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P·r ep\- i nr Ye1- PH T--t 126( t 3 J ·-9·< 

T HE. FORt1ULAE FO R T HE S E MI -ANi1L YTI CA I. Cl'\LCL!U\TJC! .S 

or- TH e: F I ELOS IN CY LINDRIC AL APERJOoir:: STRt 1cru 1~ C ,.; 

AM8AR TSUMTAN v _G _ 

A8STRACT 

, For mulae are der ived to c alcul a t e t he fiel.d s i 1 1 

cyiinciricai ane r ioci i c s truc ture. Account i s take n aisn of 

fields exc i ted by the acce lerated beam moving at a ve i oc itv 

t ni · 

•.: _, 

c parallel t-0 the s tructure ·s ax is. The f o rmul a e a r e oiJta i:i<;.i 

by t he f i eld-ma t c hing me thod and expressed us ing t ne ·· trans r ~ r 

mat rices . 

YeY- eva n Ph ys i cs 1nst 1 r;u1;:::· 

Tt1 r~ fi..1 rmuili~-~ fo r lh,~ ~~ -:;. : 1-a nu lytic~ l ca l c ul a tions of the 

1 i1:l1! ~ ln 1 : yi 1 r i ·lr ~{:: rll ape r iodic s t r 11 c l:ur en 

lt i s kr1ov:n , ti-l tJ C t ·hr_; neY. C g ene r a tions of the linear ac-

c~leracors of c~1arged par r 1c les are distinguished by the high 

acceleration ~ates( - l ucr: e \.1/m) and large currents of 
accelera:ed particles(-lULlmA). This circumstance requires the 

use of high freque ncy accel e rating fields (-10-~0GHz) .and 

accelerating srtuct ur es with the compact cells (a few cm). But 

the large c urrents o f c ha rge and small size s of the cells lead 

to the e ffec ts of beam breakup. A~ present it is known . two 
tnffthccis for suppr ess i on of t~iese effects: the damping mei;hod ~nQ 
detuned st1~ucture [l ]. 

ln [2] the for mul ae had been derived and carried out the 

semi - analytical calculati ons of fields in detuned (aperiodic) 

cy linri rical s truct ur es f or the symmetrical spatial electric 

morn .. s (ir,o:O). A s l i.g ht i y di f fe;- e nt way is chosen in [3] to 

derive formulae for the fi e ld caiculations a.·( the same 
case( m=IJ) . 

Jn :~: is v1tTrk tv<: ca-rr/ cut the de rivation of formulae for 

ti:t:? scr;11 ~· tn1aiy t:1c ,1~ ca1c i...:.la ::i o n~; o f !:i e lcis in si:r-uct:ures which 

conaiMC t he cylindrica l ce ll s with the arbitrary sizes (Fig.I) 

in tne case of arbi trary spa cial mode(arbitrary m), the special 

cetse for t.;hjch .is the st ru c ture de scribed in [2J ... 

1 . The expa ns ion of fields 

The general so lut i on of Maxwell equations in the arbitrary 



Nlh ce :1 1 1o1e r ep...- esern: as a ~"J"' o f t: l..i o ~~0 :1 1 1 r, ion G :: p:1·1-r-. i cu:la1 

soiution of inhomoaeneous e quaT. i o n s ,".J r: r; 1 1t'.·!n r~ ·( a ·1 · !J : u;: inn o f 

homogeneous equations. we wi l l nor. c :Jns. i oi:~: l ~,~ ; e t he 

inhomogeneous sol ut ion in detail, b F.'! GiJU G('! i. t: aepr~ no s o r 1 t hF! 

concrete distribution of current of t he accel e r a t e d c har qe s , 

bur -we -assume that it sat i sfies the boundary cond itions El 
0
= o . l 

on the cylindrical walls of cell. In append ix we de r ive the in-

homogeneous so luti on for the import a nt pr acti cal c aG c at wh i c h 

point-like cha...-ged bunch moves pa...-a i 1 \ to t he s c...- uc t u...- es ax i s 

with the small offset 6...- 0 « a N(aN i s t ne ...- ad ius of Nth cc ) l ) . 

Now we p...-oce ed to the homoqe neous so:111 nn ri . ! he r- our·-

ier harmonics of homoge ne ou s s oluti o n o n t he f1 ~q 11 e ni:; y 1.v can be 

found using e l ecc...-ic and magnet ic He...-t z vccco...- s wh icn na ve only 

~wo non-zer.o components ~$E,N and $H,N fo...- ou...- case . . z z 
Thus ~N and HN can be found acco...-dinq to ex oressions : 

