
AM9900009
Freprint YERPHI-1 399C1CO-93

h hliUShSflhS
EPEEAHCKHPi OH3MMECKMP1 MHCTMTYT

YEREVAN PHYSICS INSTITUTE

G. V, GKIGORY/.N, R. P. GRIOORYAN

CArivKIC/.l. O'JAMTINATION Or THE D»2N DIMENSIONAL

ATI Vj 371C STTKi(-(TNG PAR7TCLE WITH ANOMALOUS MAGNETIC

KOMKNT IN THE EXTERNAL ELECTROMAGNETIC FIELD

3 0 - 2 1
Yerevan



DISCLAIMER

Portions of this document may be
illegible in electronic image products.
Images are produced from the best

available original document.



Canonical quantization of the D=2n dimensional

relativiatic spinning particle with anomalous magnetic

moment in the external electromagnetic field

Grigoryan G.V., Grigoryan R.P.

Yerevan Physics Institute, Republic of Armenia

Abstract

The pseudoclassical hamiltonian and action of the D=2n

dimensional Dirac particle with anomalous magnetic moment

interacting with the external electromagnetic field is found. The

* Bargmann- Michel-Telegdi equation of motion for the

Pauli-Lubanski vector is deduced- The canonical quantization of

D-2ri dimensional DirSc spinning particle with anomalous magnetic

moment in the external electromagnetic field is carried out in

the gauge which allows to describe simultaneously particles and

antipartides (massive and massleao) already at the classical

levjel. Pseudoclaasical Foldy-Wouthuysen transformation is used to

obtain canonical (Newton-Wigner) coordinates and in terms of

thtfse variables the theory is quantized. The connection of this

'quantization with the deGroot and Suttorp'e description of Dirac

particle with anomalous magnetic moment in the external

electromagnetic field is discussed_
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Introduction

It is well known [1-4] , that peeudoclassical description of

the spinning particle is a theory with constraints which is

supersymmetry and reparanetrization invariant. Dirac quantization

of this theory, when the first class constraints turn into a

equations for wave function, leads to a covariant relativiatic

wave equation for a D=4 dimensional spin -g- particle without

anomalous magnetic moment' (AMM). The quantization of the particle

with AMH was considered in [4], however the authors of that

article came to a conclusion, that the pseudoclassical particle

with AMM can not be consistently quantized. The reason for such a

conclusion was the wrong superaymetry generator, which after

quantization didn't lead to a wave equation of spin -s- particle

with AMM. In this paper we show that if one starts with the

correct supersymmetry generator, then one can consistently

quantize the theory.

The investigation is carried out in D=2n dimensions. The

quantized theory in . D=4 dimensions is an extension to an

arbitrary electromagnetic field of the deGroot and Suttorp

generalization [5] of the Blount picture to describe the particle

with AMM.

The paper is organized as follows. In sect.2 we derive the

hamiltonian and the action (lagrangian) of D=2n dimensional spin

-g- particle with anomalous magnetic moment • in the external

electromagnetic field. In sect.3 the Bargmann-Michel-Telegdi

(BMT) equation for the Pauli-Lubanski vector in D=2n is found

from the hamiltonian obtained in sect.2. Note, that for D=4 the
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BMT equation was found in [13 from the action which, didn't

contain some of the term's in the ac.tion of section 2 proportional

to AMM, which however contribute only to quantum corrections to

the BMT equation. In sect.4 the pseudoclassical Foldy -Wouthuysen

transformation [6,7] is introduced, which is used in section 5 to

find out the canonical variables, in terms of which the theory is

quantized.

