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Abstract

The peeudoclaasical hamiltonian and action of the D=2n
dimensional Dirac particle with anomalous magnetic moment
interacting with the external electromagnetic field is found. The
Bargmann- Michel-Telegdi equation of motion for the
Pauli-Lubanski vector is deduced. The canonical quantization of
D=2n dimensiénal Dir3c spinning particle with anomalous magnetic
moment in the external electromagneti; field is camried out in
the ‘gauge which allows to desgribe simultaneously particlees and
antiparticles (masaivg ;nd massless) already at the classical
.leqél_-Pseudoclaaaical Foldy-Wouthuysen transformation ise umed to
obtain canonical (Newton-Wigner) coordinates 4nd in terms of
thgse variables the theory is quantized. The connection of thisms
‘quantization with the deGroot and Suttorp‘; description of Dirac

-particle with anomalous magnetic moment in the external

electromagnetic field is discuesed.
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Introduction

It ia well knbvnb[l—4]v, that peeudoclaauicﬁl descriétion of
tb; apinnina particle is a theory with constrainta which 1is
;hporsymmetry and reparametrization invariant. Dirac quantization
of this-thoory.'when the first class conatrainta turn into a
equationa-for wave function, leads to a8 covariant relativistic
ngo equgtion for a D=4 dimensional spin i%— p#rticlo without
anomalous magnetic moment: (AMM). The éuantizﬁtion of the pérticle
with AMM was considered in (4], however the authors of that
article came to a conclusion, that the pseudoclassical particle
with AMM can not be consiatently.quantized. The reason for such a
conclusion was the wrong. supersymmetry generator, which after
" quantization didn“t lead to a wave eéuation of apin -%— particle
with AMM. In thHis paper we show that if one starts with the
correct “supersymmetry generator, then one can conaisténtly
quanéize the theory. ' - .

" The investigation is carried out in D=2n dimensions. The
quantized " theory in D=4 dimensions .is an extenaion to an
a;bitrary electromagnetic field of the deGroot ahd Suttorp
generalization [5] of the Blount picture to describe the particle
with AMM. ‘

. The paper is organized as follows. 'In sect.2 we derive the
hamiltonian and the actibn (légrangian) of D=2n dimensional spin
7%— particle with anoméloua magnetic moment - in the external
electromagnetic fieldi In 8ect.3 the Bargmann-Michel-Telegdi
(BMT) equation for the Pauli-Lubanski vector -in D=2n is found

from the hamiitoniah obtained in sect.2. Note, that for D=4 the
2 .



BMT equation was found in (1) from ¢the action which. didn"t
_contgin some of thé termb in the action of section 2 proportiopal
to AMM, which howevér cont}ibute only to quantum correcﬁiona to
‘the BMT eéﬁation. In sect.4 the pseudoclassical Foldy'—WOuthuyaén
transformation [6,7] is introduced, which is used in section § to
find out the canonical variables, in terms of which the theory is

- quantized.

2.The Action of spin —%— particle with anomalous magnetic moment

To find out .the action for D=2n dimensional spinning
particle with AMM we will. suppose that primary conatraﬁnta for
the Grassmaﬁn variables (“. #=0,1,..,D-1 and zD+1 .deséribing the
spin degrees of fféedom are the same as in thecase of the

particle without AMM. Namely

i i
q)u-"u_?u' #=01,2..D1 ; ‘I)D'"Dﬂ’;zbﬂ' (1)

. . M
where n“, Tpey 2Tre the momenta conjugate . to ¢ and :Q+1

correspondingly. The Dirac brackets(.,,}* of the variables of the

theory for this set of constraints are given by the relations

* - ' - - .
2> =9, @ 8 g, @ =i, (P, >TegF =5

D+1°SDa1”