E"= v (v;p;~J~ r:~f:11+ z 1< (vcf~,JJJ 

HN=- iK[v:f~N] + v(v4}11N) -r fl-~'91 

where PE .,N and TH"N are solutions of t•J ave equtttj on : 
z z 

/j <P:(lf}1 N+ f_i¢:_E{H/,JJ_ . r:pE(H/,_!' A-f(1t),JJ ' •"\.... c...J 
.:: i - 01 ;;.. ·- '+;f; =0, f..= -::-

c. c ' c '--
rl-f,N A-.E I/ (i~ EN '/: E, J./ •) ..,___ ' I E,;V ) h - S° 'f/. I c 1 _fJ l l.. JYIK. 7:- (-' /:,//) e- l {1 JllJ::. 2- -f 

2: - ~~ mx rnJt. "L -+ L,Yll'-

s !,, . hE,N .;/ )/°'"''" 2 ck,E,JJ(C £,Ne, mx £' + L £,Alt-' t11K. :::) 

m,Jt.. m1<. m)( rnK 

~ · I H,11 ~ i H,I.! ) 

4\N==- > J:,~ (c~~ {.. 111mK 2_ c;;:i -e_-ll7111K ~ + 
. 1nfii_ 

- S c · I HiM c I H N ) -+'Z. cp1-1,N(Cff;ilf..ih111K. £ _ &--(JI,/./ a·-1'11m~ £-
m,K mt. . mil. .. mi< -C.. 

2 

1. f 

1. 2-

"/.3 

1.4 

1.s 

4 

,bE(rll1'1'=- '1 (a E(H),~ )cc~lmct') 
I 1)\ ii. .J\'Y'\ J rr11( 'L \ 

5.~ ( Hl,l'i = -j (g f(H),N ) S~n .. (n1 f) '-\J •' ! '- . n1 Ml'- 'L 

1 ~E l K),l1~ G _ (j:Lt;.(Hl1N 
\,"'" - '1K' <lm11. 

--- -, 

\
E(c1J,1./= t Jale(Hl,N_ K:l 
lr111. ilm/I. 

"'l'lM-

)'\..~(.<,. 

} 
Rt- ql.E(H),N).:.. 0 

d rnK 

Kt- ~Zf:'(H), JI< Q 
mK 

qf,1'1:: \lm)(. • 
J Jl1il. n II J 

\JC 
~H,IV= },!a!; Jm(Yrnt<)= J~ C~11K)= 0 

IYll< Q)/ 

cC.S) = 

-1.6 

1. 7 . 

He ~ e .Jm ff>'e Besse l functions, f'E(H),N are constant s . The sign 
\...i~K 

( - ) be f or e chc second terms of sum ( 1.5) and also the 

c orr c:spondcnces c~,.s~ 
c { c) 

a're chose n fo...- convenience.I he 

fun c ti ons !l? Em>.Na lready satisfy the com: i nui ty conditions 

on the c ylindrica l walls of cells.Fa...- convinience we introduce 

the us ual not a t i ons : 

C(s' I ' c.(s' ) I EM ,fl C{S) . l E(lll,JI 

XW/),N('l):: (E{Hl,IJ t.7th.ml(. 2: ~CE(Hl1W 0 -<1tm1<. l i.8 
)) \ )'... /)\j(. \..... + l'YllL \.... 

WI I Xcah11~,, .. y E(.~)'\ '1:) = ({ ll)l (2-) 
- m~ I ;t 

( 
1. 9 

Acco ...- di n9 t o the (1.1,1.2) for the fields inside the Nlh 

ce i 1 L-:e have : 

Ef,h ' (f iz 't "K-)=2. ~lE,N [,tE,wxc E,i'/ (~)+ 4E,N ~E,JJ('J} 
;: 1 

1 
1 · m,/mil . Ti\'11(. Ill!< ml( t111(. J 1.rn 

E~'w( f, ?.., 9:, n= 2 [ ~:N Jm~N(l) + ~~~)/ Y!:/ (iJ] 
fn1K ~.11 

EE,!( (t, 1,1,n~ 'Z1 2.rn [1>r=,,.; <.JE,f/(£)-5.J,J/ ;;r=,NrzP 
'f r~,!( rn >< J ml!.. I mJ( J m/I. '.J 1.12. 

J 



. , tfc'f/(·<f '7 ::J. [)c:O 
I :t I l-1 "I 

, 1 E,,.,· (i rz 't:. ;)):::: ;_ f 2-_m rJti;.;x E,N t~) +-$£,;,' /..E,"'li ) n.-z. / 1 1 '-- 'l. ,n ii. L rnK 111,;:. ' »i1'- m1< 
1 

I 

. £!,(' :~ ;, ::Z •'°;) ,,.__ r._~ ,- Al CE. S J: -f-/./ 'r; 1-1 ~,1- ::::.-LK2:_c<p/c11vx )l('ft:)t-rA'E,lv' xt::,11(£) 
1 rn,K. 11'/K 1J1r. 't"rnk 1111< 

