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It is well known that critical phenomena are closely
connected with <the Behaviour of the nonr~-linear dynamic systems
[1]. As an example of sucﬁ connection we can consider the exact
solution of models on the hierarchical lattices. The simplest
among them is the Bethe lattice, an infanitely branching tree
with all sites having the same.coordination number. Recursion
relation obtained oﬁ that lattice can be identified with the
non-linear mapping in the dynamic systems, and properties of the
model depends on the behaviour of the iteration sequence {xn} in
the thermodynamic limit n - .

In our previous papers we considered the fe}romagnetic Potts
model, spin~-1 Ising model and gauge Potts model on generalized
Bethe lattice [2-4]. In all these cases the states of the system
are determined from the sfable fixed points of the recursaive
sequence. The presence of more than one stable fixed point means
the presence of coexisting phases and first order ©phase
transition taking place when free energies of these phases become
equal., The second order transition occurs in soﬁe models if theée
new fixed points arise continuously from old one.

Another picture we obtain for antiferrémagnetgc models. In
this Letter we consider antiferromagnetic Potts model on <the
Bethe lattice in external magnetic field., On the bipartitce
lattice we observe the second order phase transition taking place
through so-called period doubling bifurcation. Fixed pcints of
the recﬁrsive sequence({xn)_no longer corresponds toc the states
of the system and next iteration of recursion functiion must be
considered. Such behaviour one should naturally connect with the

division of original lattice into two sublatticzes.
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Antiferromadgrietic Potts model {5] receives a great attent:ion
recently as a model with interesting: an unusual critical
properties, such as zero-temperature residual entropy and
macroscopically degenerate ground state with algebraic decay of
correlations (6-8]. Much in the behaviour of this model still
remains in question and using Bethe and other simplified lattices
can provide a piece of additional information.

Potts model in the magnetic field is defined by *he

Hamiltonian:

x<-KY & -hZa (1)
»L_‘ a,,d, ﬂ,l,l

<ig> r '
where c, takes value 1,2,...Q, first sum goes over all edges and
secaond - over all sites on the lattice., Besides we denote:

K = J/kT h= H/kT

and K<0 corresponds to antiferromagnetic case.
Partition function and per site magnetization can be written
respectively as:

4
T = }:exp[— ——) = }:exp{K }: &
kT (53 1

{0

o+ h }: 60.,1 } (2)
3 At

<ij»> 1
) X
M = <5(a,1)> = Z E: 5(ﬂ,l)exp(~ __) (3)
(o) kT
Bethe lattice with coordination number Y+1 may be considered
as Y+1 separate branches connected only in central site. Thus on
the lattice, containing n generation partition function of the
model may be rewritten in the form:

R A L PREN L (4)

a
(o]

where % is the central spin and gn(ﬁo) is the contribution of

each lattice branch. The latter is obviously expressed through



gn_l(ﬂi) i.e. the contribution of the same branch containing n-1
generation and starting from the site belonging to the first
generation:
1
g la,) = Zexp{Kb(Un,S) + h5(ﬂ,,l)}[gn_l(0,)] (5)

a
1

Introducing a notation:

o#l
s (o
n
the recursion relation (5) can be rewritten in the form:
e + (e¥iq-2z)x7
Xn=f(xn_l‘. where f(x,K,h)= o » (7)
e + (Q-1)x

x has not direct physical meaning but through it one can express

magnetization M:

h
e

M = (8)
e + (Q-l)xy‘1 :

and other thermodynamic parameters, since we can say that x

determine the states of the system.
Fixed points of the iteration éequence {xn} in the

thermodynamic limit n - v are the solutions of the equation:

x = f(x,K,h} (91}
and they must lie in the interval:
K
e #9-2, , (ot (10)
Q-1
Unlike the ferromagnetic case (K>0) [2,9] in
antiferromagnetic model the recursion function f(x) is

monotonously decreasing for all values of K, and h and hence
equation (9) has always one and only one solution x . This means
the absence of coexisting phases and first order phase
transitions.

However at low temperature T<T* this single fix point Xq
become unstable:

g; (f(x.K,h)) < -1 (11)

xmx
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Antiferromagnetic Potts model [5] receives a great attention

and so-called period doubkling bifurcation take place: the
recursive sequence {xn} converges pow not to the single fixed
point but to the stable 2-cycle {X1’x2} (fig.1). This fact should
be readily explained as an arisement of two—sublattiée rhase such
that X, and xz.determine the states on each sublattice.

To describe the situation now we must consider the second

. . . ¥4 . .
recursion iteration f°{x}) = f(f{x)), since the stable soiutions

of the equation:

£%(x,K,h) = x (12)
corresvonds to the 2-cycle point X X, of f(x). Equation (12)
can be expressed as a function h = h(x,K). This function at some
temperature T<T* is shown on fig.2. In the critical behaviour of
the system we observe three different cases:

a) at h>h (1) and h<nl?

