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1. FORMULATION OF THE PROBLEM

In our previous wark [1] we considered in linear appro-
ximation the Coulomb field effect on focusing and self-focusing
of electron (positron) bunches, moving in overdense plaswa in
presence of strong external magnetic field Bo applied along the
direction of movement. In present work we consider more trans—
parent, in mathematical sense, case of the driving electron
bunch moving in cylindrical plasma wave—guide with the conduc-
ting internal surface. )

Thus, let us consider the cylindrical electron bunch with
the length d and radius a, moving in an overdense plasma fill-
ing up the cylindrical waveguide with the same radius a aﬁd
conducting internal surface. It is assumed that the bunch is
moving with the velocity v, along the waveguide axis. We will
consider statiomary state of the system (steady state) when all
the characteriétics of the system are functions of 1z = z—vot
and r. Plasma ions are in rest, and hydrodynamic velocities of
plasma electrons have only one component V.= V.- 1t is
possible to realize by applying a strong constant magnetic
field & (o, O, Bé) along the axis of waveguide. The strength of
the magnetic field B° shou}d satisfy the condition that Larmor
radius of the plasma electrons must be smaller than the plasma
wave length and/or radius of the waveguide. In this case the
transverse motion of the plasma electrons 'is not essential and
it is possible to assume that blaema .electrons have only
longitudinal component of the velocity different from zero. The
distribution of bunch electrons n;(r.;) is uniform along the z

and
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The sought quantities are the components of the electric
field €, and E_ and magretic field B E~vave). Introducing
potentials e(z,r) and A(Z.r) and using the Lorentz gauge we

come to the.following system of equations:

3(Z,r) 1 ez - :
r&—[ ] —;;——02:-2—-- - 4ﬂ8(n°—n.(z.r)—nb(f)). (1)

2l -ppt ) = e L (2
a2 .

;vzncz az

—(v(z r)—v )n(z r )=0

- (3)
ve‘/c
where p = —~————— -~ .dimensionless momentum of plasma
fl-vz/cz
e
electrons, n.(;,r) - plasma electrons density. n,- plasma

electrons density in equilibrium, which is equal to the ion’s
/2 ' .

density, ¥y = (1-3) ~* . 2= volc. Assuming that at the points

z = zo. where p is equal to zero, the momentum p(Eo rY) = poand

ne(io.r )= n the system of the egqs. (1), (2), (3) reduces to
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nonlinear equation for potential § = inside the bunch

(4)
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where k = £ > W= |——— . The potential & outside the
p Vo P - m : .

bunch is found ocut from eq. (4), when nb°= 0. The boundary con-

ditions on the internal surface of the waveguide are ¥ z,r =a)=

#(z,r = a)
9z

= 0, = 0 and far enough from the bunch front

Lz +
_2§£LL£1——-22=0. From the eq. of the motion
a9z ‘

(2) it foliows that

&(r,z+ + ®) =0 ,

o = % ip1+8 )7 (143)%- 17,24 (s)

and for the plasma electyron density from the continuity eq. (3}

it follows

n—n(_i’r):—n_Pl___.znrz 1—___[?(__1__'—?_)___ . (5
. o e

o; [ 2 - ° / z 2z
1+p° -p (1+3) -1/y

.FIELDS AND FORCES IN LINEAR APPROXIMATION

fJ

In the following we adopt the linear approximation, when

¢ = __222_ « 1. Then the linearized eq. (4) for potential will
mcy

take the form
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The potential outside the bunch is described by eq. (7)

- with no= Y ve represent the solution of the ea. (7)), with

the above mertinned boundary conditions, .- “anke!l transforma-—
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where x = z-d, un - the rvoots of the Bessel function

I (u_)=0.
o] n .