2-The Action of spin -=- particle with anomalous magnetic moment

To find out .the action for D=2n dimensional spinning

particle with AMM we will suppose that primary constraints for

the Grassmann variables ? , /J=0,1,..,D-1 and JQ-J »describing the

spin degrees of freedom are the same as in thecaee of the

particle without AMM. Namely

i i

where n , "jj+l a r e *"̂ e momenta conjugate . to f and (̂

correspondingly. The Dirac brackets{.,.} of the variables of the

theory for this set of constraints are given by the relations

D+l D+ljj -V vy M v *IJV' D+l D+l fj v Vv

(all other brackets vanish). Here the variables x are the

coordinates of the particle, 3> »p ~9 A
U. P^~ are the momenta

conjugate to x , g is the charge of the particle, Ap ia the

vector-potential of the electromagnetic field, F =d A —0 A .

The quantization using Dirac brackets (2) will

bring to the Dirac equation for a particle with AMM if we take

instead of the constraint $n+i"'s,^ "^ ri i ' t^le constraint
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Ctha meaning of the parameter 0 will bo clarified below).

Consider now a theory with Dirac bracketa (2) and a

hamiltonian

where x 1* the O r « a — n n odd Lagrana* multiplier to *b-fl

oonaistency condition will l«ad to a naw oonstraint

wh*r« gHc(c-2Ctai),M (aa it will b» ahown balow) la tha total

aagnatic Bostant of tha particla in Bohr mafnatona. Now,- with 4 ^ 3

takan Into account, tha extandad haniltonian ia sivan by tha

axpraaaion

whafe a is Graaamann evan Lagrange multiplier to tha- constraint

&V.— . The coneiatoncy equations with the hamiltonian (6) imply

.•h6 new constraints since due to Jacoby identity

and hence the dynamics of the system is described by the

hamiltonian (6).

The action of the relativistic spinning particle with AMM in

the extarnal electromagnetic field can be'found by Legendra

transformation using (6) and the constraints (1):



where the overdote denotes the differentiation with respect to

tau along the trajectory. -

3.The Bargmann-Michel-Telegdi equation

Now we will use the hamiltonian (6) to deduce the equation

of motion of the spin of the particle with AMM in the external

electromagnetic field. To describe the evolution of spin consider

the Pauli-Lubanaki vector in D=;2n dimensions [8,93

C-f) v X X

3" * ' X" CD-E5! ^ X 2 X 3 " * ' XD-1

To obtain the covariant BMT equation we will use (aa it is done

for particle without AMM) the gauge x~0, e'= — [1,4].
m

Differentiating (9) with respect to T, we have

W =— c x x CJ> ? +CD-2>^> f 3f -•? - "03

Using Eq.(6) in the. chos'en gauge, we find the expressions for

and (

o
After this paper was completed we received the paper [10], in

which this lagrangian was obtained in D=4 from the path integral

representation for the causal Green's function of the generalized

Dirac equation for the particle with AMM in an external

electromagnetic field. I.Tyutin told us about papers [11] and

[123, where this lagrangian was obtained in euperfield formalism.
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where H=HBx1

Alao we.have tensor relatione

pemrutationai 1, (13)

where the summand OC^ 3 contains terms, which after

quantization contribute to corrections of the order of h to the

BMT equation. The last equation was obtained using Eqs.(3), (5).

Taking into account EqB.(11)-(14) we find the equation of

motion of W :

W =Q —-—F W + 2G F W +OC f ) . C15!)

Now since

we find from (15)



This equation after quantization is a generalization to

dimensions of the BUT equation for the motion of the spin of

the particle with AMM in an arbitrary external electromagnetic

field. Note that the Eq.(17) is form invariant in all dimensions.

From (17) it is clear that M is a total magnetic moment of the

particle in Bohr magnetons, while (-G) is the AMM of the

particle.

