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W-type symmetries is a common name for a (generally)
non-Lie-algebra type symmetries, having a property that
commutator of two generators gives some polynomial over the
generators (in the case of linear polynomial we come back to
the case of the Lie algebras). The first example was found by
Zamolodchikov [1],’ who discovered that two~dimensional
conformal theory can have a closed W-type algebra of conserved
currents with spins 2 and 3 (W3 algebra), where commutator of
spin 3 currents gives a product of two spin 2 currents. In the
context of an above-mentioned definition the W-type symmetries
were studied in Ref.[2], with the aim of constructing
W—gravitieé - i.,e. the theories with localiied W-symmetries
(see e.g. [2-8] and references therein). Note, that Wz—gravity,
which is a theory of localized W2 = Virasoro algebra 1is the
usual (and important) Polyakov’s 2d-gravity, aund that explains
the increasing interest to W-gravities .

As a first step for construction of a legrangian of some
W-gravity, or, generally, gauged W-symmetry, one needs some
realization of a rigid W-symmetry. The aim of the present paper
is to study the free-fermion realizations of some W-type
algéﬁras, particularly the simplest one, inc.uding spin 1 and
spin 3/2 currents. Note that such an algebrs {not realizations:

was constructed in [10] as a particular cese in the studyv of
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structure constants of W-algebras with multiplets of -spin 1,
3/2 and 2 currents [9,10].
Let us start from the world-sheet action for D free

Ma jorana-Weyl chiral fermions wi of positive chirality:

so=-(1/2)fd2z wia‘wi (1)

This theory has a sequence of conserved currents with spins

s=1/2, 1, 3/2 ...

- i ig
g=(1/28) 73 ., .4, ¥ ...¥ S (2)
generating the symmetries:
i_y i i igg-1
68? 'xsr ]..1‘. -izs__l v R (3)

of the action S0 with semi-local [3] parameters

d_xg=0 (4)
1i,..j are real antisymmetric tensors, with indexes raised
and lowered by with the metric - Cronecker symbol '-5ij (which

appears in the action (1)).

The, commutator (Poisson bracket) of currents with spin 8,
and sy gives the expression similar to r.h.s. of Eq.(2) ;ith
tensor y given by tHe antisymmetrized contraction of y-tensors

of currents Jsi and Jsz. To have a closed W-type algebra. one

.

must have an identity, which permits one to represent that

expression as a product of currents from the algebra. Let us



materialize this discussion for the case, most extensively
studied by us, and the simplest one, where the closed W-type
algebra contains only two currents with spins 1 and 3/2:
Jy=-(1/2)7 4 j0twd (5)
J3/2=—(1/3)rijkvivjvk (6)
The above-mentioned condition of closure of the algebra
in this case means that the following equations have to be

satisfied:

Y(i'Tpqlj = *Tipq » ®=0,1 (7a)

k = - = .
Y[ij Ypqlk™ ~€¥[ij¥pq) '+ €=0.%1 (7b)

- It was implied in (7), that all possible values of structure
constants a and €' may be brought into the values given above,
by choosing the normalization of the (real) tensors y. We shall
see below that actually the only possibilitf for « is =0, and
we shall not consider the case €=0 as trivial one. Eq.(7b),
which means that commutator of two spin 3/2 currents gives a
square of spin 1 current, establishes the W-type nature of this
algebra.

As we shall see later, the sign in the r.h.s. of (7b)
makes important difference when solving these equations. Also
it is worth-wile to mention, that (see below) in the case of
non-trivial Vijk the matrix Tij has to be degenerate.

At this point it is relevant to make a comparison with
bosonic analogue of above construction [2,3,11], which is a Wq

algebra. One considers the free bosonic action

Sp=(1/2)fa,x*a_x1 i=1,2,...,D (8)



and conserved spin 2 and 3 currents:

T,,=(1/2)3,X'a,x1 (9a)
= i3 yJa xK
Wy44=(1/3)8,X%9,X73,X%d; 5 (9b)

where dijk is completely symmetric third-rank tensor.

The requirement of closure of this algebra leads to the
property that commutator of spin 3 currents gives\a square of
energy-momentum tensor (spin 2.current). which 'is equivalent to

the following property of dijk tensor
: s -
d(;j dpq)s™®8(ijdpq) (10)

So, one may say, that (7b) is an antisymmetric counterpart
of (10). It is known [3,11], that solutions of (10) are
connected to the Jordan algebgas, having a symmetric produét
of elements. We shall see below that solutions of (7) are
connected to the Lie algebras.

Let us prove that in the case of non-trivial spin 3/2
current (i.e. Vijkﬂ 0) a must be equal to zero. It is actually
an almost evident statement, 'if one realizes, that Eq.(7a) may
be presented in the form .

(a+A)Y=0 | (11)
whe;‘e cc;mponents of vector Y are components of tepsor fijk
(enumergted in some arbitrary order) and A is an antisymmetric
matrix, constructed from Tij From;j111) we deduce that (in‘the
case Y#0) det(a+A)=0. Skewdiagonalizing A with real eigenvalués

a, we present it in a block-diagonal form with 2x2 blocks



on the main diagonal. So

Z)

det{a+A) = 1]] (a2+au
u

and can be equal to zero only if «=0 and au=0 for some u. One

may show that th.s last condition leads to some conditions on
the (skew) eigenvalues of matrix rij: either the sum of two o}
them or the sum of three of them must be eqqal to zero. Note
'also that the statement a=0 is in complete agreement with
general form of suéh algebras, given in [9,10].

