N ] = O a.x
+ a.+ = - a + a.^

In [ 7] the quantum Clifford and Weyl algebra

representation of quantum Lee algebras Aq(n), &)(n), Cq(n),

Dq(n), was constructed. For Efcj(n+1) it had the form:

e. = *\ V / f. = a ^ < \ = **,.*- H, (i=l--n)

(9)

e = a a f = a * a ^ h = 1 - H - H
n+i r» n+1 n-t-i r>+i ri n+l r>+1 r>

Our aim is to try to extend the folding D(n-t-l)=>B<n) and

D(4)=M3(2) to the quantum case and to use the representation

(9) for Dtt(n+1) to construct new quantum Clifford algebra

representations of Bi(n) and (Jj(2).

1) D(n+l)=>B(n). We try to find a quantum analog of (3)

in the form:

V h -V h
2 n+i 2 n

e = q e + q e e = e

f f



Proposition. Elements e' - _e' , f . .f , h' - .h' satisfy
1 n 1 n i n

the pr opert ies:

(11) [h',e] = a e' [ h' ,f ' ] = - a f '
^ ) IJ J i. i ij j

(12) [ e. .f̂  ] = [ hv ] Here a is Cartan matrix of B(n):

Formulas (11) are evident anri the only nontrivial case in

(12) is when i=n: [ R ,ff ] ~

h -h
= q n + 1 [er_, fj + q "

(h -h -1) ' (h -h +1)

h - h
= q n t l [ h ] + q r ' f h ] = [ h + h ] = f h ]

riq n ^ l q r: n + i q nq

In the derivation we use (&),(7),<10). Unfortunately (10)

do not generate Bq(n): the equations [ e n 'fn_j 1 = 0 and

[ e ,f ] = 0 are not satisfied. But if we take the quantum

Clifford representation (9) of D}(n+1) then they are

satisfied:

because e f = a • a a a = 0 etc. In other words, in
r> ri-1 n n+l n-l n

representation (9) all products e f for neighboring v and j

vanish.

Now consider the quantum Serre relations (6) among the
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generators ê  ( f. ) . AH terms of type e.' e' e '

vanish ( i*j ). For example,

3-0 V */ h -1.' h 3-U
i t * , 2 n+1 2 n .e e . e . = ( q e + q e } e ' <

V h , -V h t>
„ 2 n + 1 2 r> .

x C q en + q e n + i ) = 0

because there is a in e and e , and a there is only

We proved the following:

Proposition. The relations
*s (1-H -H ) V (H -N )

, 2 n n+i + 2 n n+i
e = q a a + q a a

n n n+l r> n+i
V (1-N -» ) ',' (M -H )

f = a a q +a a q
(13)

e ' = a a + , f ' = a a.*, H ' = N - H ( i = i . . - r , - i )
I I l + l I 14-1 I. I 1 + 1 L

construct the quantum Clifford algebra representation of

2) D(4) ̂  G(2). As in (10) the analogs of equations (4)

in quantum case have the form:

Vw Vw -vvw
e s = q e t + q e 2 + q e 3

f =

(14)

h ' =

Proposition. The elementij e.' , f ' , h' (1=1.2) satisfy

the properties:



(15)

,f ] = I h ] Here at is Cartan matrix of G(2):

a = f 2 - 3 1
u 1-1 2j

These equations can be verified in the same way as (11)

and (12).

As in the first case, e ' , f ' , h' are not the

generators of quantum algebra Gq ( 2 ) because [ e , f ] • * 0.

[ e ,f ] * 0. But in fermion representation (9), in which

we replace the indexes:

ei = ai a / e2 = a« K e3 = S! a2 eo = °a V

(16) ft = a2 a / f2 = a3 a / f3 = a / a/ fQ = a, ag
+

it is easy to verify that they vanish.

It remains to verify two quantum Serre equations

(6). Again, as in the first case, all terms in (6)

vanish. Let us consider for example the case i=*. j=2.

In the term

*-v v ( ) < ) ( ) *-u
V V ei' = C ^ ei + q e2 + 9 e3 ? eo X

( ) ( ) ( > U
x C q et + q e2 + q eg )

after opening the brackets all nonons where e2 enters in

power ̂ 2 vanish because there i3 not a^ in et. In other

monoms, as we can see from (16), there are three a± (in

ei}e3 ) and only one at (in eo ), so they vanish too.

The second equality (i=2.j=i ) can be checked in the sane

way.

We proved the
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Proposition. Formulas

ei = q a( a2 + 9

(17)

q H aL a q

generate the quantiun Cli-fford algebra representation of

Gq(2).

Hote, that we can make the folding D(4)*B(3) in 3

different ways. Here we used the first way of folding.

Cases (2) and (3) in fig. 2 lead to another fersion

representation of

4.FOLDING Aei<2n-1) * O<(n)

We will try to carry the quantization of formulas (2)

in the following way;

t = f q 2 2 - - l
+ f q A f = f

I L 2 r t - l ri r,

h = h. + h ( i = i . . r » - i ) h = h
l, V 2Ti-\ rt ri

As in the first two cases these formulas are "bad",

because [ e ,f ] and [ e ,f 1 don't vanish. Again

we take quantum Clifford algebra representation of

9



Aq(n), which was found in [ 7] and is

(19) e = a. ai+l* f. = ai+l aL* h = i\tt- K <i=l._n)

In this case all equalities (5) are satisfied.

