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1.Introduction.

In this paper the quantization o-f relativistic spinning

particle in an external electromagnetic -field is carried out

starting with a,classical pseudo mechanical action, where the

spin of the particle ia described by variables, which are

elements of Orassmann algabra. As in С ID, where a free

relativistic spinnirig particle was canonically quantised, we

will choose the quantization scheme in which all additional

gauge fixing constraints are introduced into a theory already at

the classical level. This reduces the theory to a system with a

second class constraints only", which is then quantized using

Dirac's quantization scheme [23. Again,as in C13, we take one of

the additional -gauge fixing constraints in the form x - т« = О,

thus describing simultaneously both particles and antiparticl"»

already at the classical level C33. Because of the complexity o-f

the Dirac brackets of the independent dynamical variables of the>

theory, the operator realization in terms of the initial;

dynamical variables seems improbable. Thus it*s even more

important here than in the case of free particle С1] to find new

variables, in terms of which the quantum commutation relations

would be canonical . Such variables are found. The article goes

in the same lines'as the quantization of the spinning particle,

in the external magnetic field constant in time carried out in

С4Э. .
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In analogy with [ID we introduce "classical" spin tensor and

Pauli-Lubanski vector in the presence of . the external

electromagnetic field (which are gauge invariant generalizations,

of corresponding quantities of the free _ particle):their

expression in terms of canonical variables, is found (note that

contrary to the case of free particle, the spin tensor and

Pauli- Lubanski vector are not supergauge invariant and are not

conserved in the presence of the external electromagnetic

field). The quantization of the theory is carried out in terms

of canonical variables. Even in writing quantum relations,

corresponding to classical relations between initial and

canonical variables one encounters the problem of operator

ordering. It turns out that if one^ accepts the symmetric (Weyl)

quantization scheme,then in a definite gauge <jf_ % 0) one comes

to a Blount picture C53 of the spinning particle in the external

electromagnetic field, just as in the .case of free particle we

had Dirac theory in the Foldy-Wouthuysen representation С 1,3].

In sect.2 ,following Dirac prescription, the complete set of

constraints is found; in sect.3 the Dirac brackets of physical

variables are given and a transition from the initial variables

to canonical ones is performed; sect.4 is deVoted to the

quantization of the theory and the relation of the resulting

quantized theory to the Blount picture is discussed;

2.Constraints

Consider the action of the theory of relativistic spinning

particle in the external electromagnetic field C6—83 i
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(1)

here /j = 0,1,2,3 , x
H
 - particle coordinate, £^ - Grassmann

variables, describing spin degrees of freedom, £,_, x И е are

additional fields ( e is an even element,?51£ are odd elements

of Grassmann algebra) g is the charge of the particle, A^ is the

four-potential of the electromagnetic field, F ~ в А - д А :

the ' dote denotes the differentiation over т along the

trajectory? the derivatives over Gr.assmann variables are left.

The action (1) is invariant under supergauge transformations

with a parameter £

6A = i et, & A r <5e = i ex 9 &X — 2b t

where

й
 i

e 2e

Soing through the steps analogous to those of- C43 we come to

the complete set of constraints

i i

1 ' •

Ф
В =

 X
0 " •"".•

 Ф
 9

 я П
 е'

 Ф
 10

 = е +
 ~ *

where тг , п,., nr are momenta,canonical 1 у conjugate to £ , £ , e
ij D e о

- 5 -



- respectively,Л w = V ?? +. m2+ igF

• • : • . " • • • . - . . • ; . . - . . • . . • • . - • • . • / • . . • ; ; • • • . • . . • . • • . . . , . _ • • • . • • • • . • • • . • • • -

V
• • - . . - \ . . . : : . . • • " - .• . • . • . • • . t

••••"•': . Now ;.we.-..will V p e r f o r m a. c a n o n i c a l . ' t r a n s f o r m a t i o n , on the.
'••"' '••'

variables x^^p to x'^, p' defined by the relations

• ' - . ' • • • . ' • ' • • • . . • • • • < ' . . ' • • . ч •• : • • . . ' . ' • • . • . . " • • ; - • . .

' 0 0 ' i i ' . ._.
x = x - HT , x = x , p = p ' <5)

( the corresponding generating function is W = x" p - тхр
о
>.'