Now let us consider the system (7) with a=0. Introduce
indexes u,v,... running over the range 0,1,...,D , i.e. the
range of indexes :i,j)... plus one more value 0. Introduce also

the following tensors: a diagonal metric

and the completely antisymmetric tensor of structure constants
CMUD (indexes of which are raised and lowered with metric guu)

which is constructed from ik and 1ij

ijk = Yijk (13&)

(13b)

Yij

Then relations (7) transform into the familiar form



- gl

C[uvpcx]op=0 (14)

of the Jacoby identity for the structure constants of the Lie
algebra. The only particular information about that Lie algebra
is that it possesses the invariant metric guv {the statement
that some-second rank tensor with indgxes from ad jpiﬁt
representation of Lie algebra is invariant means simply that
structure constants of that algebra become éompletely
antisymmetric, when all three indexes are brought on the same
level by means of that tensor, as in:our case). It is easy to
see that, conversely, one may obtain the solution of (7)

starting from some Lie algebra possessing invariant tensor,guv
of the form (12) and obtain the solution of (7) by the
expressions (10). Introducing generators X! we have commutation

relations>(xo=x)

o A .
[X,X, 1=C,, X, | (15a)
or ‘ '
[xioxj]=lijkxk + Yijx (15b)
[X,X;1=7;5Xg | (15¢c)

So, unexpectedly, we bring the problem of finding the
free-fermion realizations of simplest W-algebra with spin 3/2
and spin 1 currents to some problem in the theory of Lie

algebra. .Here is where the similarity with bosonic case

“appeais: ﬁhefe the problem was reduced [3,11] to the théqry of

symmetric counterpart of Lie algebras - the Jordan algebras.
So, it remains tp classify all Lie algebras with invariant‘
tensor of the form (12), then, noting that SO(D+1) rotations

{in the space of indexes u) keep the form (12) uhchanged, but



SO(D) rotations (in the space of indexes i) can be absorbed in
the rotation of fermions (this is an invariance of action (1)),
one has to find all really different possibilities for
structure constants. This problem is not solvéd up to now in
complete form, but we can move a few steps further, in
particular, we can find a classes of interesting solutions.
First of all, we note the essential difference between two
cases €=1 and e€=-1. In the first case we deal with Lie algebra,
having non-dqgenerate positive defined bilinear form. It |is
well-known that such an algebras are classified and_turn out to
be a direct sum of abelian algebras with semisimple one, so
their structure is completely known. In the case £€=-1 invariant
bilinear form is not positively defined, and corresponding Lie
algébra may have non-trivial radicals. .
We give now the examples of both types of solutions. The
first example is for e€=-1, and it resembles one of the main

cases in the classification ,o? bosonic realization of LE

algebra [11,3). We give directly the values of ik and 7ij:
713=0, ¥34 (i,j#1) arbitrary, (16a)
T1ij = Vij ' (16b)

" "The €=1 case, as was mentioned ';bqve, hqs to be
constructed startiﬁg from SORme semisimple algebra in
paraneterization where Killing tensor h;s hiagonal form with
unit eigenvalues and then choosing one of coordinates as "O"

one, Let us give an example for SU(3). Structure constants for

SU(3) in Gell-Mann basis A are:



C123%2, Cy47=1, Cy5g=-1,

C246=C257=C345="C367=1>
C458=Cg78=r3 (17)

The remaining structure constants are equal to zero. Choosing

as a geroth coordinate the coordinate 1 we have for the

currents
J,=-2v2w3 -ty T+yBy6 (18a)
J3,9=-2{w2pteCip2pPpTiedptyd-
0300 +y3utede8+/3u00 Ty 8} (18b)

Denoting the corresponding variations of fields wi as 61

and 83/2 (according to (3)) we have
- 2
63/2J3/2-4x3/2(J1) (19)
and zero for all other variations of currents. Taking

coordinate 8 as a zeroth one, we obtain for the currents:

J1=-73 (vt +ubyT)

I3 0=-2(20p2p3+plpteT-pludpbap2ptys  (20)

+w2pSp TrpdutyS-p3pyT)

Note, that these two cases differ essentially. In the

first case matrix 713 has rank six, but in the second case -
four.

The status of the problem of gauging the W-algebra of

currents (5), (6) is the following. According to the statement

of [2,3), the chiral gauging can be achieved simply by No ether

coupling of currents with gauge fields A (boson, spin 1) and i

10



{spin 3/2 fermion with chirality opposite Lo that of wi):
s= 5o + [((1/2)y 00 a+(1/3)y eivdvk ) (21)

with transformations (3) for fields mi with now 1local

parameters Xp, x3/2 (i.e. condition (4) have to be omitted) and

transformations

6A=3_X1 + 4€X3/21J1
61=3_X3/2

for gauge fields.

The interesting and important problem is the calculation
of the effective action for the gauge fields A>and x [3]), which’
is connected +to the calculation of the anomalies of
corresponding gaugé invariahces. In the. absence of the field x
the anomaly of the gauge current with spin 1 is wellfknOwn -
8_J » a+A; the second anomaly may be calculated in analogy with
_Ref.(3].

Finally, the non-chiral gauging in‘some sense 'is trivial
for these theories, since one has to introduce new fermionic
fields with opposite chirality and simply add to the action
(21) the similar action with all pluses and minuses
interchanged. We are indebted to Al.R.kavalov "for useful

discussions.
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