II.Iv'(, "') 
/:./ l fi Zr l.1k = 0 

"- '$. S' c (" 11,AI '- _ _f,_ m H;ll H N' 1 !V 1-!N' ; Ei ff; 'l;f:,K.}- ii 2.1<'. /1H,!1 /3 mx Xi!< (.'l:)- ¢.l:nK~~ fl)] 
rn, m1t. 

f :!//f, '2-1 2:1 K)=K2_-,£, L¢ W,1v}H,N'(£-)+ J.111,;v yfl,lv'(~}j 
r /lJ I<. I 11,N 111 I< IJIK '!-' /11 K /111< 

I /I/)')( 

H~//(~ 21 ~ )Z) ==- l ·--.,. k r :/.H, 11 \7H/l(,fl 1 1 fftl/ J..1-1t1?·)~[] 
r: .c:_ I /t,N' l 'r1.nK J /i!K 1-f '1>r111< m.< :CJ m,1< hm)(.. 

11fltJ111.f. rz ~ Z)= . ~ 11N/ r;/~?,11Xs H,N(::t)-t !/,1111N'j,H,Y2c)1 ntz_ l '_, ') I lL_ I) mx. L '1 IJJI< mK '-1-"mK mJ< 'j 
m,K 

Hfl,11/..;, ~ ~ ,(l (_ -c::::;- hl!,N;:_'f..H,»Xcff;/</(:·) _iH,,l,/:f,fl,M.,J7 
'f l . I , I J ==-L- In mt. L '-1/nK mt- :l ·t 'fl>,"- /\ ;11K. ( Z;;_ 

'l n11< 

IJ~ 

;, ·/4 

f, 15 

1.1 G 

1.n 

'i.12 

1.1 ") 

1, 20 

1. 9, 1 

Here by the prime we mark the derivative with r espect to r . 

2.ihe continuit y c onditions 

The continuity conditions for the fie l ds on the t•ansver se 

wails of eel is at z=o and z=tN are: 

£"'" /1/ !. ;./ ""') E~ f'/-f { !. ~) ~ ( ~ 'z,e ) /(. = ';C- ( <ti 'ZI QI f.. 0~1t_{..(:/..t 1.f 

E,t("'~e~l) &(aF-ti)== 4_N1 iv;Q,o) i)&fa1V+f..'!) :2..1 

t; Nii;t~l)(}io/~rz.)=·Ef1f<t; z;~;)o/aN~l t) 2. :3 

ff I{ r~ te~ £J= f11111(ff- 71 o, xJ o ~ ·'z ~ a!l,.; :?... It 

4 

• 

. - . . . . . N . N+1 . . whe r e ror t: rit': t"io <Yr n1 tr a •y quantiti es p iHKl p we introauce 

. . . N . N tne quant 1c 1cs p
1 

ann p
2 

Of/_ OJJQ tJ oN+fo Al 
J 1 - J • 1 t J lY2_ 

p N - 0 II{\ N ON +11~ IJ 
JJ_ - J G':L -tJ l.::1 1.5 

G/=@(ci!'1- Cl'v+i); G'J._N= 6l (a_N+1_ RA!) 

In L~.l+:o:' . 4 Ji and f-t are t.he t otal rieias, iN i s -i:he iength of 

the Nlh ceii . t-r o rn ( :2 .4)J JciH=Qfoilows the condition: 

!\,. ,..., 

'dH'ttv' I ~ -~1/ "-
o:C /r"'1'l, e"';tJ- u2: l(<t; z, 0,1<.J t.G 

As it can be s ee n beiow,the conditions (L.l+L.~).(L.6) and 

boundar y condit ions at the structures both ends are sufflcien_t 

for the unequal determ ination of fieids inside the structure. 

~ . The fi e ids matching 

Mui tiplying (2 . 2 ) by r rL ·cc~ =·~) ( :,> . ~)by [rzcc~~·~J 1, 
a nd inc egr ;,L 1 nci 

c< ~>E,N., , 
[r <pm KJ.l, ' 

N . 

f r ,:. rn "U " to aN . aiso muitipiying (L.l) by 
1 

) . ,- c<1> H,N) . . . _ 
DY r 'I' m K .l anC1 integrating trom ·o· 

to a we c1 0 c l · 1 ·:1 1 ic : 
2 

C(S} ct.~/_ C{~i C(>) Cl.SJ C-(S) 

Rf:.,N ('it:,A' -+ Di-1,JV ., /'r)H,µ = Rt=,Y /i']E;Y-+ 
m/l.N)0 m,1 1\ni,1C 'i ,, ,( l m,1 rn,i(</'),~ lm,,t 

<;<sJ CM <: lS) + K u,N' /'; 11,!V . e,!V 
tn, t{cfJ, ,'l ? 11112 + Pm, 'l{ <f) 

5 

·3.1 



CtS\ cu;) ' cc> ) \: (\l , CIS I 

R 
E(H), Ii l f;tH)1XI _ Rt::(Hl, ~J ) c :H ),N -i- f: E(1-1)Ji 

1'\'i,:c,-t\n,~ - · m, 2: ,'J- ~n·1 ,:t m,2. 

