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The new generation of charged particles' linear accelera­

tors is distinguished by the high acceleration rates and large 

beam currents, which requires a usage of accelerating fields 

with higher frequency and the size across of decrease accelera­

ting structures. Hence, there arise problems of field neutrali­

zation connected with beam itself, that are supressing the beam 

structure. One of the methods of such suppression is the use of 

aperiodic structures. 

In this work we derive the formulae for the numerical cal­

culation of the axially symmetric accelerating field (m=O) in­

side the structures, which consist of the arbitrary number of 

cavieties and irises. A matrix formalism is applied. The deri­

vations are based on the field-matching technique. We take into 

acount also the wakefields excited by the train of paintlike 

bunches with the eN charge, where e is the electron charge, 
B 

N is the electrons• nulllber in the bunch, each moving along the 
B 

axis of the structure at the velocity of C light. The structure 

is the same as discribed in Ref.[l] (see fig.1,11). 

1. The expression of the fields 

At this point we follow the Ref.[1]. The K-th Fourier har­

monics of the current density and of the fields in the region 

inside the N-th cavity can be presented in the spatial modes: 

j r~,f, l) I<}= -w {f'll':j-e.xff K(z-~J} 

E{ (z, 2:,K}=: (1Jy;")2.lo(~)X,_K(1) 

QIV(P,~,KJ=1c17 ;zXfJfiKfz-~J}-1-J-VJf;J:ft (~ )J,/'?t) 
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H;f21 ~1 ~J= ~.e~~ 1 Pxtf"fZ-S;J}-iK~ (P141J;(Jh)f}X,/"(i} 1.4 

whe-re 

X,~ft} = (::.:->pf'>:t:j t- Gt~xrft' >i:1} f.5 

J{2'-= JX~'·?2) )iM= l,,1_ (J.}, ':N11. J<=l&. · 0~2~ qll 1.6 
h I d l ) fl. v,... 7t- I I c I d 

The longitud i nal coordinate Z of the obs e-r vat ion p o int and s. 

ay e calcu l at e d from the riaht e nd o f the fi rs t c a v i ty . S i s 
J 

the lona i t udinal coo-rdinote o f the J-th bunc h at time t = 0 . 

S1 mil a rly for the N-th iris: 

Etr\ ~ J-) = :f-/'-1nz1 ~J, ( 1;Yci r.) f,~ ( 2 J 

E(ftJJ.)=~1~ ;.<~;:ifl(a-0)_}-j,(~ltf*/1,~rz) 

f(!~l,):J=f:':~~""tf1:(4-J~)j-i'~(v~)lr(~)f,~ (;) 
whe r e 

1~ ( 9: }==-.~;;: n jJ f 11/2 j+ £.: ~Xf f tl~?:j 
1)'}"'1£)=-J&"-/2));1'•~ /fl·L(J~~"-)i · (>£= l ~[?Iv [,~ t' cl i! ' ,. , " 7a , 

1.1 

u 

~.9 

1. to 

tH 

J 

I n the above e xp-r ess ions vn- ar e the roots o f t he 

Bessel f unc ti o n J (vn) = 0. For the quant iti es µN 
o n 

fir s t 

and 

o -rde-r 

A.N we 
n 

have : 

u'11=t'}(V"/ ,..)l v/l.
1 

,/ " / C-l - ,.. 
c/ K.1.-(0;{A/Jt~ C. U9. 

>i.~ = ~I (J,'.YrF-- Kt' 1 f ice f tYfJ 1., {' 

2.Fields matching 

The continuity conditions on the apertu-res 

Z=f' a-re: 

Ei-fZ,:J~ . .'o,>') = Ei (z,7t.1,.c,):.) /c'"l c~ z !.. a"''.,./ 

E'l.fz,tA-~t,t)=E2 /'z,elol.rc,1:.) fo'l c~ 2~a1v· 

Eiz(~,J"':.c~):J== Ei (~,,f'Uj1<.)&(u 4#!. z) fc'l. o~ 2~ (Al 

C'2.(tcA1~;:.)&({;tv_ .zJ=5./Z/ t'~C'1J:.) /c'i c~'t~tA--' 
F-rom the conditions ( 2 .1+ 2 .4) we obtain: 

y;(9t.1)= Pr:(ci'1')+~ 7:r:,.(c-1~)1,t·1 (fo) 

Ym~ (o) ~ fmN(f#) + 2 7:n11(PA-f1/,/'/tJ 
11--1 

· ~: (ervJ.=~ ~,.(f1 X//o) 