Multiplying (7} by rJO(yn) and taking the integral on
v from O to a we obtain the following eq. for the Hankel trans-

“form ;b(x) ingide the bunch {-d£x20)

az;b ¢y )z n I (u )
- 2o Z ;b - im bo kszyZ 2 "n (10)
ax P Mo P pz

n
it is possible to obtain both Hankel transform p+(x)

ahead the bunch and Hankel transform 5_ (x)} behind the bunch

from eq. (10), putting Ny o7 0.
Lo}

S :
>0 in eg.-(10) the solution of

When coefficient z2=k2~
n p

the equation is periodic; when u:< 0 nonperiodic. Peroidic
component which exists only behind and inside the bunch
represents the wake field; nonperiodic component which exists
everywherg not too far from the bunch vepresents the Coulomb
field which, as it is known (2], is nos Debay screened in
plasma when velocity of the bunch is much greater than the
thermal velocity of the plasma electrons {which is the case}.
The sum in (8) will contain, therefore, pericdic {up to some
number n £ n’, where n’ is defined from the condition Moo=

= k a/y) and nonperiodic terms {(mn’ ). When a-® x: = k*o and
P 4



. k.a
“nonperiodic part in (8) disappears. When u < —5_ @ = 2,405 in

-(8), then periodic terms are absent, i.e. in "narrow” (Kpa ¢
“17) waveguide the periodic waves are not excited.
Assuming
dp (r,x + o)
(r,x + ®) =0 E. (r,x » ®) = - —& hd =0
LAY " z+ " rz ax
and validity of the potential and fields continuity conditipn

on the bunch front (x=0):and it. rear end (x=-d):

9+(r.x =0) = pb(r.x =0), ¢ (r,x =-d) =pb(r.x =-d),
b b (11)
Ez+(r.x =0) = E (r,x-—=0), Ez_(r,x= -d)= E(r,x= -d),
we come to the following expressions for longitudinal

E = — L gf and transverse E = - QE fields inside and out-
z rz ox r ar

"side 'the bunch
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.
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z— 2 2 _2 n n
¥ n=1 x4 I (u )
nn 1 n

6



-z

. ] .
n'4s 2 pn.J!(pn) \ 2

FUCTRA LN,

(12c)

r
n I (p =) ()
E = 24 - Z ;‘—-—a——z—.n cosx (d+x) — cosx x |-
r- a n=1 zy Jz( ). n n
nn 1 ﬂ
: s x' (d+x) ®’ x
_ ; Jx(yn E)Jz(kn) e "A - e”
n'+1 n'zp Jz(y ) >
n n 1 al .
» < x < o
(Y’ [(ar
where 2 = p L 2 J , 2 o= [ P
2m nbo 2 2 2 2 ?
A= e _FI; kpvor . kp_( Har r/a) =o. {13)

From (12c) it is evident that when und = 2.nk( k= 1,2,...)
corresponding periedic component of the solutions behind the
bunch is equal to zero, i.e. the component of the wake fieids
at this condition are not excited. When n,t. 2 satisfy the
condition k° —p Y 2a° < o periodic component is completely
absent in sume (12a)-(12c) and only static (nonperiodic) fields
moving in plasma with the velocity Vo of the bunch exist in all
regions of the plasma and this feature could be used in the
beam transportation problem. The forces acting on plasma
electrons inside and behind the bunch consequently have

the following form

(-2
-10'

b .
v
*

b b-
By = -e(1- f3 B)E_ (14)

Olm
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e - - -
f=-e ,f =-eE + E~v989 = —e(l—BeB)Er_ (15)

where =¥
Be es/c

The forces acting on the bunch electrons are the

following
b b b 1) eE:
fzz—eE,fr=—eE+—vaa=-e(1—ﬂ2)E :—;2— (16)

s b
It should be noted that petentials P, ¢, and transverse

fields Eb, Er+ are prapertional to the square of the Lerentz
r -

factor ¥ (up to y. a kp/pn, #n 2 0), the transverse force f:
ig independent of y due te the compensation, arising from
azimuthal magnetic field Bg = ﬁEE_

