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i.Introduction.

In this paper the quantization of relativistic spinning
particle in an external electromagnetic field is carried out
starfihg wifh a classical pseudo mechanical action, where the

spin of the particle is described by variables, which - are

elements of Brassmann algabra. As in £13, where a free

relativistic spinning particle was canonically quantized, we
~will choose the quantization scheme in' which all additional

~gauge fixfng constraints are introduced into a theory already at

the_classicai level. This reduces the theory to a syétem with a_

second class constrainte only, which is then quantized using
Dirac®s gquantization scheme [2]. Again,as in E}J, we take one of
the.additional-gauge fixing constraints in the %Drm XoT TR = 0O,
thusidestribing simultaheously'both parti;ies and. antiparticlas

already at the classical level [37. Because of -the complexify of

the Dirac brackets of the independent dynamical-variables of the:

theory, the operator realization in terms of the initial:

dynamical variables seems improbablé. Thus it*s even more
important here than in the case of free particle [1] to find new
- variables, in terms of which the gquantum commutation relationé

would Be'canoni:al « Such variables are found. The article 'goes

in the same lines' as the quantization of the spinning pafti;leJ'

oin thg external magnetic field constant in time ca~ried out ‘in

L41.




CIn anaiogy with [1] we @ntroduce "c}qssical" spin éensor'énd
Pauli-Lubanski .vector. in the 'breéencé of . the éxternélh
electrnmagnetic'¥ie1d (which érq géuge invaﬁiant geﬁeralfzaiiaﬁs__
of correspnﬁding quantitiés of ° the free __pafiiclé):thei}
eighéssiﬁn.in terms 6¥lca66nicai.vériablés.is.fnuh@ (note that’
céntrary to.the cése sf free particle, thé spin tengar and
Pguli—vLubanski vector are not supergauge invariénf»and are not
-cansefved {n the presence of the fexterﬁal 'electromagneﬁic-
field). The quanfization of the {Heory is carried ouf in terms
of canonical vafigbles. Even in Qritihg quantuh relations,
corresponding to classical relations bgtweén initial and
canonical variabfes' one encounters the problem of oéerator
ordering. It turns out that‘if one_accepts the symmetricb (weyl)
guantization scheme,then in a definite gauge (Es x 0)'ohe comes
to a Blount picture [5] of the spinniné.particle in the external
electromagnetic #iela, just as in the case of free pérticle we
had Dirac theory in the Foldy-Wouthuysen representation [1,31.

In sect.2 ,following Dirac prescription, the complete set of
constrafnts_is found; in sect.3 the Dirac brackets of physical
variables are given and a transition fro& the initiél variables
tob canonical ones is performed; -sgct.4 is devoted to the

quantization of the theory and the relation ' of the resulting

guantized theory to the Blount picture is discussed:

2.Constraints

Consider the action of the theory of relativistic spinning

particle in the external ele:trdmagdetic'field [&—81 '
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, Here B o= 0:1,2,8 Y x“‘- particle coordinate, #H - Grassmann

variables, describing spin degrees of freedom, ES’ X K e are

additional fields ( e is an even element,ts,x/are' odd elements

of Grassmann algebra) g is theAchargeyof the partrdle, aH is the

four-potential of-the electromagnetic field, F = @A -84
N 1 H v vy

the "dote denotes the differentiation over T along the
Jtrajectory; the derivatives over Grassmann variables are left.

The action (1) is invariant under supergauge transformations

with a parameter &

6x“= iaf“, 68“: sﬁy, 655: zm

(2)
&6 = iszva“A“, se = iex, bx = 2&, :
where
% .
M iy .
Pom— -, ‘ (%)
H - g ze H

Boing through the' steps analogous to those of- [4] we coms fo

the complete set of constraints

i

. : 1
¢u= P E“, o= 0,1,2,3 3 @4 = ng & =l
2 L
G =2 ¥ —m¢ O, = af_. + b¢ B, = $o- m° - igF  gHE?
S ¥ 50 g 0 5 %7 L 9
=
bg =xp - %1, Bg=1n_ & 5=+ o 4
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J‘::;”rJ L -’- ' 3 PRl il e ; : . P
: =.Now -t we w111 perfnrm a. cannn1ca1 "transformat:nn -:theq-
.:varlables x“,p’ tn % F; p’ deflned by the relat1uns T

C a ' L PR st
PRI nf‘, % .: ii, = " T | . (3)

s _, v P TPy -

"( the :nrrespond1ng generatlng funct1on is W = x“ p; - rnpa).
Under the above described - cannn1ca1_ transfoémétion " the