~:f~(o) =f; s~,,(c11~J X//c·~j 

whe-re 

1J3 

at Z = r;t and 

l, 1 

i.i 

1.3 

.l . '1 

1.5 

i. 6 

1.1 

2. 8 

T. d)-tlr{JiJ1o(l 1..Jh~.J2 . ), f'd) 1.fo{L:id)J~'-o<<-
11111 { -.J,:Z.(t >,.,)(J!,./--v<Ql~~)J'rn , • m1 .lr(J'm)(J,~/--r.x'.tJ)111.)jJ,., 

~.9 

f,., '-' (d'J= J71<} Yo(/'md~J. ~"'/' {;1<5__ (!J'~+ 1c)Z 
)1' 2/L 1,.,)lm4 

/' 11:.r (_ lJ 
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f!//fi"'): 'J?K_):Jo(Lj,,/W) ~'}Pf;K;t_ (ilL-1{*)-/t:.~~C 
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'T(Jr..}=. 4c:011fi3 --.;- ...,x.p[-:.11-t·J , fN_ ..J1f_ • l/o/__ ~I a jO ) ( c r :; , -tfl/, o( - tN 1... L 

3. Derivation of the basic expressions 

For the convenience we introduce the following 

( XI~!) /('"µ/i) 
Xw(r1.}= xi;1;t.JJ j yw(ol}= f ~?''/ - ~u 

( ~1{«,\) N'/ ) (1/1~) 
tl4= ~;(d'l; 1 (cl = ~?'!; 12 

From the ( 1.5.1.6,1.10,l .ll) quantities Xn. ~Fl can be expressed 

in terms of YN, nN: 

X'·'(o)= 11~/V Jtv(g,.,)-K j 11fo) 

XN'(~1:::A:Y11(!t'/-Jf )/1(0} 

IV '°" 
~N(o) = M/;~ ~r~1{1- 11:1~10/ 

tr e1= f1:1rvfe#J-11./' 11Vf o) 
where 

(r--N) ~ml:. • 

~;S m-:' Oi:sli.(i),m"'f!"'J' 
/"',; J i'm~ 
l~tf,,,; <)i: t{(!,>,~<J#) 

lft') ~WI,( . I f111! fnt1:. 
( 
/ ~ /m1< ::= '.!'m"siftJ!11~e1t 11 -1:/,,,,,_ = t)f;-'-1.1.. (~J!/"t1 

Let's introduce the quantities 
- N n as follows : 

. 3.3 

:t4 

3.5 

. 3.6 

3.1 

3.3 

1N= f'/,"'(o) ~ '1- t-&. oJol fl) 

1-N'= 1-M(e/'1) -fo"L -tk ~ rv' ... 3.9 

M = I ... -t( N{f) 
Using the formulae (2.5 + 2.8, 3_3 + 3.6) we obtain the basic 

expressions: 

EIV ~IV-Ir- F vf M -r r!r11·f A.11-{ + H 11= 0 3.{0 

where 

for the even N 

E#=A: 
F'-'=- S (Pl<} !lf'rf P')-f?f 
Ct Al=$ ( P,(} J.f 7' ( 6'1 
fl""= S fl"} {Ji PYt11-J: P'-(t~j 
and for t ·he odd N: 

fN=:-$ (d'-}A/T(P") 

ffl-'= /1t!,-,<t (<i')~:T(olP.) 
/.V_ M"- K+( 
tt -- '$ 

HN= $(J'-) f ~: P)<.[olr. }-AJ PK(p~93 
where 

3- 4~ 

.3.12 .. 

3 ,{3 

3.~IJ 

3.15 

3. 1(; 

'3.11 

3.~~ 

f< °' r ... -t ( t) 3.1.9 

The basic formulae (3.10) are the expression of the theo-

rem ,af unequivocal determination of the fields. 



4. The boundary conditions and determination of the fields 

For the left end of the s~yuctur8 Ci ~~e chosen - · ~nown. 
n 

Similarly for the riqht end t 18 a~e chosen as known. 

From the formulae (lS,~.G, 1_,,,2_,1, 3,i; 

can express nNc( t:'c) in terms of nNc(O) and ~nNc = 

) i'lt N=N we 
c 

1w~ (e11c) = [11/irS ( P""c)(J/9-(r(Plt/j-f1sAt1'YoJ-i $(PAC)(li>i)-1f>Al:f P"~ -lfJ.t ~ 11 .1 

where 

(
_,.! (:~ C/' C'' 

A:.~~:a.,; c,;., ~- ; h f) 4.t 

We can rewrite (4.1) in the terms of ;N 

:t/M:-== A1Jf-ff,JJ/c-f -f- 8JM-f 
4.3 

where 

~-1= fR(-riS(P"c)@w,)-<T(PNc)y-1 A;c 

, BtM:-(_; {f1/"+iStP111fli""l-'1f P11ij-$ff>";J(;JN;t'YM:fp>-·J-tr#} 

4.'1 

4.5 

Let's introduce the •transfer· matrix AN and BN according to 

the expression: 

