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W-type symmetries is a common name for a (generally)

non-Lie-algebra type symmetries, having a property that

commutator of two generators gives some polynomial over the

generators (in the case of linear polynomial we come back to

the case of the Lie algebras). The first example was found by

Zamolodchikov [l]i who discovered that two-dimensional

conformal theory can have a closed W-type algebra of conserved

currents with spins 2 and 3 (Wg algebra), where commutator of

spin 3 currents gives a product of two spin 2 currents. In the

context of an above-mentioned definition the W-type symmetries

were studied in Ref.(2], with the aim of constructing

W-gravities - i.e. the theories with localized W-symmetries

(see e.g. [2-8] and references therein). Note, that W9-gravity,

which is a theory of localized W£ = Virasoro algebra is the

usual (and important) Polyakov's 2d-gravity, and that explains

the increasing interest to W-gravities .

As a first step for construction of a lcgrangian of some

W-gravity, or, generally, gauged W-symmetry, one needs some

realization of a rigid W-symmetry. The aim of t.he present paper

is to study the free-fermion realizations of some W-type

algebras, particularly the simplest one, including spin 1 and

spin 3/2 currents. Note that such an algebra {not realizations>

was constructed in [10] as a particular cse in the study of



structure constants of W-algebras with multiplets of spin 1,

3/2 and 2 currents [9,10].

Let us start from the world-sheet action for D free

Majorana-Weyl chiral fermions ifi1 of positive chirality:

= -(l/2)Jd2z v^a.*1 (1)

This theory has a sequence of conserved currents' with spins

s=l/2, 1, 3/2 ..'.

(2)

generating the symmetries:

of the action SQ, with semi-local [3] parameters

3_xs=0 (4)

jfj J are real antisymmetric tensors, with indexes raised

and lowered by with the metric - Cronecker symbol - t>^i (which

appears in the action (1,)).

r The, commutator (Poisson bracket) of currents with spin s^

and S£ gives the expression similar to r.h.s. of Eq.(2) with

tensor i given by the antisymmetrized contraction of ^-tensors

of currents J_ and Js . To have a closed W-type algebra one

must have an identity, which permits one to represent that

expression as a product of currents from the algebra. Let us



materialize this discussion for the case, most extensively

studied by us, and the simplest one, where the closed W-type

algebra contains only two currents with spins 1 and 3/2:

i J (5)

(6)

The above-mentioned condition of closure of the algebra

in this case means that the following equations have * to be

satisfied:

j » a = ( M < 7 a )

• £ = O ' T 1 < 7 b > •

It was implied in (7), that all possible values of structure

constants a and e may be brought into the values given above,

by choosing the normalization of the (real) tensors y. We shall

see below that actually the only possibility for a is o=0, and

we shall not consider the case e=0 as trivial one. Eq.(7b),

which means that commutator of two spin 3/2 currents gives a

square of spin 1 current, establishes the W-type nature of this

algebra.'

As we shall see later, the sign in the r.h.s. of (7b)

makes important difference when solving these equations. Also

it is worth-wile to mention, that (see below) in the case of

non-trivial 1^i^ the matrix T^J has to be degenerate.

At this point it is relevant to make a comparison with

bosonic analogue of above construction [2,3,11], which is a Wg

algebra. One considers the free bosonic action

S0=(l/2)/9+X
i3.Xi i=l,2,...,D (8)



and conserved spin 2 and 3 currents:

T++=(l/2)6+X
i3+X

i (9a)

X kd i j k (9b)

where d^j^ is completely symmetric third-rank tensor.

The requirement of closure of this algebra leads to the

property that commutator of spin 3 currents gives a square of

energy-momentum tensor (spin 2 current), which is equivalent to

the following property of d̂ jjj. tensor

So, one may say, that (7b) is an antisymmetric counterpart

of (10). It is known [3,11], that solutions of (10) are

connected to the Jordan algebras, having a symmetric product

of elements. We shall see below that solutions of (7) are

connected to the Lie algebras.

Let us prove that in the case of non-trivial spin 3/2

current (i.e. Ŷ -ĵ P* 0) a m u s t be equal to zero. It is actually

an almost evident statement,'if one realizes, that Eq.(7a) may

be presented in the form

(a+A)Y=0 (11)

where components of vector Y are components of tensor Tijjj

(enumerated in some arbitrary order) and A is an antisymmetric

matrix, constructed from if^j. Fromj^ll) we deduce that (in the

case Y#0) det(a+A)=0. Skewdiagonalizing A with real eigenvalues

a,, we present it in a block-diagonal form with 2x2 blocks



on the main diagonal. So

det(a+A) =

and can be equal to zero only if o = 0 and a,, = 0 for some n. One

may show that thi^ last condition leads to some conditions on

the (skew) eigenvalues of matrix *ji: either the sum of two of

them or the sum of three of them must be equal to zero. Note

also that the statement ct = O is in complete agreement with

general form of such algebras, given in [9,10].