HY
(all other brackets vanish). Here the variables x, are the
coordinates of the particle, ?M-py-gAu. Py— are the momenta

conjugate to X, g€ is the charge of the particle, & is  the

vector-potential of the electromagnetic field, Fuv

=3 A -8 A .,
KoY v

The quantization using Dirac brackets (2) will
bring to the Dirac equation for a particle with AMM if we take

inatead of the conastraint @D -”u{“* ™ 41 the constraint
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(the meanipg.of the parameter G will be clurifi;d below).
Consider now a theory with Dirac ‘bracketa (2) and a
hanilténian
“‘T’lm _ ww
wvhere x 1is \:ho Grn.—nnn odd hcrnnp multiplier to °on Tbo

nonsistency condition will lead to a new constraint
Wpanr’ %o!’ "'"%oo'
-1[’ . 1g '2" e Y 4 #‘t”gmooz[r g“‘z"]z--a 0, (D
where gii=(g-2Gm),M (as it will be shown below) 1is the total
na(notic mooent of the pnrticlo in Bohr magnetons. Nov with °b+3

taken into. account, the extended hamiltonian is given by the

exprqg.ion

ix o
HBoxt=2 ¢D~01+?¢D-03' N ®
wheps 8 i=s Grnssqnnn even Lagrange multiplier to the- constraint
ana . The consistency equations with the hamiltonian (8) imply

6 new constraints since due to Jacoby identity

Bpyg0 Oy > 7045 B> ™ Oy > ¥ -0, @
and hence the dynamics of the system is described by the
hamiltonian (6).

The action of Fhe relativistic spinning particle with AMM in
the exéornnl_eloctromagnetic field can be "found by Legondr;

transformation using (8) and the constraints (1):

1f, feH 2 s ; Tl v
S-EJ-d‘r 2 womt [2, 200 Ty J1x L w16, 0,

» L fyom M,V
sagit's ~urer WeVry siomer e e [F, 2 ") @
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where the overdote denotes the differentiation with reapect to
. ) '
tau along the trajectory.-

3.The Bargmann-Michel-Telegdi equation

Now we will use the hamiltonian (8) to deduce the equation
of motion of the apin of the particle with AMM in th; external
electromagnetic field. To describe the evolution of spin consider
fhe Pauli-Lubanski vector in D:Zg dimensions {8,9]

C-5y0E2 R R SR N :
——— e I Y , 4 =})
yvkzxa...xb_l

w =
“ (D-231

To obtain the covariant BMT equation we will use (as it is done
for particle without AMM) the gauge x=0, et-%T {1,43.

Differentiating (8) wiph respact to T, we have

. -pib2e v VoA, Ay Ap,
Wo—— . ¢ DA N P ¢ +(D-2>P ¢ pRJ 4 - 10>
H o ¢p-ad HYA N3t pat
N P 24
Using Eq.(6) in the chosen gaugs, we find the expressions for *
N
and £
P2 v - 1 v v IR Vo A
PP =", 1y -—2-;[2g?“x: H-H.ng F ot saner” 7fele -

‘gfter this paper was completed we received the paper [(10]. in
which this lagrangian was obtaiﬁed in D=4 fyom the‘path integral
representation for the causal Green’s function of the generalized
Dirac equation for thé particle with AMM in an éxternal
electromagnetic field. I.Tyutin told us about papers [11] and

{12], where this lagrangian was'obtained in superfield formalism.
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where HzHaxle-O,e-ifn'

Algo we have tensor relations

@
. yvkaxs...xn_1
< j '“-

' & .
¢ % 7 ¢ Paeyelic permutationsd),  (13)

HVUA_A 4o = s A Ay Ape-e N
S et D-iwyyv_(_uct)-a)/a[_yzz 2,73 7" o

PN, Y Xy Rgeee A Ag Agees N
(?at°>[1’2t3 ¢ D1y 3,27 o e et o

.. - A A... X
_p D102, D—Z}]_(_j)co-a)/a[_ﬁgz 2,737, o1

Ay Ageee A Ay Aoees N A, Ajewe X
2, 3 D-1 3,2 D-1 4. 2 D-1
™ D41 [” ¢ z -r 4 +» r z -
A Agses A
- 2 D~ D!

-p D1, z 2]]4»0(:( 7y, (14)

D> . :
where the summand ocZ 2 contains terms, which after

quantization contribute to corrections of the order of h to the
BMT equation. The last equation was obtained using Egs.(3), (5).
Taking into account Egs.(11)-(14) we find the equation of

otion of W :
m: iQn u

. » A .
W gl r wasze—Hr w P oD, 15>
I m g ™ vx m
Now since
v .Y v * ?v 2. v X
Uik a e, HY e e —OF L Dy . (18)

we find from (15)
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This equation’after éuantizg&ion is a generaligétion to
'D;Zn dimensiona of the BMT equation for the motion of the spin of
the particle with AMM in an arbitrary external electromagnetic
field. Note that the Eq.(l?) ig form invariant in all dimensions.
From (17) it is clea£ that M is a total magnatic. moment of the
particle in Bohr magnetons, while (~G) is the AMM of the

particle.
4 _Foldy-Wouthuysen Traneformation

Now we introduce the pseud.:.~laseical canonical Foldy
Wouthuysen tranaformation with a generator of the infinitesimal
canonical transformations (8,7]