where 
f!(SI , .;:LS) , • C(>) 

/1')£(11),N = ".JE(fl}1 Jt~J(J' v + \.}£(1-1) 1/id(O) [J. !V) ---., 
t-m)f{!.) ./>')1 (G;V10} J !)J ;lf./ l 

1
l CM \'(.\ ! 
t:(H)1 fJ _,,;· x· f:(H), Jl(/I./)\ (I N + x· E(H),.V t ro >(}/~ J 
l'Y1, 1 al m " \::'.{UJ..) rl! I ~ (, ) 

\/ _ /Yrr~1)' . v == (Q<11<)1) 
Jm ~ \ (~n,~, ' (\)YI - ~ xtt-

The mat ri ces R and vec( nrs P a r e : 

C(>) Q '7' ( ) I ) I Z )), J_ 

(. R t,N ) :::-hJ_.1!.0.!J.!!:~!!.-:0-~. _!!'_I}_ 
fYl-7:\ Kh. (JfJ.. J:l iJZ ) -r ( 1) ;·1 1 

1 ' ·:nK - C:X f\J J,J lfL Jm •( L·n i< J.{111<. 

(<~) ) < R~,N 0 
!11,i",?.. 1<11.. = /l, n.. 

C(g) (J 'f I /j.1 I )1 I 3 jJ 3 ; If, )./ 

( R
H,N \ ::-.,1.,Jm (/ mn_IJ(lv V(iv / 1••n l1m11-1...!-.1 _ _ _ _ _ 

M H ) /)I 1 l.Z LI ;/..) /11 J. t.l), (/J ) I ;1,;.; 
1 > 11-1"- I / /Ill< - O<;v /~"rt. ( /, 11 1< -;17 /· 1>i .' n11~ flm ,'-1 2. 

(

l(S) ) ~ 
R~~~ .?..- Kl\= c IJ..i\... 

~'1 (: I )J.~ f}I I I ) J 
E1N =::- ----- -

(

cR'5 ) ) ,;;: . ,-11+f L'.'mn ii? ~· di/./ l//Yll t 

( I)'' \) :!.) ~ m, i,1 11.1i. / m~ - µ,, _," A-

o 'i I ( ' ) ~ CJ,/ I ) I .z )J 3 

(
Rb; ) _ .1,.Jm l/;nn, .J111 /jn,<. <X1/ 1:Xt/ m11 + 

Jl1
1
'"<1?- KJ"\.. (1) .i._ ).{ "J.. I 1)2. 

i.> rH !I / ~111'.- l:XN 

+ lJ,.,,
1 ( J'm/!.rl.N) :z; (v,,,11~)dN3 »mn !/;1;z 

( 11 l ) -I t. 1 .t ) 
J/t?11c - Ml'..lXN I 

r, 

3,J. 

3,_'3 

3.4 

3.5 

3.6 . 

3,':/ 

3. ,l 

), ') 

3.{0 

\ 

(RH,)v' ) =- l'k.J,IJ ). :::- l)JK (-!-- .1n; \ Jr/l"!,,r.. ) d;z1t 
n1, l 1' I<.•'- \ m, 1., t 11 1, .:z._ 1 J;

11
,, J 1

1 
H,N 

,.... ..... . r-. 11 "u~, I 
3.H 

(
C H ).} ) (;; ). ~ ~1 I (,J.J I } '-f (, !l ) I '3 £/ • !<: ' :=: _ [)H,N :: _ !!J.L_ ·/;11 ~ 1!/,k'. rA /.; ;./m ~ NI</•:>: k / 11iK. 3, .{9_ 

M\~z)L ~"'- 1'1, 1 1 i. 1.2.. , / H ifv JJ A:_ L1 ~ d ,:l 
i:.n. ln1;i,:L JJ n11 / I HI'. .,. /v 

(
c . . ) . ~ (ZE1N_ ~ - ' fi ,f.J _ m .l . -

m,'1'11 k'. tl -- (R ll co l )- - ·-;;-- J11 + d0,n K) Jt- 11. 3, 1.3 
l I 11 f:'.h. ,<.. 

( 
<· S '7 I(' 1 ) _, (I) I ) I} QE,/./) =. - ( ot=, ll ) ::(Yl..'1.m.Yr•ll~Jm ,./J1/l.1/<. 1V Vi'nJl 3. ·f4 

m,'{ ,:2 /(f1.. \ f'.m,f,2. iell I I .1. \I :l.. I 1-
YIYll'I- - Ym;c r:xrv 

('Q~,w ) __ _g;;_ :i,,'(J/;1;<.)Jm{!',."")J-f,t, 10_,L__ J, fS 
'" m,ti,I JL11,,- I H1N (v :e 1..!1!-)1-