Now let us consider the system (7) with a=0. Introduce

indexes v,v,... running over the range 0,1,...,D , i.e. the

range of indexes i,j... plus one more value 0. Introduce also

the following tensors: a diagonal metric

gMP = (e, 5 ^ ) , .(12)

and the completely antisymmetric tensor of structure constants

C (indexes of which are raised and lowered with metric g )

which is constructed from y ̂ j j_ and y ̂  • :

Cijk = *ij (13a)

Cij0 = (13b)

Then relations (7) transform into the familiar form



f
A0 (14)

of the Jacoby identity for the structure constants of the Lie

algebra. The only particular information about that Lie algebra

is that it possesses the invariant metric guu (the statement
•

that some-second rank tensor with indexes from ad joint

representation of Lie algebra is invariant means simply that

structure constants of that algebra become completely

antisymmetric, when all three indexes are brought on the same

level by means of that tensor, as in our case). It is easy to

see that, conversely, one may obtain the solution of (7)

starting from some Lie algebra possessing invariant tensor g p

of the form (12) and obtain the solution of (7) by the

expressions (10). Introducing generators X** we have commutation

relations (X -X)
[XMXp]*CM,,

XXx (15a)
or

(15c)

So, unexpectedly, we bring the problem of finding the
»

free-fermion realizations of simplest W-algebra with spin 3/2

and spin 1 currents to some problem in the theory of Lie

algebra. Here is where the similarity with bosonic case

appears: there the problem was reduced [3,11] to the theory of

symmetric counterpart of Lie algebras - the Jordan algebras.

So, it remains tp classify all Lie algebras with invariant

tensor of the form (12), then, noting that SO(D+1) rotations

•(in the space of indexes fi) keep the fora (12) unchanged, but

8



I
SO(D) rotations (in the space of indexes i) can be absorbed in

the rotation of fermions (this is an invariance of action (1)),

one has to find all really different possibilities for

structure constants. This problem is not solved up to now in

complete form, but we can move a few steps further, in

particular, we can find a classes of interesting solutions.

First of all, we note the essential difference between two

cases e=l and e=-l. In the first case we deal with Lie algebra,

having non-degenerate positive defined bilinear form. It is

.well-known that such an algebras are classified and turn out to

be a direct sum of abelian algebras with semisimple one, so

their structure is completely known. In the case e=-l invariant

bilinear form is not positively defined, and corresponding Lie

algebra may have non-trivial radicals.

We give now the examples of both types of solutions. The

first example is for e=-l, and it resembles one of the main

cases in the classification of bosonic realization of W3

algebra [11,3]. We give directly the values of T^j^ and lij-

*li=0» *ij U,J*U arbitrary, (16a)

The e=l case, as was mentioned above, has to be

constructed starting from some semisimple algebra in

parameterization where Killing tensor has diagonal form with

unit eigenvalues and then choosing one of coordinates as "0"

one. Let us give an example for SU(£). Structure constants for

SU(3) in Gel1-Mann basis x" are:



I

C123=2, C147=l, C156=-l,

C246=C257=C345=~C367=1'
C458=C678=I^3 ( 1 7 )

The remaining structure constants are equal to zero. Choosing

as a zeroth coordinate the coordinate 1 we have for the

currents

J1=-2V
2V3-V>4V7+V5V6 (18a)

(18b)

Denoting the corresponding variations of fields tp1 as 6<

and S3/2 (according to (3)) we have

63/2J3/2=4x3/2(Jl)2 <19>

and zero for all other variations of currents. Taking

coordinate 8 as a zeroth one, we obtain for the currents:

2C

Note, that these two cases differ essentially. In the

first case matrix y ^ has rank six, but in the second case -

four.

The status of the problem of gauging the W-algebra of

currents (5), (6) is the following. According to the statement

of [2,3], the chiral gauging can be achieved simply by No ether

coupling of currents with gauge fields A (boson, spin 1) and x

10



(spin 3/2 ferraion with chirality opposite to that of

S= So + J{(l/2)yijv
i*j A+(l/3)yijk<»W

k X) (21)

with transformations (3) for fields v1 with now local

parameters Xj, X3/2 (i.e. condition (4) have to be omitted) and

transformations

for gauge fields.

The interesting and important problem is the calculation

of the effective action for the gauge fields A and x [3], which

is connected to the calculation of the anomalies of

corresponding gauge invariances. In the absence of the field x

the anomaly of the gauge current with spin 1 is well-known -

d_J w 3+A; the second anomaly may be calculated in analogy with

Ref.[3].

Finally, the non-chiral gauging in some sense is trivial

for these theories, since one has to introduce new fermionic

fields with opposite chirality and simply add to the action

(21) the similar action with all pluses and minuses

interchanged. We are indebted to Al.R.Kavalov for useful

discussions.
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