Hémiltonian 6? the syStém‘ on- tﬁe constkaint ‘surfacé becomes

- = 2 HyV = (&)
thys i’ ? + omc+ igF E z 4+ gaA o+ gaAo

1

-r

oa_Dirac brackets and Newton-Wigner coordinates

Counting Diréc'brackets for the complete set of constraints

y P,

(4), for the indepéhdent vériébles, for which we chaoose %t i
¢l we find )
. ) iy « . . b .. L.
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whare ﬁ = - u?’ ? + me igFHDEHfV =~ pw oy A= a?c + bm,

‘ 2 2
3 =am + bﬁb, ¥y = a - b7,

. . - g i .
Again as in [1,42 we pass from the variables x°, p., Ei T naw

. s i i . .
{ Newhton-Wigner ) wvariables q 4, 0,, », for which the Dirac
i .

brackets wolld be cansnical

PO S e & S, 1 = ol
(O 4 |w }D 15. s (] ,HJ}D 63_’ |
(&
- PO S PO - . iy o
{g 4+ }D LAY *ni,nj}D uni,w }D o .
Their relation to the old variables are given by  the
expressions - .
L i ta+be el
q° = x" - if v s
: #f {m+ w).
. (a + b (2] -
o N, =p,  + igtad,Aa N . ’ ) ()
; , i. i . iml..ml B lm+ o) »
A -7—
7
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where (3 = bPo+am. |

Note that whilé'fhe expregsibns for -qi H ’wi are gauge -
invarian£ generayizatiﬁns of cofreﬁpondiﬁg expﬁeasinnsl for the
fres particle, .the ewpres%ién for  4ha  zanonical mmment;m‘

contains a  new swimand . proportional to g . which is the

retlection of the fact that the Dirac bracket ¢ p.,

9, 3
d

different from zero in the presence of the external field. From

the relaticone (2} onme can obtain inverse relations which connect

the variables xl, Pi ='pi~ gAi(x), El with the new ones
" . > i
ql.‘ "i:ni - gAi(QaT)’ o
: i (ax + b)(nkwg)

X =g - iy -
(m + Q) (bm —ax)

(ax + b)(nkwk)

®. =gpm, + igF,.w , , o
3 1 1170 v ) tbm —aw) L
; : (2 # b)Y (1)
I =y +n ’ - 3
(m +-02) (bm —ax())
where )
Q= ¢/-2 + w2 +igF. Q. T)% | o (11)
= un m lg.ij 9, T wiwj - (

Following:[9l, we find for tﬁe'.Hamiltonian aof .the. theory in
terms of the variables ql,'ni, ¥ the expression

- Foi(q,r)(nkvk)wi
H

=0+ 2gA. (g, T)+ iga — . . (12)
_ phys, 0 , Qe + m

In describing Spin'yariables5of:the FféeApéftiéle-in [1]1 the

quanfity_te =_£H_f_(pplm)£5 was introduced, in terms:bf-uhicﬁ the -

ST T i -~
spin tensqr was. expressed S = iZ"Z . " Being - supergauge
. —B— . " . - -~
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Ly eonserved  n t.L e {on

»

motion). A3 a consequence of that the spin tensor

[
LS W W -4g

conserved too, MNob: bthat the total angular momentum

free particle was also
P ,

(wed

SHV QaE
I o¢  the

conserved. In the presencz of +he

external {fiald however botn the total angular momerntum and the
gpin of the pa~frcle are not conserved. Mewvecthaless we will
introducs tha dquentity
- “ ~ i
akt? I ¥ ¥ v # b EN - i.?_ (1)
L&) {Aart(ay 2 A 50
m .
13
.4 b H . . o N - e - - .—'w+: - - fr i ~ R T - ‘..!er’ A
which 1s 8 gauwgs invariant gernerosllization <Ff s lensor BT (Lea
subosceript "A" denotzs bthe presence of the exiecnal. Fislds | In
e .\ b S S R A . + am bRy ;’ b e e g Sy
LTINS of tﬂ.ﬂ MoAT l:.\b.’.:‘ 5 g, 7, WOLNR Quanil Ty St 1B oguvRn Dy -~
(&y: : -
U > . ~ g i nl(ﬂJwJ),
3 hARY .
F oY om ow (g LT A U (14)
(<Y : ¥ K2l ’ PN
m ' m (m +

. n o
Nota that 8<§\, and hence 56;) )

of the farmion gauge @&,
. (o]
invariant). Introducing now in analogy with

Ease the vectors
~ i a),, (A) i
§A) - ~ A 2 _ ,
54 S “iixt L i Tk
' 2
( S-r y the spin vector expressed in terms of fhe variables

describes the spin of the particle in the rest frame), we

H ~

find the relation between them @

n. (e _S?)
2 J.J

. 0
Sg(ﬁ)= —'Sr'-
1 m = m {(m +

which generalizes the corresponding relation of the

particle case [1] to the presence of the external field.