However, the force acting on electrons in the wake
f; = ~e{1~ﬁ;ﬁ )E:_ in the considered case, when §«1, | | po =
:% « 1, is proportional to y% The force f; will also act on the
witness (to be accelerated) bunches. in wake fields., if its
ﬁw(ﬁ' The siagns of the f: and ff define the focusing (-)
and defocusing (+) characters of these ¥orces. In the middle of
the bunch (r=0} and when a-® E:, E = 0 due to J‘(O) = 0 and

P

R b -
the focusing forces f and f are absent
r T



3. BRIVING BUNCH SELF-FOCUSING CﬂniTlﬂlS
The tetal charge and current densities ineide the
bunch (-dSx$0) are the follewing:’
Qp = e(nofn.-n‘). i=-e nVv.* n.v.) . (17)
where n and n -n (r,x) are given by (A) and (6). Frem (&),
» o e ) -
(17) and B = p/%+p‘ it fellows that j=v G . e that where

total charge density CI' =@ the current density J is alse
equal to zero. If total charge density l' is positiye. then
in this region we have focuaing. forces fer electrons. In con-
eidercd case & « 1} and tstal charge deneity

9= - e"b{by#:_j ‘ (18)

The condition of the fecusing farce existence is therefore

.l'/ﬂn"—>1.l=°' .
n. z

nc ¥y )
n Iy =ME(un) :
pt’:;_\.q T °z"? (1—c.oahx)— (19?)
"=t LA ’(#h)
r 2 x -’ (d+x)
) ; ACRES AT [1 e" s+ o " }}
,2 2 - 2 *
n=n’+1 * n pn J:(“n)



~-dsSsxso,

where A is determined by (13). R S
Condition (19) defines the comson sign of the fielde and forces
given by the sune in (12-16). However, the terms in series
- (12-16) are slgn changeable and, in general, it is impossible
to obtain analytlcally the sum of the series.

From physical reasons and from the results of (11 one
can expect that the Coloumb (nonperiodic) terme in serieé will
" have defocusing property, and periodic ter-ms at certain
conditione will determine the presence of the fecusing forces.
The estimates, done below for some particular cases confirm
this point . -

The cot tion for existence of the periodic terms in
2 k a
sclutions (12-16) L 0 or at least —;— > p‘(pl= 2,405 the

first root of the Bessel function Jo(“;) = ‘0) is rvestricted
enough and its fulfilment needs the use of wide bunches or
~ (and) sufficiently dense plasma foi focusing. ‘

tet us consider a few numerical examples using I1nput
parameters at ANL experiment [3], where for the first time
the self-focusing of the relativistic electron bunch meving in
plasma column was demonstrated. At the begir;nim let us
consider . the flelds and forces inside the ’ bunch. " dhen

n =3-10 ®ca ?, a=0,l4ca,

7-42(E-21Hev) [3]1 the value k’?a = 0,03 « B, ‘and thevefore n’= o,
80 that the periodic terms in series for fielda and forces are
abesent . When H, <|:Pc/y < K, ln (1.2b) only one of the ~peno_dlc§1
terms with n = 1 remains.

Let us take n= 3'10"cm“’, leaving the other parareters

1p ' - ’



the same.Then the nonperiodical terme ir( 12b) are small and the
'lgading contribution in éeries for E: and f: in the expression
(12b) and (16) is made by the first periodic term with the n=1
and we have the- following approkimate formulae for the field:

: Y
n J b: - ]J (W)
EP p4m b0 222 al1a )2t
r ea n. P .2 2

(l—cosa‘X)‘ {20)

Field’s gradient for u g« 1 when field is lineary

dependent on r is

ftA E:
G = ;= - z {(20a)
\vd

z - C .
and when nb°=2.5'10i cm 3 (which coinsides with the value used

in ANL experiment), u_ % X 0,1 the amplitude of field E: =
= 4,9-10°CeSE =.1,5:10° Y and & = 4,962 . However, if n =