4.Foldy-Wouthuyeen Transformation

Now we i-ntroduce the poeudcolaBsical canonical Foldy

Wouthuysen transformation with a generator of the infinitesimal

canonical transformations [6,7]

S
c l-

2 1 CVj 3 fD +i
e' C 1 8 )

where 9 is a function of the variables of the theory which will

be specified later. The result of the finite canonical

transformation of any dynamical quantity f is given by the

expression [13]

?=e C lf.f+<f,S c l)Vl/2!K<f,.S c l)*,S c l>*+ C 1 93

Applying Eq.(19) to a function A of the independent variables x ,

f.> f^ and taking into account the relations

* C20>

C21)

where ?--i<C 3>£ £>. C • : P
) c?k

: >>*-^f+ i9F
1 / ^ y we f ind for A thf



expression

1 i
A-A CA,C*> ? :>>*{ sinC2»VF:>-»-1

^ J J D+l y

C23D

If we now specify the function 9 taking t<j(Z&VF')~-^—, and hence
m

^ -5_, where

y+in , •••-iGFj.^?., then for A we have

A-A-KA, If
J 4 £

This is the expression of the result of the Foldy-Wouthuysen

transformation that will be used below to derive the variables

which diagonalize the final Dirac brackets.

5.Final Dirac Brackets and Quantization

Following C8,9] we write down the complete set of

constraints which includes the constraints ' which fix the

remaining gauge degrees of freedom :

1 i
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WV"-

hare n is tha canonical momentum, conjugate to the a; *=+l

corresponds to the presence of the particle In the theory, while

w=-l to that of antiparticla; a and b are parameters of - tha

theory, »2+b2"0. When a>*0, the theory has the neealeas limit

(sr>0). Note also, that x^ "x -«T and the conatraint *j^^"ico-«tT

transforms into (19) after a canonical transformation from the

variables x^,p to variables x**",P '. defined by the relations

We have by definition of Dirac brackets

Here ••^•j>tl»4^>«a
> • • < * " > D C 4 L > o t o n d o f o r * h o final Dirac

brackets for the complete set of constraints C2H5—C275, <.,.>

- for the Dirac brackets for a subset of constraints CaS5,C28i,

C io the inverse matrix of

Now we'll t&ke an advantage of the special structure of the

constraints (refConatraintB): one of each pair of constraints ia

o canonical variable. This allows to prove that for any dynamical

variables F and G

<F, G>^-<F, G>*, C3O>

where in the rhs of Eq.(30)the constraints (26) are taken into

account (see e.g. [14]). With account of E«. (*30) the fornmla (28)

takes the form

< X > B >DC«>" <*.S>*-<*»•»,->*c;*.<pr..5>*. C31J



2
H iC» -b

whore the matrix C Is given :by

"- r r I

While N is a certain function, the explicit expression of which,

aa will be clear below, is immaterial. Also it is easy to prove

that

<X,B>*- <A7B>*, C33J

and verify by direct calculation that

Then taking into account that C^D+23cjy^D™° • "* ̂ in<* from C31i

and <333 that

< A 7 B > * . C3S3

the variables A" :A'"A|j^> a n d taking into account the

(27),, rewriitfaen-in the equivalent form

„ we tfiiaad from

* ^ * * b * : > , C33); ( J k k ^

Wow making use" of the property of the Dirac brackets, which

s t a t e s , that the Dirac brackets of the constraints with any

dynamical variable vanis-h. we derive from Eq.(35), (36) that

J J k *

If now ws take for A,B the variables x^, J> , J^, then on account

of (36) we find the expressions

10



« , -, . ̂  Ca+b*3
CJ> ? } - _ _ - E q

1 J J k k fk
re , C38J

If now wo apply the formula (37) to variables q., n,, v. we find

.'the relations

6' < qi' qJ >D" < Xi' xj >*" 0'

.which prove, that the variables q,, rr , ̂  are canonical. Note,

ithat the expressions (38) coincide for D=4% with the canonical

variables, which were found in [9] by diagonalization of final

Dira'c brackets.