S =-BLCP L DX 6, 18
where 6 is a function of the variables of the theoiy which will
‘b; specified - later. The result of the finite canonical
transformation of any dynamieél guantitQ f %s given by the
expresaion {13]

| Y
Toe “lemf4cf, S >*4C1,215C(f,S >
cl cl

* *
'Scl) 4. ... 19>

Applying Eq.(19) to a function A of the indepsendent variables X

P (k and taking into account the relations

J
(AL assS )Y -A(EG)(.‘PJZJ 20>
<Ach:J>,sd)‘-—Acae)yzDﬂ 21("355"D+1“”’1=;,)'6}‘*
+21CA, CP 80> cﬁJ.{JxDﬂ c21>
(A(yjtj):ml’scl)‘._o' 22>
where r=i((2 7 3, (A2 5> -w‘fugru ' we find for A  the



expression

5 1 1

AmA—A, CP 2 3% sin(28VP)+—(A, (P 7
- D+

t 3
-1) -
0 . g J)> (.Pk{k)(cos(a&r’;) 1

1

. - * : )
A 2z %0 2 TR 2 v [sxmze/?)—aeﬁ]-

J 4
n’;)?
2 : - : - ‘ .
- ;—u,chzJ)) (_e,crizln c}fk:'k):'m1 [coscae-ﬁ?)-;] -
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If we now specify the function @ taking tg(2evdde Y7 , and hence
. = .

sinCa6v) = .2 » cos(26¥5) = : » where a—'/?fd-;a-ugl-'

w

15518,

r

i;z, ;-_‘lGFLJtLtJ’ then for A we have

Copmd +C P 14A, %

“pe1 KAR MR AL S
W Amd 205 wrmd

~ *
AmA-i{A, CP >
- (P42

~ "
l(A,--) (’Jﬁ)tmx

] . ~ %
RS WAL, TR Y,

- +
s 3 D+

X (m;) w

20

This is the expression of the result of  the Foldy-Wouthuysen
transformation that will be used below to derive the variables

which diagonalize the final Dirac brackets.
5.Final Dirac Brackets and Quantization

Following (8,91 we write down the complete sst of
constraints which includes ths constraints - which fix the

remaining gauge degrees of freedom

i

i
Qu'—.“_?u..“ =0,1,2,..D~1 3 %‘":»1“"2“:»1' 2
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here ne-ia the canohical momentum, conjugate to the e; 2=+l
éorronponés_to the pfoaence of the particle in the theory, while
w#=-1 to that of antiparticle; a and b are paramesters of . the
" theory, aZ+b%#0. Whan w0, the theory has the messless limit
(m+0). Note also, that x; =x -wt and the constraint &  =x -wr
transforms into (19) after a canonical transformation from the
variables xp,p” to variables xp'.p”'. dofiqod by the relations
x;-xo-:f, x'l-xl, pL-p” [el,
We have hy definition of ﬁitao brackets
- KB K o™ o, BT &)

ABpw

‘Here ’E"’b»1-°p+a’-' Godpeqy wtands for the final Dirac
brackets for the complete smet of constraints (2% <27, <-,-)‘*
— for the Dirac bracketa for a subset of constraints (2%,(26),

C is the inverse matrix of

. bl
. C o =p e >

2o

Now we 1l tske an advantage of the special strucwure of the
constraints (refConstraintB): one of each pair éf constraints is
a canonical variable. This allows to prove that for any dynamical
variables F and G

<F, & ecF, ¥, €30

where in the rha of Eq.(30)the constraints (26) are takenm into
account (see e.g.[14]). With account of Eq. (30) the formula (28)
takes the form .
.C-i o ¥

3 ~ : -~ . ~: .
(A.B)lx.p- <A, B K e 3% <o . BT, 31>

?