16 -3 M 47 -8 cm : bo
2,510 cm = {and n= 310 ‘cm ) the field amplitude and
gradient values increase: E° = 1,47 10°~> ,6 = 4,96-10° 22 |
. r cm cm
It is possible to obtain even larger values of transverse
field and its gradient by decreasing the a value and
increasing n, and ¥ because E:~ yz/a and G. —12. (v~ a).

a

But it is necesary to preserve the kpa/y > “1 ‘condition,.- to
keep in. the sume the small number of the. periodic terms. For

example, if y=10%, a=10" cm, n, = 1,7-10%m 7, pn—g-« 1 6 =

n
&5 nas » when L
cm

102

o]

Gerterally, the x—dependence of E: is complicated. Hew—

ever in the above considered case when it is possible to ap-

proximate the sum by only one term (20), the x-dependence is

11



simple and siven py' the f?ctor (1—ces zx).
Thug, around the points where 1-ces ® X £ 2 focusing takes
place; when 1-cesx x % 0 the repulsive forces will prevail, due
to the nenperiodic terms which -are neglected in. (20), when
fécueing fields arg large. Therefore, the 1lone beam u‘d »
1 will be bunched with the period kb=2n/u‘. When u‘d <1 the.
focusing of the bunch will take place. In considered case (20)
the nodependence of the field 'E: is simple: é:~ l/né. In
general case, when terms "with the different x are qeseptial
in the sum, the E:(no) function is more complicated. The
longitudinal field E: insife the bunch, when in sum (12b) only
the first periodic term is eesential, is
r
E: X - — 2—— kv :Eéji—éjffiitl sin ® x (21)

14 2.2
° xi“iJi(ui)

The x-dependence of the E: in (21) is simply given by a
factor sinxlx , —d < x £0,s0 that for the 1long bunch, when’
nid » 1, we will have the regions, where bunch elecirons are
deaccelerated (sinuix(o). accelerated (einx‘x>o) and pushes
aside by Coulomb forces, when sina‘x X O.KFor a short bunch,
when x‘d « 1 and (21) is valid we have only deacceleration.

The r —-dependence of the 1longitudinal wake field (21)
suggests the idea proposed in phenomenological approach to
plasma descriptien [4], to use  for acceleration the narrow
driven beams (ro« a) moving along the waveguide axis in >order

to increase trasformation ratio.

12



Hake fialde and correaponding forces are gi
(12c) and, ;(“us"';j, N'c")'r'\periodic‘ ter.ui,s; ifi
to exp (am(d-w)) and exp (xnx) are snall fmr X, « -ﬂ-:_é.'f: "evenz
for the distances nat too far from the rear of the bunch they
are negligible, compared to the periodic terms. The periodic
terms are sign changable; the common sign, which determine the
character of the forces, acting on the plasma or witness bunch
electrons in general, as it was mentioned above, is difficult
to obtain.

In what follows, we discuss a particular caée, when
plasma and bunch parameters are chosen in such a way (see
preceding section), that the main contribution comes from the
first tevm of the sum with n=1. Then the expressions for

transverse and longitudinal fields take the following simple

farm
r
n J(p =33 ()
E = 4m _bo kzvz z 1 1a [ cosa (d+x )-cosx x 1,
rmooea ny, P w Jz( ) t :
AR
n TCu -)3(u)
E = 4m _‘f_kz vz ¢ _ta 2 [gine (d+x )-sinx x] (22)
z- e n 1 1

p © 2 .2
° ®H Js( Pl)

It is evident ?rom (22) that the fields can be focusing or de-
Focusingf accelerating of deaccelerating depends on the phases
#,x, # (d+x). When n = 3. 10*%em™®, a = 0,14cm. y = 42,
n = 2,5 10%m? and r = arz Er_:l,s-lopv/cm, Ez—:

4,5 -10?v/cm. For ,uﬁ——;-=0,1 &K1 Er_a“: 1,47.108v/cm and transve{'se

field gradient is

13



fF £
= - I{1-Ap) =0,7-10
\ g e

er

2 MGs
cm

As it was noticed above the field gradient is large due to the
equare of the Lorentz factor rz presence in expression for Er_
which in case, when Iﬁel ~ %— « 1 1is not canceled because of
the absence of the compensation, originated by magnetic force.