{( though they arz oot suparganye

the free  particlas

-
tn
ot

¥,

(16)

free

Note

{PCOR QUALITY
ORIGINAL

Lo



et in deriviag of this formula  the fact that ¥y is three

dimensional was used ( the terms

containing multiplication of

four or more Y were equaled to zerod). In tarms of the variables

5? tha relations (17) are given by
W
‘ (an + b)aiijjnﬁ
i i
wo=q -
{(m + ) {bm —awxM
, ¥, - ¥
(ar + b)(SitBknk> ni(SkBk)
ﬁi £ no Q . v (17)

{m + O (bm --axd)

= L
0 = /Tl. + m - 2988
+ 7y 99 %
- % - . . '
whiErs B, () = Ze. 'F, (g), Mow let ws introduce the analog of
i 271 3k jk
thie "classical’ Pauli~Lubanski voctor in the presence of the

#lectromagnatic field:

{A) i P h i v X o
I i EBE D F T m e e ¥ Z . (18)
& - KLAC T T {AFT M) N 4 ‘(ﬁ)éfﬁ) .

- , P bR EAY . . . .
Feos o - renndaaas of thie & =i the farplonic gaugs Fixing
o e N o Y » . . -
paRramcETaen 1o Tollows that W y doszn’t depznd on them either.
b N . o (A n .

From (ig} it zasy to exprass W y in terms of g, T, W !
W
n. (e, S7)
N 3 A k™k .
W= w87, W' '::[m ¥ , (19)
. (m +

which iz a gauge invariant generalization of the corrssponding

relatiens for the free particle case.

4. Ruantization

It*s ev1dent that it's convenzent to quantize the theory in

terms of the variables q, ﬂ v, for which the Dirat: brackets

- 10 -



.. .ére given by (B). Introduc:ng operators q,_n w, corresponding

- tb"this vériabres , we -write_ down CDFFES“Qndlng commutation

1:{;‘1 ,’q‘ 1 y
R - ‘ (20)
B \ E al . -
'Theflast of this reiafion5'~generates‘a Clifford -’élgebra. in

three dimensxonal space. As is. well knawn, thej unique finzte

f:dimEn51ona1 1rreduc1ble matrix representation for the operatars

4

Al

¥, is then given by the Pauli matrices : ~
. 1 L . |
~; h o 5 . ’ hoos5 .0 : . : ' :
Vo=t [-]201 = ag[-—]zo‘l, i =1,2,3. (213
pJ 2 ' . o .
’ ' A A

The transition to thé oberators ;,p,t; cnfrespcnding  to the
initial variables of the theory -x,p,&, uging‘.thez expressions.
[ (i0), is complicated (contnary to the frée nafticle caséi by‘thé
prcblem'o¥ nfdering a#hthe 6perator;;a,‘ﬁ,ﬂ Q‘vih. correspondinc
quantum relations. Here we will adhere to. the.symmetric ( Neyl)‘
: quantizatxon. ‘For. the Grassmann _'variables " the symmetric
'quantization is defined as follows (6,103% the CléﬁSlcal functior
F(yw) is expanded in*powers of ¢ ¢

£op) = 2 2# ____iy:f.'..vl"- ) (2

L=0 €i) v .

(due to a nilpotency of y the serias terminates in our case n =

\

3) The transition to the quantum relations corrasponding to

'(22) is Achiaved by replacing of V. by v after antisymmetr17ation

~

»lover all indexes of the coefficients of the expansion (22). :

Taking into account that 8’“ (hlZ)a . werbtain_+qr quanthm




A S AL -

A e e s < (A) . e .--..':_.. e | . .. o
_opEfétor x, ? S t and thys the.ﬁxprfﬁﬁ{opg.:;_r LT
. h (ax'+ b) sijldjnk
L ,.:gfgz:: ﬁ_;._ .
e TR 2 e axﬂ)(m ¥, ﬁ)
. - _ 4 \ . v - P L 2 _.I._ _._. o H ..: ._'.._::.:" . -
n : h (ax + h) rn (n Rk) -~ 1, (okBk)J v .
P =, ~ G — - S ——— by
i =1 2 . (bm -lax)(m * Q) -
f?my ~ha hﬂimgmx & T o '
S e O e, . (23)
2 m 2m (m+ Q) S
P M S ‘1Jk”1°JEk )
Hp & 0 =g = g = e 4 A |

2 ¥ 2 Blm+ 20

where'Ek = FOP’ the symbol pud deﬁotes the correspondence betweeh’

