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G.V.GRIGORYAN,R.P.GRIGORYAN 

CANONICAL QUANTIZATION OF DIRAC SPINNING PARTICLE 

IN THE EXTERNAL MAGNETIC FIELD 

The canoni,cal 
quantization of Dirac spinning particle in the 

external magnetic field is carried out in a gauge which allows 

to describe both massive and massless particles in the spacetime 

dimension D=4. The Newton-Wigner type coordinates and momenta 

for a particle in the external magnetic field are found and the 

connection of this quantization scheme and the Blount picture is 

discussed. 
Yerevan Physics Institute 

Yerevan 1992 

• 

In this paper the quantization of relativistic sp inning 

particle in an e xternal magnet i c field is carried out starting 

with a classical pseudomechanical action, where the spin of thE 

particle i s described by variables, which are elements of 

Grassmann a lgebra. As in [1J, where a free relativist ic spinn i n g 

particle was canonically quantized, we will choose the 

quantization scheme in which all additional gauge fi xing 

constraints are introduced into a theory already a t the 

classical level. This redu~es the theory to a ' system with a 

second class constraints only, which is then quantized using 

Dirac's quantization scheme. Again,as in Cll, we take one of the 

additfonal gauge fixing conatraints in the form x - T• = 0, thus 
0 

describing simultaneously both particles and antiparticles 

already at the classical level [3]. Because of the complexity of 

the Dirac brackets of the independent dynamical variables of the 

theory, the operator reali~ation in terms of the initial 

dynamical variables s .. m• improbable. Thus it's even more 

i•portant here than in th• ca•• of free particle [1] to find new 

vari.tlles, in tar•• of which the quantum c0111mutation relations 
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would be canonical • Such variables are found. 

In analogy with Cll we introduce "classical" spin tensor and 

Pauli-Lubanski vector in the presence of the external magnetic 

field <which are invariant gauge generalizations of 

corresponding quantities of the free particleJ:their expression 

in terms of canonical variables is found. Note that contrary to 

the case of free particle, the spin tensor and Pauli- Lubanski . 

vector are not supergauge invariant and are not conserved in the 

presence of the external magnetic field 

The quantization of the theory is carried out in terms of 

canonical variables. Even in writing quantum relations, 

corresponding to classical relations between initial and 

canonical variables one encounters the problem of operator 

ordering. It turns out that if one accepts the symmetric <Weyll 

quantization scheme,then in a definite gauge <{
5 

= Ol one comes 

to a Blount picture C4l of the spinning particle in the external 

magnetic field, just as in the case of free particle we had 

Dirac theory in the Foldy-Wouthuysen representation C3J. 

In sect.2 ,following Dirac prescription, the complete set of 

constraints is found; in sect.3 the Dirac brackets of physical 

variables are given and a transition from the initial variables 

to canonical ones is performed; sect.4 is devoted to the 

quantization of the theory and the relation of the 
resulting 

quantized theory to the Blount picture is discussed. 

2. Consider the action of the theory of relativistic 

spinning particle in the external electromagneti.c field [6-Bl 
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.µ 

J [C.µ>z • • { x 
s=! dT ~+em! i< { { µ -{ { > - ix<~~µ 

z e µ 55 e - m{s> + 
( 1) 

+2g xµA +ig e {µ{v ] • µ µv 

here µ = 0,1,2,S , xµ - particle coordinate, {µ 
Grassmann 

variables, describing spin degrees of freedom, {
5

, x H e are 

additional fields C e is an even element,{
5
,x are odd elements 

of Grassmann algebra> g is the charge of the particle, Aµ is the 

four-potential of the electromagnetic field, Fµv= aµAv- avAµ 

the dote denotes the differentiation over 
T along the 

trajectory; the derivatives over Grassmann variables are left. 

The action <ll is invariant under reparametrization 
transformations with a parameter 

6xµ= 2uPµ 6{µ= 2guFµv{ ,6{ = 0 
v !5 

6Aµ= 2uPvavAµ• 6e = 2u, 6x= 0. (2) 

and supergauge transformations with a par-ameter v 

6xµ= iv{µ, 6{µ= vPµ, 6{
5
= vm, 

(3) 
6A = iv{ bvA , 6e = ivx, 6x = 2v µ 1.J µ 

where 

'") 

µ 

p 
µ 

x 

= -1!. 
e 

ix 
-{ 
2e µ (4) 