- Let us consider the case, when the witness bunch with
the energy smaller than the energy of driving bunch (ﬁv(ﬁo) is
injected in the wake field. If the length of the witness bunch
is smaller than the length of the wake wave kw=;%£ . it is
possible to inject it in such a phase of the wake field where
the witness bunch will be accelerated and focused at the same
time (see also [5] ).

The focusing could be strong enough due to the factor
yz, preéent in the expression for transverse field and its
gradient.

The similar situation will arise in the case of the
positron witness bunch, injected in the corresponding accele-
rating and focusing phase of thz fields (22) with ﬁv( ﬁo velo—
city. In addition, when 'positron bunch 1is injected in the
vicinity of the driving electron bunch rear the Coulomb fields
of the dtivina Qpnch will also give an additional accelera-
ting contribution. However, this last case needs more careful
congideration.

In conclusion it should be noted that cited quantitative
estimates are wvery approximate and serve only for the
qualitative understanding of the origin of the fields of
different characters, present in guestion.

We would like to acknowledge the attention of Prof.

A.M.Sessler.

14



[11

[21

(31

[4}

s

REFERENCES

A.Ts.Amatuni, S.S.Elbakian, E.V.Sekhpossian, Report LBL-
3483, UC-414, 1993.

N.A.Krall, A.W.Trivelpiece, "Principles of Plasma Physics*,
Chap. 11, § 1, Mc Graw-Hill Book Co., 1973.

J .B.Rosenzweig, P.Schoessow, B.Cole, C.Ho, W.Gai, R.Kone-
cny, S.Mtingwa, J.Norem, M.Rosing, J.Simpson, Phys. Fluids
B2, 1376 (1990).

V.A.Balakirev, I.N.Onischenko, 6G.V.Sotnikov, Int. J. Mod.
Phys. A (Proc. Suppl.) 2A, p. 505, 1993.

R.D.Ruth, A.W.Chao, P.L.Morton. P.B.Wileon, Part. Acc. 17,
171 (1985).

Manuscript was received on June 3, 1994

15



A. L. AMATYHM, C.C.3JIBAKSH, 3.B.CEXBCCSH

$oKyCHPOBXa PEASTHBHCTCKOrC IASKTPOHHOMD
CrycTia B UMAHHIPHUECKOM BOJHOBOAE

“TEXHHYECKWMH PEJAKTOP A.C. ABPAMSH

Moanucano B neuaTs 3/06/84 dopMaT 40x84/16
OgcetHas neuats ¥Y4.uad. a.05 Tupax 100 3x3.
3ax. Tur. N 178 Huaexc 3649

@tneuaTtaHo B EpebaHcxoM dusnueckoM HHCTHTYTE
EpepaH 34, ya. BpaTbes AauxaHhsH, 2



ABSTRACT

The problem on.the focusing of electron bunches moving
with the relativistic velocity along the axis of cylindrical
overdense plasma waveguide with the conducting internal surface
is considered. The existence of periodic and nonperiodic com-
ponenfs of the fields, generated in the plasma is shown. The
conditions of electron bunch self-focusing by trénsverse elec-
trical field and azimﬁthal magnetic field are derived. The pos-
sibility of the acceleration and focusing of elecgron or posit-
ron bunches by driving erecEron bunch wake fféld ‘is' dis-
cussed. The conditions, when the bunch in pldémé waveguide
moves without wake fields generating are obtained, which could
.be of the interest for the transport of relativistic electron

(positron) bunches." -
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