Under the above described - canonical transformation ' the

Hamiltonian of the system on the constraint surface becomes

3. Dirac brackets and Newton-Wigner coordinates

Counting Dirac brackets for the complete set of constraints

(4), for the independent variables, for which we choose x , 3>. ,

i ' * • •

£ , we find

•

- =

2iagb

. 2

с
2

" • ! . • ; .'. • • ' , ' : . • " ' . ' ! : • . . .
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I j K 2 J i K (A

_ - - . ^ j ( ; J » . v 4 k F o k > .

where-^>
4
. = - «Y i°. + т̂ '+ igF ? ^

V
 = - »<o , a = a^ +

/Э = am + b^" Y ^~

Again as in Cl,4'.: we pass from the variables x
1
, p.. , <f. to new

( Newton-Wigner > variables q , П.. , v> * *
or
 which the Dirac

brackets would be canonical

Their relation to the old variables are given by the

expressions ,

. (a + Ьи)(Р
1
?

1
)

1 1 X

— — ,
ft ( m " + ы )

•; (a + bx) (J» 1 ? 1 )
- p . •+ i g C * А > < ш . _ _ _ _ , • (9)

,./3 ( m + со )
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. (a -i- Ь
1

fit <. m + о) )

where ft = bĴ  +am. ' •' .

и . . .• . .
Note that while the expressions for q

1
 и V

 a r e
 gauge -

invariant generalizations of corresponding expressions for the

i

-free .particle. .th« expression for ths canonical momentum"

contains a new smnmand „proportional to g
 }

 which is the

reflection of the fact that the Dirac bracket -C p..p.}_ js

1 J U

different from nsro in the piresencs of the external field. From

the relations (9) one can obtain inverse relations which connect

the variables x , -2V ='p.~ gA. (>:), £ with the new ones

q1, ni = -ni - gA i(q,r), y
1 ". - .

, , , . , к к. • • •

(a^ + b) \tt у )
x

1
 = q

1
 - iv

1
 — : : — '
(m + ft)(bm -аиЛ)

(a« + b) (я у")
P. = п. + igF.-y/ , ' . (10) *

1 X
 (m + O) (bm -asO) .

(аи + b) (я v '

- X X . X ^
(m +-ft)(bm -

where • '

/

_ _ • 2 •

rrT" + m +igF. .(q,r)vV- (11)

Following C93, we -find for the Hamiltonian of the theory in

terms of the variables q
1
,^., y/

1
 the expression

W
 = Й +

 .«вАо"'"*'̂ -- °' .,.
 +
 "J '•

 <12>

' * . "i •

In describing spin variables-'o-f. the free particle in C13 the

quantity ?^ = ?^ - <р
р
/т>£_ was introduced, in terms.of which the

" • ' • • • • ' ' • • • •

spin tensor was. expressed S ^ s iK^K^.• "•" Being - supergauge
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i. n •••'a.
v
*i sn t :': •••"•••io ;i'L :~o c o n s e r v e d in txjfls (on sc|u«at* or is о т

motion). As a consequence of that the sp.in_ tensor .;_ S^ was

conserved too- Muti that the total angular momentum J^ of the

free particle was also conserved. In the presencs of the

external fiald however both the total angular momentum and the

spin of ths oa'-t:.cl» are not conserved. iMevertheless we will

introduce th-э quantity'

A
- (

A
)

?
 (A)

 3
 M A ) < -5 "

 kl
"'

;

m

which is a gaugs invariant genarjl л sc-.t ion --:<
:
 '•i--̂  ::-2пъог 53' ;>hb?

subscript "A" denokss the presence of the external. fisld/ .In

tarins of tha variables q
;
 n, v' ̂^- quantity "f,.,,., i » given by —

- о * i < - Г. • i ^
X (

«
J
v

J )

m "• m (.T, + D)

Nota that ? ,'д-, »
 a n c !

 hence Ŝ ;" , do not depsnd on parameters *,?.