where the matrix C is giwven by

: 1(.2-1:%} ’

while N ip m certain function, the explicit expression of which,

Cppr=toap, > (32

r

aa will be clear below, is immaterial. Also it is easy to prove

that

<R % ATBT, (& <))
and verify by direct calculation that
*

A8y, =0, ' ’ (30

\ ; -1 . )
Then taking into account that C(D+2)(D¢2).o' we find from (31)

and €33 that

<X, B - (AVB¥*. 35

[ e &op)

Imtroducing the variabiles A’ :A* -k Bw0 and taking into account the

conatraints (27), rewritien .in the egqu ivalent form
al. b(® £ D

PIT D -~ -

Z + _ﬁ-_&a { - ._J_-_i_.w , B-An-bacw,

D+1 -~ [+) -~

E &
» we fined from (24)
-~ * Ca+bn)
A mA ] mA+YCA, CP T DY (P, ) ——— - (368D

s=o 33 K S

Now making use of the proeperty of the Dirac brackete, which
mtatee, that the Dirac brackats of the conetraints with any

dynamical variable vanish, ws derive from Eq.(35), {38) that

i B . B -,
“"mm@' «A’,B')> =({A, B> D'm

D)
=-CA, B)‘u(u,a)",chzJ))‘(ykzk) i—“”’T"). 3™
. IX w+mD

If now we take for A,B the variables x,, *,, tk' then on account

i 3
of (36} we find the expressions

10



Ca+bad

X‘Xl((? )—“—-T—-Eq,
SAN A w+md i
X yi-ﬁi&gru SR Lathx) _ L 38
fx«:-&-) ’
Ca+bxd
L¢P (P D> Ay,
)

If now we apply the formula (37) to variables q; "J‘ ¥, we find
‘the relationa

—
{Vl’wJ)D(GD- ((1,(J) -—161J,{q1,nJ)D-{x ?J) -—6 iy

- ' *
(qj’wJ)Dtﬁ)-(xi'(J) =0, (qi’qJ)D-(xi’xJ) =0, 39

(p : > Ca+ba) agF

J(qJ,'
ﬁ(m+m)

ugF, . (x)-1gd

(ﬂi’"J)DCQ) 13 kFiJ{
which prove, that the variables q;» nJ, ¥, are canonical. Note,
that the exprebsiona (38) coincide for D=4, with the canonical
variables, which were found in [9] by diagonalization of final
Dirdc brackets.

Expressiona of initial wvariables in terms of canonical ones

dre given by the following

xi-qi—iwi(njwj)—égifgz—,
alQ+m 2>
¥
T R a0

’ J al Q+m I
¥

fi'Wi*‘"i('.'JV’J) %‘ﬂ%)_’
a(mmw)

~ ~ 2 ~2 ~
where om~ax(+bm , Q-/r(i-ﬂ'nw-tigl-‘ m, =m-1GF, (v, v,.

1JCq)’{"1WJ >
Using (40) and the relations

: po 2 Ca1d

33

n(m oy )-% . go- -x(n
=] e}

Wy A LN

one can deduce the expression for the physical hamiltonian of

the spinning particle with AMM in the external electromagnetic
11
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field in D=2n in terms of cano.. .l variables

F . w Crt w) xF n. y
H .Q_g,Ao_ig,._EE_E_:l*l_ +2ti[F0kwk+-—éif—%fk—](ﬁJuu). c42>
[} O(Q+nw) ' 9} (O+mw)

To quantize the theory by the Berezin, Marinov prescription [1]

one must expand [, ;W , which enter e.g. (42), in powers of

. . : . D2
Fijwiwj the expansion terminating in the order 5 - If however

we take into account, that after quantization @&4#-%—01, then to

the order of h the quantum Hamiltonian is given by the expression

~ WF . n (o co,-0,0.) . F,,0,0
H o Gegrag—tgen 2 d K J I g 1),
i S 40K Q4D 40

~ Co o,w0 0 3 "
wonXJ J K [FOKGJ-ur“—i-L—-] LN
28 CGamd

where = nf+ma, Panng denotes ﬁhe Wayl correspondence bstween
operators and their symbols.
' The expression for the hamiltonian (refPhysHam) in D=4
dimensions to the first order of g coincides with the hamiltonian
found in (51].
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Npenp¥ET BDH-1396C10>-03

I'PHTOPSIH T.B., TPMI'OPAH P.II.

KAHOHMYECKOE KBAHTOBAHWME be2n-MEPHCA PEAATMBHCTCKON
CIMHOBON YACTHMIN C AHOMAJBHNM MATHMTHHM MOMEHTOM
BO BHEWHEM 3JEKTPOMATHWTHOM IIOJE.