1enta, canonically conjugate to xµ, e, { and x we 
µ 

ff = • 

"'-
axµ 

c1L 

ae 

x 
-1!. 
e 

0, ffµ 

ix { + g A :; p + gA ' 
2e µ µ µ µ 

c1L 

2 
-atµ { µ ' (5) 
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al. 

n!!I 

at" 

i __.' 
2 " 

al. 
n = o. 

x ~ 

The relations (5) ( with the exception of 
the first one> 

primary constraints: 

I a n -µ µ 

i 
__.. tµ~ 0 ,µ• 0,1,2,3; •.= n 5 + __.' ~ o, 

2 ,, 
2 

•"= ".~ o, • .. I! ft :c o. x 

The numbering of constraints is chosen so as to make 
the 

matrix of Poisson brackets C ,= nn { 1 n• 1 n'} 
of al 1 

constraints of the theory more compact. 

The canonical Hamiltonian· of the theory is given by 

.µ 
H = x 

e 
__. 

2 

µ 
P µ + t n µ + t 5 n 5 - L = 

( P
z z . -m -1 

ix 
g F tµtv) +-(Ptµ -me). 

µv 2 µ 5 

are 

(6) 

final 

the 

(7) 

Pµ = pµ -gAµ. 

Following Dirac [2] we construct the total 
Hami l.toni an of the 

theory 
(8) 

H* = H + i>..µ I + i>.. I + >.. I + i>.. I 
µ • • " " " " 

().. are Lagrange multipliers) and find the secondary constraints 

I • P .,µ 
5 µ .. 

- m t ~ 0 , I =· ~z - • 2 
- igF tt'tv~ 0 

5 7 µv 
(9) 

As in the free particle case 
[1] we have four first class 

constraints: in addition to 1 7 ,l",I" 
there is yet one mor!!f 

first-class constraint, which is a 1 inear combination of the 

constraints 1µ,1•,1
5

. Thus to remove the degeneration 

theory•we have to add four n•w constraints, which w• 
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of the 

choosw in 

the form 

where 

'• L! x
0

- x T ~ 0 ,ldr=. at 0+bt5~ 0, 

I a e + 
•o w 

~o. 

r z z· µv 
w = P. + m + igF t t 

l µv 

•u EX~ 0 

.P =-aew, 
0 

( 10) 

( 11) 

a and b are parameters, which do not become zero simultaneously 

(see [1] for a discussion of restricti9ns on a,b >,x = ±1 . 

Notice that contrary to the free particle case P
0 

is no longer d 

real valued quantity and x denotes here only the sign of the SOR 

in (11>.Nevertheless again x = +1 corresponds to a particl~, 

while x = -1 - to antiparticle 

The constraints <6>, (9) and ClO> represent the total set of 

constraints of the theory and now t~ey are all second-class. 

3. As we have mentioned in the introduction. further 

considerations will be carried out for the four-potentiai 

A (x)~(Q,A.<x>>, which corresponds to a constant 
µ ' 

time) magnetic field. Now we will perform a · canon 

transformation on the variables xµ.P K µ 

x'µ,P, defined by the relations 
µ 

x~o= xo - lrT , x'\.= i. 
" . P' 

µ 

to obtain var1 -h 

-: p 
µ 

( the corresponding generating function is W - xµ p~ 
0 

T" 

terms of these new variables the constraint • becomes x 
0

-:::: • 
while all other constraints remain unchanged. Thus the tot d ~ 

of constraints <6>' (9). ( 10) now doesn't depend 0 

explicitly a.,d we can use the standard D1 r dc quant • 

scheme for the theory with a second-class constraints. 
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rcn•,formation tho H.:1m1ltl'lni<m 0 

tho 01 th constrain'- s .... rface becomes 

( 13) 
H .r P2 + m2 + i gF { . { ~ 

phy• l 1k l k 
w 

Counting Dirac brackets for the complete s~t of constraints C61, 

(9)' ( 10) 

xi. P., ~ ... , 
\ 

for the independent variables, for which we choose 

we find 

i. j 
>C ,x }D 

ir 

= 
Cl.2 

xi.,P} =-6i. 
J I> J 

[ {i.{j + 
b 

( Pk{kl <{i.Pj - {jPi.I ] , 

(3Po 

ir . b 
~ (bAk) [ {'{L + 

a J ~ (3P 
0 

<Pn{n> ({i.Pk - {kPi> J • 

{x'" ,tj}D 
r =--[ {i.Pj 

CJ.2 

b .. 
--<Pn{n) p'pJ + 
(3Po 

b 
ig--(Pn{n)FJk{Jc{i] • 

{3P 
0 

P ,P) 
' J D 

r b 
= ig2

--<8.Alc> <b.A > [{Jc{ + -- <Pn{n> <{ P -{ ~ 1]. 
Cl.2 \ J n n (3P Jc n n Jc · 

0 

{{',P.> =gr 
JI> -

Cl.2 

b 
[ Pi. (bjAJc> <{Jc 

(3Po 

(Pn{n)plc) + 

ib 
+ -- Ct'n{nl{l{m < Fil8An + _'_ Pi.lJFln>] g . ' 