It remains to prove the equations (6). Here they
i-a .-U V

are not trivial: the monoms e.' ' e' e.' don't vanish.

Inserting in (6) into a the Cartan matrix of C(n):

we obtain:

(20) e' 2e ; i' - (q + q"
1) e'e ? l'e' • ei?l'e.'

2 = 0

for all (i.i+l), besides (i,t+l) = ("-1, "}

V 3 3"° "

(22) e' e' = e.' e' (for other v,j)

In the sum (21) all terma vanish aa in the previous

cases; the equations (22) follows fro* the analogous ones

for Aq(2n-1) ( eq.(6) for at. = 0 ).

We must now prove (20). Substituting (18) in (20)

and making the index substitution i * 1, 1+1 •* 2, 2n-i -» 4,

2n-i-l -» 3 we obtain:

C q et + q e 4 ) Cq e2 + q e3 ) -

-Cq + q X q ^ + q e4 ) Cq e2 + q e 3 jx

x C q e i +• q e4 > + Cq e2 + q eg ) x

' 2h , - V
2

h t

•; ( q 2 J '^ -t q e 4 ) = 0

Aftor opf;ninf! thn brnrkrtr,, proupinp, and using (7)
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5. BOIJJIHG fcj<2n) •*• Bj(n).

We change formulas (1) in accordance with the previous

cases:

(24, * / = f * ' A — - V. i + t « ' A \

Proposition. Formulas (24) satisfy the conditions:

[h \e / ] = a. e/ Ih'.<] •= - % <

(25)

Here at i s Cartan Beatrix of B(n).

(20' ) e ' 1 *- / - (q + q'") e.-e-^e.' + e ^ ' e ' 2 = 0

"Oiese eqiiationfl can be checis:ed in the same way as (20)

and (12),(11).

In contrast to the previous case here all

equations [e.' ,f'] = $. .[ h.'] are valid. But unfortunately

e , f. , h are not the generators of Ifa (n) again because one

of the equations (6) (for i.=n, j=n-l) is not valid as it can

be checked:

(26)
* O

So we return to fermion representation (19) again, in which it

is valid. It can be verified in the same way ae (21) was. So.
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we have the

Proposition. Formulas

(27) £ ' = a.+1 a / q 2 2 n- i + 2 2 n- i + i +

+ °Sr>-U2 V i + i q

( i = l . . n )

are the gaamtiam Clifford algebra representation of

B,(n).

Hote, that the folding An(2) •• B i d ) = Sj(2,C) is

valid even without the frenont representation of Aq(2):

e = q e + q e f = f q + -f q
(28) * 2 •

h = h, + ^

are the hononorphiaa of q-deforaed algebras (but not of Hopf

algebras). If we take the quantum boson representation of

Ai (2) obtained in [ 7] we get another boson representation

of SIfl(2)-.

e = q bt b2 + q ba b3

(29) f = V b/ a a 3 2 + b3 b/ q

h = H3- H,

All the considered representations are Hernitian for

real q because of the properties: h = h , ei = *i
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a)
e.

- o - > o< O •

(1) e' = e + e f = f. + f
t L 2n-n-l i i 2n-i+i

h' = h + h

b)

===> o===>o-

(2 ) e' = e +• e, f = f h' = h + h
L i 2r>-L

C )

e' = e +• e f' = f
n n( 3 )

t: - f

h' = h + h

ĥ  = h ( i = 1 . . n-1 )

d )

o
T

o «-

J e.

( 4 )
r = f h ; =

f i g . l . Folding of Use algebras: a) A(2n) * B(n); b) A(2n-1)
-» C(n); c) D(n+1) •* B(n); d) D(4) •• G(2).
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fig.2. Cases of folding D(4) •# B(3).



Referenses.

1. Bernard,D.: Vertex operator representations of the quantum

affine algebra Uq(Br(l)),preprint 1988.

2.Drinfeld,V.G.:Quantum groups, ICM proceedings, pp,798-820.

New York: Berkley 1986.

3.Fadeev, Takhtajan: The quantum inverse problem method and the

XYZ Heisenberg model, Uspekhi Math. Nauk 34 (1979), no.5, 13-63

(Russian).

4.L.Frappat,A-Sciarrino,P.Sorba: Fermionic construction of

vertex operators for twisted affine algebras, Hucl.Phys.B305

(1988) 164-198.

5.Frenkel,I.B.,Jing,H.: Vertex operator representations of the

quantum affine algebras, preprint 1988.

6-Goddard.P., Nanm,W., Olive,D.I. and Schwinmer,A.:

Commun.Math.Phys. 107 (1986) 179.

7-Hayashi,T.: Q-Analogues of Clifford and Veil algebras —

spinor and oscillator representations of quantum enveloping

algebras, Coranun. Math. Phy s.127,129-144 (199O).

8.Jinbo,H.:A q-difference analogous of U(g) and Yang-Baxter

equation, Lett.Math.Phys.10,63 (1985), Aq-analogue of

U(gl(R+l)), Hecke algebra and the Yang-Baxter equation,

Lett.Math.Phys.il, 247 (1986).

The manuscript•was reseived in 26 06 1991



The address for requests:
Information Department

Yerevan Physics Ins t i tu te
Aliklianian Bro thers 2,

Yrevan, .'37503(5
Armenia , I SSR



MHAF.KC

EPEBAHCKHH (PH3MHECKH^ HHCTKTYT