{T) equation {12) has one solution
coinciding with solution of (9). System is in the disordered
paramagnetic phase with no sublattice‘d}vision and zero staggered
magnetization.

b) h!(T)< h <n'?

(T) corresponds to the region of doubling
bifurcations. We have the antiferromagnetic ordering, which
implies the division on two sublattices and non-zero staggered
magnetization:

s

M, = 3 (M(x1,K,h) - M(xZ,K,h)] (13)

¢) For any temperature T<T* there are two points (hil),T) and

{
c

(h D,T) {points A and B on fig.2) at which system undergoes the
second order phase transition from disordered to two~sublattice
ordered phase. Staggered magnetization turn to be non-zero
continuously in this 'point and’ staggered susceptibility Xs =
8MS/GH diverges.

Having in mind these properties we can describe all critical

picture of the model analytically. Thus T#* - the upper bound of
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temperature at which period doubling and hence ordered phase are

possible is given by expression:

'l ' 2 -1)?
exp(J/kT*) = 5 2-Q + V/QQ_Z) + 4(Q-1) L%IT) {14)

Phase diagram of the model contains the critical line of second

order transitions which consists of two branches hi”(K) and

2)
h (k)

(1,2)
h

c

(k) = ylau'1' 2 4 ln[eK+Q—2 - (Q—l)U(1'2)] - ln(eKU(1’2)-l]

(2)

1 .
and U( % U are the roots of sguare eguation:

v? - ((1+1/7)A + (1-1/7)B] U+ AB =0

where A and B:
A= 31%9{3, B = e
coincides with lower and upper bound for x (10)

In ‘conclusion we would like to mention that only one period
doubling take place in the model, since s;cond iteration function
fz(x,K.h) appears té be increasing for all values of K and h.
Only adding the next nearest.neighbour interaction term in the
hahiltonian (1) allow one to obtain on the hierarchical lattices
the full bifurcation picture including chaos, period-3 windows,
strange attractors, etc [10-12])., However we expect that béhaviour

of the Potts model in this case will be rather complicated.
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Fig.1 Period doubling bifurcation on the plot of recursion

function f(x} at T<T*. Values Xy X corresponds to

2

stable 2-cycle of iigration sequehce (xn}
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Reduced magnetic field h versus x plot at some T<T%,
So0lid lines describe the stable states of the syobem,
dashed line qorresponds to unstable fixed peintg.
Closed loop on the plot corresponds tn the region of
period doublings; A and B indicate the points of second
order phase transitions from disordered to

rwo~sublatiice ordered wvhasoe.



The address for requests:
Information Department
Yerevan Physics Institute
Alikhanian Brothers 2,
|¥érevan, 375036
Armenia,

H.C AHAHUKAH, A3 AXESH
AHTUOEPPOMALHUTHAR MOJFIL TIOTTCA. TOYHOK PEEEHWUE HA PEMETKE BETE.

Fepakrep A.C.Koeus

TerRAUCSKIE pelaktop A.CLAOpansH

floarucano B rievaTi 02/12/1993 Pcpuar  50x84x16
OfceTHas fedatb. Yumsp.a. 0.5 Tupax 100 3ka.
3ak. TUIl. No370 Wunexc 3649

OTnevataHo B EpeBaHCKOM PU3IHMUECKOM HHCTHTYTE

375036 Kpepar-38. yn. BparTberR AJMXaHsH, 2



HHAEKC 3649

Preprint YERPHI-1412(23)-93

ANANIKIAN N.S., AKHEYAN A.Z.,

THE ANTIFERROMAGNETIC POTTS MODEL
EXACT SOLUTION ON THE BETHE LATTICE

The antiferromagnetic Potts model in the magnetic field is
rigorously considered on the Bethe lattice by means of recursion
relation. This allow one to study critical properties of the
model as properties of iteration sequence {xn} in limit n » %, We
observe the line of second order phase transition, taking place

a8 a period doubling bifurcations of recursive sequence.

MpenpusT EpdU-1412(23)-93

AHAHMKSH H.C., AXESH A.3.

AHTUOEPPOMAIHWTHAA MOJIEJb MOTTCA
TOYHOE PEINEHME HA PEUETKE BETE.
AuTudeppomMaruuTHas Monesb [loTTca BO BHeWHeM MAarHWTHOM Tojlie

TOUYHO peueHa Ha pelleTke BeTe METONOM peKypPPEHTHOID YDABHEHUs. 3TO
NO3BGJIIET M3YUUTb KPUTHYECKWEe CBONCTBA MOJEJM Kak CBOWHCTBa
MTEPALMOHHON TMOCNTENOBATENbHOCTU {x_} B TEPMOLUHAMUYECKOM Npeliee
n - = Mbl HadmopaeMm JMHMO HasOBLIX MEpPeXOAOB II poja, POUCXOASUUX

Kak Sudypralus yIBOSHMSI nepuona.

Epepanckunit dusuueckuit UHCTUTYT

EpeBan 1993