hm rt,1 mi:: - ./ ml1-

{
cw ) . "' .y , /i.i . . J ) tf, ( fl J/ .e) l / 3 ~f/,N :::- lKd!JL~- - In~ 1111L)/111;i Y,ni:C>( A/ 

m,,t,z 11..11.- /, H,N Ip t _ )J-l 1.x.) 2 " 
'/}1/~ ;l ( ,lll// 1 )'})K O\.N 

+ K J,n(J0_;Ki:X1.-1j_J,i(/)M} (~,~- tit}_ c/A} 
Af/,),f ( l/ 1!. J) l. I :<) ---- .-3. 16 1 t>)ll,,,;L / m11.. - )/l)}J( 0'-1/ 

t (S) _ 1 ]'' ~/" 
E,11___ - -!.( . // Q ·- t (:J • . I l 

P)1,rt(a,"J\Ul E~ ]:z. 8(~ - rz.)- [Ert Id Lcp~~11 J?-'"Q,n.cd' 3Jl . 
,,1;) arr 0,11 

PE,w 1 r; niEQ1 ( "' ) [ Q'J ?r~«:~ ·/J . m,,r::11·ra/'I)''- ) 1~ -r J18 CT;z -'t - Elf 1n4~;1C /1.~chJf 3.18 
t 0 0 L J 

c(sJ 11r oJJ 

P E w •1 (- .L cc'/ 
I ,(. ( - er' - Q .'J - ' ',~ ~· )-, ' 

m, '.t ::: ·1r·] ~ (iJ H 1~1 Jf~Lf2 J -l fl It~ ~P,~',J1.tzo/ lc/Y' 3.13 I "l+I , n1K. l?;t L .i .J 
c~ 00 

P Hil./ ;2 
m, 1 = 1r1QN 1 i(/- -iL~ )l~ lu 11 11,i/ Y 

t l1.t I 11 .t 111 (,, 1nKJl>n;~1.t.. 2n Q N · (0: /-t )}J<. 

( 7 ([v l·l;o] r~Q 7 3l-cu) ] , ' 
x_J J l O'c · J.. - -;;1 ~ _ 1 <Pn~';,_" }i~'l.o{'f 3.:l.o 

Oo . .H,N .. H,N . -· · .. (2 5) The qua ntic 1co n , anc n , are a e r1ned occoru1ng to . 
rnn 1 mn 2 

. N N 
ana et = a /a 

N 2 1 

7 



i n h :. •mi ·· ·~H.'.i\l ~rJ US He-re ~and 8° are the Fourier r ~a; rn n ni cs o f 

solution. Indexes ·1· and -2- ar e de fined a c cor dino t ~ 

For the quantities with the di f fe r e n t index es 

we introduce the new vector : 

~ .= (f3c) 
l 13w I 

F 
. . _ c ( slEOl ) N 

or example, we can write tor two vectors n ~ 
m,i c Zl 

(

C{SJ ) C.(5.) /Tl E,11 
/}j fl/ _ ltr} t f{2_} 

lm I{(/-)-:: Cl>'1rf,JI/ 
1,}Y/ ,-1(1..} 

Let's introduce the foiiowing matrices : 

ccs} c<s' 
RE,)/ • r<:·N' 

/)')I 't, I(.?-) ) il11 'l.,1(2) 

((:;! 

DE Iv' ' 
l\;1,1,((j.} ) 

·· t:. ·· 

0 C(S} rJ _ 

Tm,lc:i.)- C(S) , C(Sl 

Csi>)/IJ 

IY\1 j(1.] t (d . 
DH,); 

( :.~ . :) ) . 

t 1rFi "H"' 

3,2/ 

3.:li 

3,,23. r,iE,J/ I RH1W 
I'\ m, -f, W.) · m, <.f1 {(iJ 0 1"'-rn,~, Ht) 

Now oJe can rewrite (::l.1) and (::l.~) 

C(S) CT~) C(SJ C(S) ClS) 

r""fT N IV) 11 '""""\ N fY) w D N 
I 1>1,1 L1v1,~ ·:::: M,'.(. l1vi, t-~ r YI-\ .3. Ji 

ccsl .r ((~! Cit) cM 

SN St.J !.:,N p· ~ 
I /)'1

1
{) i\1 1 ~ := \)1

1
t-\- 1'>1

1 
~ 3.25 

I: 

L·.Jr t 1"': Y' i: 

(

( (S } ) ((<,l/J rf,N 
\J - · ,;J, 1. . 
r n·1 - • 

cl~'} I 
f,A/ p 111 i'.f 

3.26 (
c~lf N ) Cp)N = P11i',-1. 

m1-i. c.p(!l}H1N 

m,-1. 

In the e xpression (::l.2~) we omit the matrices c~V 
m~ 

b e cause they are equal to unit matrices. 