Jrjllti-= A"1.N+ f3N Lt. 6 

With the substit1;1.tions in the basic expressions (3.10) we 

obtain the rec~ri~nce equations for the matrix AN and BN : 

6 

l 

AN-{==-(!="''+ (/"A"")-ff'..r,. 3AI-;_ (F~ G#A 1·•)- 1(CA-'fl~HAt) 1d·) 4.& 

Now we use the boudary conditions at the left end of the 

structure. Let us assume 
i t= o., then from the formulae ( 1 .5, 

1.6, 2.7) at N=l. (3.6) at N=2 and (4.6) at N=3. we express n
3 

in terms of known quantities ~ni: 

,f-3: { M/A 3_ f1/-/,\lc!1)(1J1)-tr(d1}}- ~ 

~ {1~ f d1J f'!-r t't (cl')(;? 1-11 1(t1tJ-42 
,B 3} 4.9 

For the known Ci and CNc we determine the "transfer· mat­

rix AN, BN and ; 3=r,2(0). Using the formulae (4. 6 ) we obtain the 

;N ( N=3,4
1 
••• 2N ) and the fields inside the arbitrary irise. 

c 
From the matching formulae (2_5, 2.6) we obtain quantities 

YN(O), YN(pN) N=2,3,·· Ne) and the fields in an arbitrary cavi ­

ty. This method requires the inveTsion of the imaginary matri­

ces (FN+ GN ~N). We propose another way in which the matrices 

(FN+ GNAN) are real. 

From the basic equations (3.1) at N=2N - 1 we obtain: 
c 

1_t!Vc-f= ;f tt11~-tf.tN-:l+ 'jJ,2M.·-.2.+ f!/Aht. 

where 

If ~A!{·-'1.. ( ,,., () ,. , ft = - F ,,LIV~ -; - f E .flV(' -1 

g:We-t= - (Ft.'{·-1-111:~- f 

13 .tM-1. = B .! M_. -£. f ;l.A/e 

gw.-2= _ (F1At-t)-t Gitfoc-t 

7 
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Using the substitutions in the basic expressions (3.10) we 

obtain the recurrence formulae for determining A~B~S~ 

i"''= AN-(iN-1//y·-f -t 8N-tf :l.Nc. 

where 

Ji.N·'=-(fN4-U-Njp.1)-1EAI 

gw-1-=-- {FN+ C/'AN)-1 (G-wB#t-H'•') 

e/1•
1=- ( Flv-t r;M 1+rv)-f r;.1v'8 N 

11A5 

Lj,fb 

11 .. R 

4.1~ 

d f 
. h f . -N,M d -N,M d. We e ine now t e "trans er" matrix A an B accor ing to 

the expression{M.:). N} ! 
1M= A"'""1fN~ '(JA1M-f-Blvi/v1f 2M: 

41v;M= rtA"i 'Pf~iAL,MBL-f;B~~.g_AL,MBL-f; AK'~I 
"" N' L= Nd L=- ~./•( 

We can rewrite (4.9) in another form: 

1~ = Ji -t fl_ hzVVc 

where 

A= f Pit A3-Mf-tS(d~){A~)-1T (cA93-t ',: 
x t'-S'(cl 4)C1 *~s fci~){~ 1)- 1 p1 {eJi)- MfR?j 

fl ~ 1[ S[ei~)( A iJ-1 r (dt) + Ri-A{A33-1M}5?, 

4.19 

4,W 

4.2.1 

4.U 

4.'l3 

Substituting the (4.21) in the (4.19) at N=3, M = 2N -1 we 
c 

obtain: 

?f-M:-f= A3,~Ji:-t(fi./j;_1_Vve)+ 'g5,~-~ B3,m.-t f~c '-t.24 

or 

-8-

1..tk-t=-fA3,v."-r J1 -t f,3,2A·- ~li1"::-t-A3,JAl.·-tj-r p;~,t-t_.. 1 1t.2S 

(4. 25) and (4.~) qive n ZNc: 

1~= {t~~1'Sff-4•)(/7"")-r7' ( f"'9-fi./c:[ja,fl-tve-:,z t-B"'~,,,-, ]j-1
t 

x ff1>4l:[A?\1-Ne-iJi--+Pf v.c-<]-;S(Prv"){N~ J- 1 lr""'{pN:)-1 'tfl(J j 1t. 26 

-ZN -3 
At the known n c, n and "transtP.r" matrix WP. rlP.termine the 

fields in an arbitrary point inside of structure. 

The numerical calculations require the cuttinq in the mat­

rices and vectors with the infinite dimensions. 

The truncation number Jc can be obtained in the calcula-

tion p•ocess. 

The author would like to express his thanks to E.M.Laziev 

and V.M.TsaKanov for constructive remarks and helpful discus -

sions. 
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