TIOXYYOHH IICOBIOKAACCMIOCKA® TaMAILTOEMAH ¥ JOBCTBMS De2n
MSDHOR pemmcrcxon CIMEOBOR JACTWIN C AHOMAJBHKM MATEWTHRM
MOMOETOM BO BHONHGM SJOKTPOMATHWTHOM TIOAS. BuBSIPHO YpIBEGHEWS
Bapruana-Mvmexn-TesormM LAA BOKTOpa [layxu-/WCaBCKOTO. [[POBSIPHO
KAHCHWYOCKOO KBAETOBAHMS De2n~MBDHOR DOJATHBMCTCKOR CIIMHOBOR
YACTHI} C  2HOMSALHHM  MATHMTHHM  MOMSHTOM BO BHOIHASM
3AOKTPOMATHWTHOM 1088 B KaJASpPOBKe,  IIOBBOXADMOR  OIDICKBATH
ONHOBPSMOHHO 9YaCTMly ¥ ~ 3HTWY2CTMIY C(KaK MICCUBHY®N, TaK M
Ge3MaccoBYYY 81 H2 KAACCHYSCKOM YDOBHE. KBAHTOBAHWE NPOBOISHO B
TOPMMEAX KAHOHWIOCKUX - KOOPIMEAT ¥ WMIYABCOB T¥ma  HuoToHa-
BuTHepa, GAS TIOAYYeEMA KOTODHX MCTIOJL30BAHO [ICSBJOKJIACCHIBCKOS
tpsodpasoBaEve QoamM-BoTX0R30Ra. OGCYHI4eTCA CBA3bL OAHHOA CXSMH
KBARTOBAHMA C KapTwHOR Is [poora ¥ CaTTopla [JAA YacTMlH ¢

AHOMBJBbHMM MaT'HWTHLIM MOMSHTOM BO BHEWHESM 3JASKTPOMATHUTHOM IIOJE.
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' CANONICAL QUANTIZATION OF THE De2N DIMEMSIONAL
RELATIVISTIC SPINNING PARTICLE WITH ANOMALOUS MAGNETIC
MOMENT IN THE EXTERNAL ELECTROMAGNETIC FIELD

——

- The pseudoclassical h-l..ltonlan- and act\.._ton of the D=2n
dimensional Dirac particle with anocsslous magnetic momant
interacting with the external electromagnetic field is found. The
Bargmann- Michel-Telegdi- ,\gt!u-tion of motton for the
Pauli ~Lubanski vector is deducod: The canonical quantization of
De2n dimensional Dirac spxm@ particle with anomalous
magnetic moment in the external electromagnetic field is carried
out 1in the gauéq which allows to describe sl-.llltaneolsly

_particles ‘and antiparticles (massive and massless) 'alread‘_yﬂ at the
ciasslcal level. Pseudoclassical Foldy—'outhz-xyse.n- transformation
is used to obtain canonical (Nevrtoﬁ-'igner) coordinates ann;l in
terms of these variables the theory is quan-tized. The connection
of this qua-ntization w.t.th. the deGroot and Suttorp’s description

of Dirac particle with anomalous magnetic moment in the external

electromagnetic field is discussed.

Yerevan Physics Institute
Yerevan 19903

1)



I'PHIOPAH T.B. ,IPHIOPAH P.II..

KAHOHMUECKOE KBAHTOBAHME D=2n-MEPHOR PEJIHTHBHCTCKOH
CIMHOBOA YACTHMIN C AHOMAJIEHWM MATHWTHHM MOMEHTOM BO
BHEIHEM OJEKTPOMATHWTHOM IIOJE. -

(Ha SHTJMACKOM fA3LKE, IIOPSBOJ ABTOPOBY

Penaxtop T.A.Baxann
TeXHMYO CKHAR penax’mp A.C.ASpaman

[oJyMC3HO B r@YaTh 30./2.93 fopMaT 80x84818
OdceTHaA MOYATH.YI. WM. A. 05 Tpak (00 K3
33K.THII.N 12% . ¥rmBRC 3849

O'I'rpeqa"raao B EpPoBaHCHOM (3MNBCKOM wacmy'"e
EpeBaH 38,y..EpaTheB AJMXAHAH 2