As f o llows from (3,25), at m1o in the stucture cannot 

e xist the fi e lds pureiy of type -~- or purel~ of type -H-. 

c<s> 

Also, because Uet ( S~,1) = O(for the structure cannot exist 

the local transfe r matrices), hereafter we shall proceed from 

the consequences of the . theorem of the unequal determination of 

fieids inside any volume at known ~ or ~ on the boundaries. 
t t 

4.The basic relations 

Before driving the basic relations we introduce a few 

necessary notations and expressions. 

;::rom ( ::i .24) we express c.rys>~ ,1 through c.rys>~,z and C<tJ ~ 
C(.~) C(J;) US/ cu:} 
/'(}II _\y;N/rJ/\/ -t-VtJ 
L m,f - vv ni lm,,_ m 

where 

us)rJ - (cl!;JN )-!co;~ . WIN_ (us~)-~ cc~ W l'1'1 - T rn,1 T m,:2., ' Vm - Tm,4 P,
11 

Introduce the following matrices and vectors: 
~ ccsJ ct~) cU!) 
\'<JN= eN+ e"'wlJ. -=--w/I/ =: nN+ t:',N\y/N 

m 1 t. m > m Ui lJ1 VV m 

9 

L;. I 

~-q_ 

Y.3 

I 



W) 

\!
" N D. rv' ~cs l ·' 

1'Y\ ·= \)~ v N ' 
,,., i'Yi ) 

ccsl 
~-/II ~Nc(i! · 

\) - I,__; \/Iv 
Y'r1 - c: .( '1>1 

4.4 

It i s not difficulx t o verify that the fo llowing express ions 

hold: 

cl'> ) ~ls! Wi Es:) 
\JN( 1')- 'fjl./(f)W . tJ 
Jm\,t -\Jm im,,t-tVm 

cc>l cul wl els') 
\) /It 1 ) ·~ N 1_. // -:--" N 
Jw. (o = Wrri il11~-+ V,.,, 1 

. _ . . -N -N 
Introduce also tne matrices Am, s , Am,t: 

1A tJ = \/\~~~(t) 0 ) 
I\\',\ S(t) 

I 0 'A~:f,(i;-) 
) 

\/(It. 

( 1\f:.(H), N) ::- , I EC11J,w. f (' i ;;(HI,~'") 
11 m, ~ f(I'\. ( l .s: l l ll m "­

Jn K. 

( 
"'\ }::(H)1 )J) _ ~/(le . _ I lYl t - ' ' ( t:(H),11/-1: t (· i E(H), /J ;1 Ii) 

> KIL- LflTl'lK . \. c h.hlll ·-C 

u s ing these matrices we can writ e : 
c<>I ~Al CtS) ·"' w.1 

X~<oF ~ 111 s Y,: {ttJ)- ~~,~Y,~ (ol 
I . 

X~{12w)~ A~f;j~~(cwJ-A~,~Y~ (o) 
, ) 

~.5 

4.6 

4,1 

~-9, 

11.9 

11. (0 

Now we ~ith the DSe of ' (j_3·:4.l,4.S,4.9,4.10) all quantities in '' 

10 

~ 

-: 

(3.25) express in terms of 
asJ N .. 1 
I) m ,z, 

c(S) N 
li rn, z, 

U>) N+l _ . 
lfm,9..,, ·and tn1 0: ... 11an 

fy-ee terms : 

Us) c:cs) c6) ecs) , c(S) usl u.sl -c. N' /)1~·-i c N' ()lN ' I tJ 1'1~{ H /If ~ + \ -r LT ' ,, -+ -= I 
n-1 IY1 ;i_ 1Y1 1'11,;L 1111 m i. n1 C 

) ) 

Li' ii 

where 
CS) els:) E w =- ( ~,w _ Q tJ cg'w ) 1\!V \jJ N-{ 

m ;c ·{ i'l1,{ /\ m,c wi 4.12 

G~)tJ ~tSI)/ ( "'/\/ N~ { \ CLS) ( IJ/:: 1 \ 
f "~ = $ m,1 GtJ ~ rn,t - Gi A~~,-t 1 \\! ~ - e;~,v- 81 1\~~,t .J 4. {.3 

c0) C(S) "-' ~S) 
('/if =(8N $N - GN) !f•t<' ww+I 
Um '- m,{ { 111,S. m ~. {y 

HN= r(g'w \Q>J(f:w Cv(si _7t ~\ltJ-()+· GtJ(~+i.fJ~f~1w+{~%)l 
1'1 L 0m,~ L ~ /I ;n,t m 111,s m . i I m,;; r>1 !lm,t Vm J 

.m! ~ C(~) 

-(8"'"'\t/+{ ..,_vrv~i C\NArJ \IN-{)}- pw 
1 I 1n,s in -\Jp,,/\m,s l'Y1 111,~ ~.iS 

The expr ess ion s ( 4 .11) we call the basic r e l at ions . I hey are ~he 

c onsequences of t he theor e m of unequal d e termination of fields~ 

5. lhe boundary conditions a n d determinacjo~ of ti~ fields 

. . . - - .. ~I , 
we assume tnat at tne ends or structure tne quant1t1es clll 

a.nd J!~ are know n (Ne i s the numb e ·r of the last cell). 