J 2 J ,., 

p' pJ br, 
f.".; D l «5i - --;-r1 !- --- {L <P'"',.n> (1::-LlpJ + 

2 ' a (3P (J 

+ il'1. f3 = am !- bf 2 

c•' r 

~w. 

g el atu.mL f<J 

e that w 

( 14) 

e 

>'.P ~er.si ens f'"lr thE' Dirac bracK~'t<> for ~ndepc-"dE'nt v cir i l-b' ~s cJr E" 

.uch mere c:ompl i t..i.'i.ed. Hcn~e it is mor·e desi~able here then l ., 

to from the variables x\P. ,t to new 
the free case:> 

variables 
L 

q . 
canonical 

{qi,qJ}D~ 

{q\.' ii> D. 

n 

pass 
\ ' 

i for which the Dirac brackets would be 
i' "' ' 

0 ' <•/,ii> = D 
i.6i.j, <q\n > = 6i, 

J D J 

m. n } = m. y}} = o 
.:., J D L, D 

( 15> 

can be found. Their relation t () h- cld 
SuC"h a variable 

variables are given by the expressions 

. . . <a+ bx) <Pl{l> 

q'="'-i{'---------
f3 ( m + w 

(a + bxl <Pl{l > 

n = P 
i \ 

+ 1.g <b.A_l{m .,.;----
(1: m + w l 

"'. = {' + p• 

where (1 ~ bP
0

+am. 

Note that while the '{prest.>1on H 
L 

"' are q 

inv~r1ant gc~nralizattonL of co 
pressions f I ' 

free partic.:!.a-, the xpres;sn on anon111...c:.1l 

g. . wh1cl-- \ !J th 
contains a new summand p•·oportion.:i 

rote br<i\r..kct. ( P",Pj_ D 
reflec;ti of the fact th~t he 

extcrn<!l + i el d. 
differer,t fr'"lm zc..- +he prC'!"ic.r 

rom th~ rE'!ations <16 e ca obtain inveru relation 

c:h c:onne th I\ (xJ ,{ w1th tho 

.. 



" 
"' + bit) <rrlcV'Jcl 

L l 
q - •V' 

rr 

"' 

0 

+ 

...,y. 

1!,µ 

(' 

A. 

m axO 

<a + bit) <rr1c.,1c) 

+ ,gf i.l\Ul 
+ m (b'Tl -axO 

rrkV'lcl 

' ' rr 

<a + bat 

<m + m <b axm 

rr2 + 111
2 HgF . <qlVJ'I' 

\. 1.J L J 

17 

( 1 

JriciblE'r; t~e Hamiltonian of t~e t~ becc:.11e1> 

19) 

pin var1abl of tho free Od 1 C' 1 [ 1 ~ t"' 

1!,µ· .pµ ;mil!, wat. i ,..troducvd, i term which th 

wur-:. e·:prE'sr;od sin->. i~µ~v Being 

w ).~ olso con1>orved in time ~on equations of 

• conLequence of that the spin ten'lior sµv wa'li 

;ote that the total angular 'Tlomentur:i Jµv of tho 

v ... -:. ~l so conserved. In the orettent.e 04' the 

both the total angular momentum and the 

are not c.o!"lserved. ~everthelr5s we will 

11nt1 ty 

v 

"' 
""'µ ""v ii!,,.,!!.,.._, 1!, µ 

'"'' 
1!,µ ~. 1!, !5' 

m 

~~variant gener~l1zat1on of thE' tc>nsu~ suv(th 

the p1 f th 

ol ab! q,rr,VJ the ~uanti~y 

·o 

ex terr-

1!, µ is; 
<Al 

b 

~o 
1!, .. 