KxpreBaiona of initial variables in terms of canonical ones

^re given by the following

aCfl+m '}

Cb+a«3J>
i-ni-flgF1JyJCnfcyfc3 ^ ' — - , c 403

• "V, + " J Cn ,w 'iI i 1 J J

where O"-a«ft+b» , O"T n +m -flgF CqJy.*', » m «m-iGF

Using (40) and the r e l a t i o n s

on© can deduce the expression for the physical hamiltonian of

the spinning p a r t i c l e with AMM in the ex terna l electromagnetic
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field in D=2n in terms of cano*;. j.1 variables

H -O-g«A-lg* °k " J J ^ F K4 llC 1 k ]cn y 3.
V V .

To quantize the theory by the Berezin, Marinov prescription [1]

one must expand Ci, m , which enter e.g. (42), in powers of

F y y the expansion terminating in the order — g — . If however

we take into account, that after quantization *. -*y -g- ct , then to

the order of ^ the quantum Hamiltonian is given by the expression

H
$ 4OCQ+nO 4O

i— denotes the Weyl correspondence between

operators and their symbols.

The expression for the hamiltonian (refPhysHam) in D=4

dimensions to the first order of g coincides with the hamiltonian

found in [ 5 ] .
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B6K-1388C1O5-O3

r . B . . rpKTOPHH p . n .

KAHOJDTCECKOE KBAHTOBAHKE D-2n-MEPH0fl PEJIHTKBMCTCKOK

ACTKuy c AHOMAJIBHHM MATHHTHUM MOMEHTOM

BO BHE11IHEM 3^EKTP0MATHMTH0M IIOJIE.

nceB^oKJiaccwqecKMB ramubTOHHaH H flsacTBMB

pejmnBHcrcKoa crnmoBoa ^acnmu c aaoMajtbHUM

MOH9HTOM BO BH8tSHGM ajBICTpOHaTHHTHOM nOJB. BUBB^EO

j e r ^ H wm Beicropa nayjM-AxJaHcicoro. npoBefl9HO

KBaHTOBaHH9 D-an-uepHOa pejWTHBHCTCKOa CnHHOBOH

C aBOMaJBHUM MarHKTEblM M0M8HT0M BO BBemB6M

HDJB B

0flHOBpeM9HH0 ^acTHuy H ' aHTiiqacTHny cxaK MaccHBHyio; Tan H

C5e3MaccoByiff> e n e Ha KjaccmecKOM ypoBHe. KBaHTOBaHHe npoBe,qeHO B

TepMHHaX KaHOHVPieCKKK • KOOpflHHaT M HMnyjEbCOB TWia HfalOTOHa-

BHTHepa, fljw nojiy^eHMfl KOTOPUX ncnoji£3OBaHo

c KapTHHoz j[e rpooTa H Carropna

MarHHTHbiM M0M8HT0M BO BHeDIH8M SJHeRTpOMarBMTEOM

EpeB3HCKHB $H3iWeCKHB HHCTHTyT.

1993
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CANONICAL QUANTIZATION OF TIE D-2M DIMENSIONAL

RELATIVISnC SPIMHIHS PARTICLE WITH ANOMALOUS MAGNETIC

MOMENT IN THE EXTERNAL ELECTROMAGNETIC FIELD

The p s e u d o c l a s x i c a l hmmLltontmn and a c t i o n art t h e D-2n

dimensional Dlrac p a r t l c l * w i th ann— lous — g n a t l c TI—ni .

Interacting with th» external electromagnetic field i s fotatd. The

Bargmnn- Michel-Telegdi. equation of aotlon for the

Pauli-Lubanski vector is deduced. The canonical quantization of

E>—£n dlaensional Dlrac spinning particle with anoatlous

magnetic noaent in the external electromagnetic field i s carried

out in the gauge which allows to describe siaultaneously

particles and antiparticles Cnassive and aassless) already at the

classical level. Pseudoclasslcal Foldy-Wouthuysen transformation

Is used to obtain canonical CNewton-fflgner) coordinates and in

terms of these variables the theory is quantized. The connection

of this quantization wi-th the deGroot and Suttorp* s description

of Dirac particle with anomalous magnetic moment in the external

electromagnetic field is discussed.
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