F ( ) 
. c ( s) Ne- 2 _ . c ( s l Nc-3 . 

r om 4 .11 we expr ess t ne I) m, 2 t nroug n I) m,z . and 

c c s>Nc-1 
I) m,2 

C(s) ccsl u.cJ C(Sl <:,(.5 1 C(S) 
·lf/,f'ld. .. :::: A"Je-31,W~-3 -t-2/''e-3-l- et~-311['1.,_-i 

m,t i'YI m,t rY\ m m,t 

11 

5. ·1 

I, 

t' 

'· 

' \ 



-where 

('.(.>) - - i ClSI , 
(\N~-'J,::: _ { 1::\;, -,i_)-1 ENc-t 
/-\"" \lwi Y\'I 

-1 

c<S) cw . ccs) 

B~~-3=- ( F ~c1t1 H~-1 

~) <:(S) (:(S) 

b~-3==--(F ;c-tt1 G-~-z 
Now with the substitutions in ( 4 .11 ) we 

formulae for c ( S)N 
r, m,2 : 

crs) Cls/ cW W) clSI c>lS) 

/!} M AM-' ;l']fll-f p;M-1 a M-1 I)'] rJ,_,_{ 
(,fl} 2. = yrJ - l 1)1,J.. + IY\ + u iYl I l IY\ 2. 

I I 

where 

cm cl>J WI <:lsJ e£sl 
A/Jl-

1=-(F1-1+GMAM )-1 E,.., 
I\"\ m :tm Y\O WI 

fj>M-1=- (ccs~ css~ c.Ac(11"1 \-1(5~s~c{;1M +c.H,,,) 
D YY1 Fm + G-M "'· ) W-wi Dn1 /\l 

C(S) C(S) 

l"'sM-1 (C<S) C(S) C~) ) , ,~,slM "B"' - - F /VI _ e H M --, 
t\1- Tl;\- M tJ.1 

"" /'\'l 11-1 

C(S) CC<) 
c(sY,M ~ //,M "'"/>/,M. 

Introduce the matrices Am, BM , B m · 
,??~ crs.; trs) <'{>) <;<si i.;·M 
l = Ali;M,/Y)N -+ ?lA)/VI 3tv;·Mmy.,_1 

1)1,;;__ m L11v.. 15 0 -t m tm,t 

l.~J ' H-1 ((~) c<S) M ClS) <:(SJ 

Afv,"1 = -n A I< » i'5 W1 ~"" /\L,M-rs L-1 
l'l1 TV1 I) IV\ .L- tT r\1 DIY\ 

K::tv - L=1"~! rn:) 
..... /VI C{sJ c1s) 

B~M= 2 AL,M BL~(. 
L=Nt{ l'l1 I}')- ) 

ccsl 
AK:= I 

12 

obtain the 

.?: x 

5'3 

S.L; 

r ecurence 

5.5 

S:& 

5, -1 

sg 

s. C' , :7 

S.10 

-,.. 

Hereafter for convinence in the quantities with the indexes 

c(s) we adm it these indexes . ~le wiii write these _indexes only 

in quantit i es which are i ~troduced for the first time. 

usi ng the e xpress ions ( 1.8, a.a, 3.25, 4 .1, 4.3+4-~. I 
I 
! 

'21 · _m.t · --c• 4.'J>,4.10) ~ie exroress · m).ln terms or t 07,2ana m . 

-J: 
'! 

'11 " _ (.\A (·"'i • S' 1 I -1 )-i /Z_-i \?;: 1 ~ ~ m t _ , 
'711,2- t-"-l [N1n,t+L m,i~hM Wn,J 'I- ll\n1,sWrn ~ ~~1 .t __ _ 

- 0 (I 1 __,.( 1 1\% ~ :i • s 1 ( \ 4 )-1 \ / 1 + D 1 )l 
..l,,)m,1 1i·1+11m,sVm-L m,i 1m ~m lrn1-t- J+ -, 

tQ1(c111i \,;11 ·(-~)-17,-1 \<'.\'Kt~~ t : · -1 ' . 
i l ~m,dl~,.f. Wm -tt hwi .J i. 101111 / \t"1 1 ~ Wm 11Lm,~-1C~ + ,~. 