of the fermion gauge ф, ( though the/ are -oot вирэгда:.;с|«

invariant). Introducing now in analogy with the free . particis,

casa the vectors

Jf
( A )
 i

( S? , the spin vector expressed in terms of the variables ^,

describes the spin of the particle in the rest frame), we

•Find the relation between them : . ~

(16)
m m (m + O)

which generalizes the corresponding relation of the free

particle case C13 to the presence of the external field. Note

- 9 -
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•I'.hai: i. n deriving от this -formula tns fiict chat -y. is three

dimensional was used ( the terms containing multiplication o-f

•four or more ̂  were equaled to гего) . In tsrms o-f the variables

of cha relations (17) are given by

i
 . ijk j

>•- = q

(m + 0) (bm -and)

(17)
(m +. 0) <bm

where 8. (q) = ~.e_. ' P (q>. Now l e t u s i n t r o d u c e t h e a n a l o g o-f

thG " c l a s s i c a l " Paul:i -Lub-anski . v : c lor i n t h e p r e s e n c e a-f t h e

:-.* л t e c- n а 1 is 1 £5 с t r a m a g n a t i с -Field:

(A) " .

Ft-.-..>. c : -• ••••.. .•••.•:-f»d«.TiCt? о т t h e <f ~n the -Farmionic gdugs -fixing

• ( A )
p:-ir.-i,i'.u.i;....'-j .г'.; toi iows chi-it Ы\ doasn'h depend on them e i t h e r .

Fra.Ti (13) i t easy t o express '4 in terms of q, n, Ц/ "

Я . (fT. S, ) v

LJUL1 (19)
( m + С,

which is a gauge invariant generalization o-f the corresponding

relations -for the iree particle case.

4.Quantization

It's evident that it's convenient .to quantize the theory in

» • • • .

terms of the variables q, П, y, for which the Dirac brackets
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' -.•..'.':••••'.••••.•-'•.••••»'. • . • . • •

• • • . - • " . • . • • •

. ..'are given.by (B).. Introducing" operators. .$, П, • p, corresponding

. to "this variables , we • write down . corresponding commutation

.
 :
rel?tioris

:
for them through' the>ule ^ C:,/;'.i.-=. i !h<!...,'Ĵ ;

• . • • ' I " . • ' • " . " " . | • • " _ • ' " • . • . • • ' • " • " " " . , • • " • • " " ^

_ . . . . ; ' . ' . ' ; - , • • . • . • • > . . • • - • • • . ' • • • • > • • : • • • . ; ! • > - • . ' : - • • r - i i v . v . - i N - V - . - - " - " • " . ' • • _ . : ; - ' • • • • . • - • • • ' ' • ' • ' ' '1
^ *̂  Я

 j

: (20)

The last of this relations generates a Clifford algebra in

three dimensional' space. As is well known, the unique finite

dimensional irreducible matrix representation -for the operators

$ , is then given by the Pauli matrices s " •

h
ili

 f
s h ; ;

 1 2 3

2 J , U /
л
 Л /S

The transition to the operators x,p,£/ corresponding to the

initial variables of the theory -x,p,£, using the. expressions

, <10), is complicated (contrary to the free particle case) by the

problem of ordering of the operators q, П, у in corresponding

quantum relations. Here we will adhere to,the symmetric ( Weyl)

quantisation. For the Graesmann variables the symmetric

quantization is defined as fallows [6,101! the classical function

f(y) is expanded in powers of у в

n ' .

f (̂«) = У У. f. .>..... у
 V
 (22)

aCi &J 1 J • • i • 1

(due to a nilpotency of у .the series terminate; in our case n =

= 3) The transition to the quantum relations corresponding to

(22) is achieved by replacing of у by у after antisymmetrization

over all indexes of the coefficients of the expansion (22).

• taking into account that 8**= <h/2)er^,,we obtain -for quantum



operators, x , P. • S ••- . and H u the expressions •
. . • • • : ' • p n y s - - • ; v • . . . . - . - . • . . . . ; . : . . • . • ; : - : - . , . . - . • . • • - . • .

. . - . : . . . : • . . • • . . . . - . . •_ • . . . . • • • • • . . . - . - . • ••••' ' • = - = : - . - 4 - * - - • - - / - : • • . • • • ; : : . ; ; • • - . • ; : • • • • • • • • > • . • _ • .