. 4T e el 2 1/2
the aperator and it's Weyl transformation L[113; O = (n + m)

’

The presence in (23) of 5 instead of O (cbmpare with (1&),

L7 is connected again with the fact that we heve dropped . out

_all terms containing powers of v hxgher than three. -

To compare ourfresults.with those obtained in different
quantization schemes, we¢ rewrite the expféssions. for  the~

'

~ . '
“operators. ?i and P, in the gauge {5 % O (a= O):

: o cijkdjnk o : -
& g -
—

' Y 2 mtm o+ B
A . n Eai(nkpk) - ni(akBk)J } .
. ’i =" -9- - . :-' y (24)

2 m (m + )

Apart‘#rom that ‘we will fxnd the velocity operator vi= df, /dxo

Making use of the relation



Luhé’fiﬁdsfDﬂ;fHé;Bﬁéﬁéfpﬁ;Yﬁﬁ({Hﬁhz;ﬂééugé);ﬂﬁn:f}ﬁﬁ??fﬁ'ﬁ:ﬁ”f”:' -

~ el omy U B SITE(nT 4+ e 4+ 07) ~ axnnl
Y — b = He—— = QX e —
dxo N n . . (m + QI

i S(bm - anq).

(b + axy s¥m, B3 T (8¥xE) b (m - B~ 28a
. . : +

. +-g”~ ~ ~ -'g D A ~ ~— . ~
S Gm +'Q)(bm = axf) Q(m + Q) (bm - axQ))

= v X | .y . SV
ni(nxS )KEk(ZQ + m{' (b +_a?)fngE)f(#kSk{

+ g P E— - g —— —— +
| @ + m 2"  Bm + D bn - and

\

(b + ax) (mxS¥), (n E )Ibm - ax(20 + m) ]
(26)

+g ) N -
g Bim + D %bm - anm? :

:Dﬁe can also write the équation of spin in this picture
ast A axst By g
. 1 :

e, 1 &8®p . : ) (2D
ijk J k ' 3 ' : . _

—
&

dgo

o) a

Id

The equation (27)-‘dbesn’t depend on the fermionic - gauge

parameters . In the gauge {5 0 ( é = 0) the expressioh (26}
becomes v
: () 2 L ~o T
. "i(BkSk).(m + o} +'Q )
_gg 1
m(m + 5)53

ol
X

<>
[a Y

—-— -
-

0

o
]
(VS

X

v, (4
Si(nkB ) ni(nxS )kEk _
(28)

k
4+ g + 9 pve
5) sz

+

"o
me2 (m

- 13 - .



-:The #brmulae-(ZQ)é"(ZB).' the expression, Sc(n)1n (23) _hﬁu "aibb e

. the equatlon (27) in the fzrst approx:matzon over g. cuzncxde;"_'

w:th analngous {armulae g1ven in Eioj (for part1:1es W1thaut

e . """.l.'.-."-

R . LI

anamaluus nagnet1c mument "and after the replacement n1—+ "n.*'?"

»
w I8 . . S \ . Ve _'1

Ay — —-p, whxrh is conne:ted with the- d1fferent szgns n’' 'the f'
def1n1tzon of canonically cnngugate momenta p“) .,They*are‘rjust,

the EYPFESSIDDS fnr the ‘poasition operator,‘ the'lmoméhtum;:-the

,

veloc1ty, the sp;h andthe equatlan of mot1on for épin' ih_ the
N\ ‘ . e . ..

Blount p1cture E5 11]. Note, huwayar, that buf” relat1ons are -
, ] A

correct in .all orders of g and were - obta1ned thhout
restricfibns on potentials.

]

“And finally we write down the quantum anéiégé"bf ‘the
relations (26) for Pauli-Lubanski vector:

n (n, o, )
"‘(A) fy K- k

) 'w._—§~-nn&o&' ].' . (29)
i-e= i o +-5 .

A h
W(A)—+ - (r, o
=2

fiﬁally we note, that from the formulae (16) it'.follows,
that in the presenﬁe of the. elecﬁromagnetic field 'tdé there
exists a gauge é + bax, in which the canonical variables cuénciae ’
'witﬁ 'the' initial Variables"of the theory and .the Dirac
quaﬁtizatioh.in te;ms of the latter coincides with the candnicé1
quantiiation.; | |

Thus the canoniéal qugntization' of relativiétic spinning
particle' in the extérnal electromagnetic field (in the gauge
I = 0 Ee§u1ts in the Blount picture :5,115, just as the
quant:zat:nn of the free relativistic spinning particle results

in the Dirac’ picture in the Foldy-Wouthuysen repr@ncntat:on

(3,11.

_14_
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