uu 

It m cnj~,, "'i. ;. 
1!.,.,· "' + 

rr'm1ip" > 

iiilm-.:n, (20 

Note that ~ µ , and hence Sµv ,do not depend on parameter~ a and 
<A> <A> 

b of the fermion gauge fixing ~d< thoug~ they are not supcrgauge 

1nv 

as 

• Introducing now in analogy with the 

teeters 

2 

51!.<A> 
i. = 

"'<A>"'<A> 

ijk 1!, j 1!, IC ' "' 5 2 &i.jlr."'j"k 

'S~ iii the spin vector.expressed in termG of the 
• 

free part1c-le 

<22) 

var1ableL .,, 

which describe the spin of the particle in the rest rame 

inu the relation between them 

~ 

51!.<A 
i. 

whi~h generalizes the' 

part1c.le case [11 t'1 

that in deriving of thi 

dimensional was usecl 

OU 

s 

r m ¥' were e 

ne relations (17 

l. 

" 

p 
i. 

• q 

t 

0 
rr. c rr .5"'> 

• J J 

+ Oi' 

lng 

of th 

ormula the 

co 

LI 

11 -

( ,£ 

el at f t"'e ,. 

d. Not 

t~rDu 

<24> 

reduce t analo 0 



m 

'."'a .ubanski ve~tbr in t~P prr>n~n 

field• 

<Al 

w 
µ 

i v~ X. ..,, O' ---- p'' -2 µv>..a <Al IA) • 
- . - -c P"'{ >.. {Cf 

2 µv)..a IA> <A> 

~·xt.r>r n~· 

(25> 

~"nm the independence of the ~<Al on the f r>r'lli on gilugc fixing 

parameters it follows that w<A>doesn't't depend o~ them µ 

F~om (21) it easy to express w<A> in terms of 
µ 

q,n,lp : 

W<A• = fl S 
O I. L 

w.:--ie ms.+ <Al ( 'I/ 
L L 

n. In s-'> 
-·-~-k-). 

0' 

either. 

(26) 

which is a gauge invariant generalization of the corresponding 

1ations from (1]. 

It's evident that it's convenient to quantize the theory in 

terms of the variables q, n, 'I/, for which the Dirac brackets 

gi~cn by 115l. Introducing operator~ corr~sponding to thi 
,.. 

ar· 1 ob l C'S q, n, 
,.. 
"'· we write down corrcspondi~g ('Ommutation 

lat ions for them through the rule ] = i h{ , } D: 

"' "'' q qJ l - n . n 
' J 

"' n ( q • J = ih6~ . 
J 

- ..... 
q • Qj ] = ( ~-· ~ 

' ,..;_ N 
¥' ' ¥' J + = M' I 

- o. 
<27> 

<> last of this relations generates a three dimensional 

+forrl algebra. As is well known, 

irreducible reprr>sentation for 

_n by t~e Pauli ~atricc:> 

"' ¥' 

h .• . 

t (-;)
2 

a' 

+1on to the> 

h ! 
Jt (-)2 a' 

2 
" ,,.. 

perators ~.F',{, 

the unique finite 

the operators Yi', 15 

:. t.,Z,9 28) 

corrr'spond1ng t tt-e 

~'lee of tho theory x,P,,, unLn he press1onrJ 

12 -

117>, iL ~ompli('~tod (co,~rary to the fre0 particle ca·1&> by t 

problem o~ ordering of the operators ~ . n, VJ in corresponding 

quantum relations. Here we will adhere to the symmetric ( Weyl> 

quantization. For the Grassmann variables th& symmetric 

quantization is defin@d as follows (6,9J: the classical function 

fl¥'> is expanded in powers of 'I': 

n 
i.t -v 

f. . ¥' ••..• "' 
L • • • • \. t v 

(29) f (¥') = l l 
{ ;_} v = 0 

ldue to a nilpotency of 'II the series terminate; in our case n = 3) 

The transition to the quantum relations corresponding to (29) is 

achieved by replacing of 'I' by 'II after antisymmetrization over 

all indeces of the coefficients of the expansion <29>. 

"' Taking into account that s"'= (h/2) c.,we obtain for quantum 
L L 

"' ........ "' 
operators ~.P , s{<Al and H the expressions 

phy• 

wt 

"' xi. ';::!. qi. 

p -+ f'( 
L ;-

""~<A>-+ 
s +-

H -+ 
pl-ya+-

t 

at 

h 

2 

(aat + b) .cljlca j nlc 

<bm - axn> (m + Q) 

h (ax + bl Cc, (nkBk> - n,<alcBlc>J 

- g 

... 
h () 

2 m 
O' 

l 

0 ( 1 

tJ t:-ol 

2 

--

<bm - axn> <m + n 

h ·11;. <nko l 

... 
2 m <m + ()) 

h <Bleck> 

g 
n2 2 

d the> c or~ e 
... 

l t format1ol" ( 1 0 

13 

C::0 l 

b w 

2 



... 
Th 1n <30> of n 1n&tead of 0 <compare with <23>. <24>) 

ili cbnnec d again with the fact that we have dropped out all 

terms contu ining powers o ~ higher than three. 