• • ( а и + h ) T.a.
«*» Г1 1

: : ^ r
(bm - aieOXm + Й)

h £
s 7 ± • ' - ' - ^ i ~ - " — " " ^ ~ » • ' • •'• - ( 2 3 )

2 m 2 m (m + fi) '

^ ft - g _
w 2 0

д
Ж 0

2 0 2 0(m ••+ П) . .

where E. = Р
л
. , the symbol 4— denotes the correspondence between

К UK

' i / o 2 1/2

the operator and it's Weyl transformation СИЗ; О =(rz. + m )

The presence in (23) o-f Л instead o-f ft (compare with (16),

(17)) is' connected again with the fact that we have dropped, out

all terms containing powers of y/ higher than three.

To compare our .results with those obtained in di-f-ferent

quantization schemes, we rewrite the expressions, -for the

' л . .'

operators x\ and P. in the gauge t,- a 0 (as 0); .
i i . о ...

1 *~ ' * Й
2 m<m

T - g — , - (24)
2 m (m + ft)

Apart "from that we will find the velocity operator v.=s d>?./dx0

Making uee of the relation



v • = =.x .= « { U

..we' -find .'for:-.the- operator.""/: .; (in...©, :-• gauge) ,•-•'.•.'•• •.•>/•.•:•;•• ;.'

• ; s .
dx

.- g«
О

(b + a») S?<n. B. )
1 К К

ft(m + ft)(bm - a«ft)

(m + ft)ft (bm - axft)

• .

(S
v
xE) . Cb (m -

1

g
Ci(m + ft) (bm - aaefi)

n.
1

^ ) . E. (2Q + m) (b ,.(TI.

IK
+ g

(ft + m) 2 ft '
— g

ft(m + ft)2(b.m - aaeft)

+ g

(Ь + a*)(nxS
V/
). (rr E )Cbm - ax(2fi + m) 3

I K K

(bm -
(26)

One can also write the equation of spin in this picture

' > k - с ., / s ^ ( A > B . - '. : X.
d x . .*-• ft x j k I J * ft /

(27)

The equation (27) doesn't depend on the fermionic • gauge

parameters . In the gauge (_ ъ 0 ( a = 0) the expression (26)

becomes

(m
2
 + mft + ft

2
)

4 Л/ ^

dx Q ft m(m + ft)ft

^(n. В,
l к к

я.
l

. E.к к

О)
(28)

mft(m + О) mft
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.The formulae (24) ,: (28) , the expression S* ' .in-\/23)' and. also

the equation (27), in the first approximation over'g, coincide

•with analogous formulae given in CIO] (for particles without
-. • ; - . . . - . . • ? ; • ' " • • . . • . , • ; ' " • ' • •' .• • ' , ' • " : ;;•': • „ £ - : • ' . • ' : • • . • • • ' • •• Y :

f :-anomalous. magnetic, moment and after the replacement'л! 7+".';\-, •jr.':
>
-

„ • • • - : • . " ; • . • • • • л • ; . . , . ; • • " - • • • • _ -\'-'
m
 • • • ' " \ " • / • ' : • •

;
- ' , ' ' - ' ' ' } ' • "' ••:'; ' •

 X

•
 :
AQ—* ~"'pt which is connected with the' different'

1
 .si'gns'' 'in' /the

definition of canonically conjugate momenta p ) . They are just.

the expressions for the position operator,, the momentum, the

velocity, the spin- andthe equation "of motion for spin in the

• . . " - . • • • • ' • • • ' • •
 ч

 • ' • • ' . • • . • • - . . • • - . / • . . ' .

Blount picture C5, 113.', Note, however, that our relations are

correct in all orders of g and were obtained without

restrictions on potentials.

And finally we write down the quantum analogs of the

relations (26) for Pauli-Lubanski vectors -

2
 K K

5 x « —
 2

 i i
 m "4* C%

Finally we note, that from the formulae (16) it follows,

that in the presence of the. electromagnetic field to6 there

exists a gauge a + btt, in which ths canonical variables coincide

with the initial variables of the theory and .the Dirac

quantization in terms of the latter coincides with the canonical

quantization.

Thus the canonical quantization of relativistic spinning

particle in the external electromagnetic field (in the gauge

f '% 0 ) results in the Blount picture C5,113, just as the

quantization of the free relativistic spinning particle results

in the Dirac picture in the Fcldy-Uouthuysen representation

- 14 -
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