5. To ~ompare our results with those obtained in different 

quantization sch », we rewrite the expres&ionli 
,... 

operators ;:-_ K P. in the gauge t ~ O 
l l !I 

a : O>: 

,... 
xi. ;::!. qi 

pi +:!. ni - g 

h &i j1c0 /r1c 

2 m<m +0) 

h Cai <rrkBk> 

2 m <m + O> 

ni (okBk) J 

Apart from that we will find the velocity operator 

Making use cf the rel-tion 

,... 
v.: 

l 

dxi. dxi. P. 
H } -

phy. I) - -· =. "dT = • ( i. 
x ' 

l i 
v = ~ 

0 0 

for the 

<31> 

~./dx . 
l 0 

(32> 

and using the expression fer P in the t
5 
~ O gauge,we find for 

the operator 
,... 
v 

"'· l v - ~i. - - ·[ 
- dx -0 

rr 
l 

0 

- g 

+ g 

h 

2 

h 
z "'\r ~2 

rr, <Bkolc) Cm + mO + O ) --- ---------:-:----
2 m <m + 0> i}9 

o,<nkBk> 

mo (m + 0) ] (33) 

"' 
The formulae <31>, <32>, and also the expression ~CA11n<30>, in 

the first approximation over g, exactly coincide with 

formulae given in [10J (for no electric field and for 
,, 

without anomalous magnetic moment>. They are 

analogous 

particles 

ju~t the 

expressions for the position operator, the momentum, the 
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velocity and the spin in the Blount picture C4,10J. 

One can also write the equation of spin in this picture 

<compare with the equation given in C10J>. 
,... ... 

dStcA> 
i 

dx 
0 

-;:!. • 
g 

... 
0 

"' 
& stCA> 

iJlc j Blc 
(34) 

And finally we write down the quantum analogs of the 

relations <26) fer Pauli-Lubanski vector: 

,... h ,... h [ 
CA> CA> 

W - --<n "'1c> W. - - .- mo+ o-2 lc ,•- 2 i 

ni <rrkolc)) (35) 

Here we want to call attention to th• following fact. ~n th• 

free particle case [1] it was found that on• quantum operator 

corresponded (up t~ a numerical factor> to two cla•aical objects 

mtµ and ~. Tc clarify the situation in the present case we 

write down the quantum analogs cf th• relation• <21>• 

,.. 1 h s 
(o- __ (--Jim 

CA>- m 2 

(~-;:!. 
h ! n\ <rrkok> 

a (-)a [ 0 \ + 
2 m<m +"'o> 

The last summand in ( i come• from CA> 

2 

rrl <rrlcBk> 

~] C36) 
h 

+ g 

the term ,proportional to 

~· in th• expansion cf the denominator in <21> in power• cf ~· 

Comparing <SS> with <S&> we' see, that in 

th• e><t...-nal magnetic_ field th• operators 

the presence of 

"'µ 
tcA>H 

wµ 
CA> are 

differing from each ether < th• additional summand in (36) is 

proportional to interaction constant and look• like a quantum 

correction> 

Finally we note, that from th• formula• (16) i t follows, 

1!5 
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rPMrOP~H r.e .• rPMrOP~H P.n. 
KAHOffHtlECKOE KBAHTOBAHHE aHPAKOBCKOH CrntHOBOH qACTHUH 
. BO BHEDIHEM HArHMTHOM nOJIE. 

(Ha aHrnKRCKOK H31>11Ce, nepeB04 aBTOpOB) 

Pe4aic:Top n.n .MYKaHH 
TeXHHqecKHR pe4aic:Top A.C.&spaKHH 

----------------------------------------------------------------
no4nHC8HO B neqaTb IO/YI-92r. lfiopKaT 60x84/16 
041CeTHaH neqaT&.Yq.H34.n. 0,8 THPas 50 aK3.U 15 :K. 
3aK.THD.26 HH48KC 3649 

------------------------------ ------ -------------,------------
0TneqaTaHO B epeBaHCKQ.[ · 3Kq~cKOK HHCTKTYT8 
EpeeaH 36,yn.6paT&es AnKXaHHH 2 