+ S :,1 ('Rn,,s\j~- Rn,,t\J~)-Pm~} 5.H 

Here hm
1 

is determined according to the ruie (3.~l ). t-rom (5.5) r _ · ,,,1 _ . ml4.-f . ~ 1 
ana ( S. 11 ) express ·em,2 t nrougn t.m,t ana Cm • 

Cls) ccsJ - C(~ ) 
4 ~ ~~ ~ ~ 

1m,1=Rm1,Y\ + SLm c~ + 5t'"' 
wher e 

~5) (($) IY 6-- A C(~ ! ,._, ~ - /\ \) - \; /\t \'l/t Q~ v 1 ~t .2. D..~ _n,..,.,- 0-1 01,SVVm \J"'+ 0:1..3111,j/_\,,1,sWm\..Jm 

((5) CCSI C(I\ 

51-i)\=-i ( ~; sl~1l - ~~) 
~ ~r 7 ~t~:: 01 1~~'V l\Xin~ ~' +\f;)-'t$~,i\h~tt~~ ~ ~.:J -f · 
~~ ,, 
v (s-l 11i \v1QQ{ ~A (1Kt t/.t 'K'- \/1) ' b" 7 +di l m,J llm1 ~ Wr.1 \J1"' + 011~ /\rn,$ vrri-1 \m,-t: VYl1 - fni

1
l:} 

~~) 01("'t . s ~ ( { )-1 { ,..,,_ · &,..-- i A>i 1-i 
~1-=vqArn,t+L m,J hm WY'll-f\l"fl/,'\/Jm m.J 
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/• 

·-> 

~ ' . ·.l · 
. .1,•., j· .. ', 

~·i~ ,-,;:·:: _:{:: ; "' 

"_. _ · ,: · ·: -°/~~· ·Ji 
- -/ .~..... ._;-,;..,· -_·) 1: 

.-; . - .'~ \ ' ' , ' I 

5). f3_ ( . • . .• -· ; . j"'. 
'· '~ ~ . . . ' . 

I . - : i-' ''· ~ : ] ·t 
5". ly . I " , '1/; . ·_ .. I 

'X I ,_"· ''j 
' 1 

1 .. 

"- I 
5.1? 

_, 5.IC 

-I 

I 



_,. .. . ~·- --· 

. - A .f "'i I~ "'"t_ . 1 I A - I -~ ~ J./ ¥,_- 81 Sm,1 (Am,t \X.n, -/\n,,S'AY\J-1-dhm) 
Substituting (~_li) in (5.9) at M=Nc-2 a nd N=l we get: 

.1J7M-t = r··A-r,N,,-:2 A + 511
1, ;,;.-i)fl)/l{--f A9vHl n c·-"1 

·/,- m,~ m Jlm n1 ) t. 111,J + m JLrn 111 + 

+ A-1,Nc-1Z o + s1, f·;~-:l 
1t )!1 Jl )11 ni 

using (l.8, 3.3,3.25,4.l,4.3+4.S, 4.9, 4.10) we can write 
: .· mll<-( l'f)Jk.-t ·.....,c•/Jc. . -·· ' 

f,/11,2, 1 'tll,J.,' and mtne express .ton 11Ke \ 5.11 ): 

Cf!J . CM 3 
(··«~J,nN,-1 a11?JA-~-t\111N,-t= CJNe-1[·u·1m~-t ;A:: G"';'N'K -+ 

{'>1 r.:11 + P~ L7.t / '- m,/.. Vf K.1 lm,£ -t K-< n + -< 
US) S(~l ·) +r.1A1c1 cc\(c~I ;nNc-:l. v ~CNc v 

C'.i l :t l.01,i + 1'-,t 1\1 + 1'-,t.. . 

where 

C~l_ ("f'lc-l'fi.M:.-1 WNc-{ • (\N< )-\ <~l_ 'iiN<-1 , <' M:.-i(j Nc)-<w;N:-i 
Ii- 1::>1n,1 1\m,t l\1 -+L 'm > 1~- l\ 01 ,t+LL>m,{ 1m Vvm 
•""' ,._, . C(5l 
._.,.,_(IM:.-1 t-..Nc.-~__,.,W,-i,,..... -=-i 
Kc..>1ll,1 nW\ 1 ~ Wm , K-1 
c.CS) 
A <:fNc-< ('!Ne-< .,....,,Vwo-~ 7\No-{ 11 M-1) ·. ptvc-f 

---·---- f<..-=,_)m,i l\rn;s m -nll1,t 1;,,, + m,:c 

C(!:)~ i,t1c-( ~fl/o-2., 
K~- /\m,s '\Jv in i 

cUll K :;::.- 4 ,1110-I 
i ,(.,1:>m,1 

t<sl 

K" =/\,.,,W.:A ~\j/'v'.:-l.._,$N"-t(t''c)-li/M:-1 oM-1 
,_ m,$ m l. m,1 lr>-1 ~M - Fm, 2-

From ( 5 .18) and ( 5 .19) vJe obtain the dependence of '1~,~ 
?, -A/;. 
Lm and Cm • 

5.11 

for 

!>. { 9 

s.tc 

5.2.1 

!JfJ.. 

5.23 

S:J.'1 

on 

IY)M.-f= c-,Jl,.ffl'fv A~"'·-to c-"4 + vr~+ f<1 /Al,}fc-2J2""' + b-1,N~-J.) 1<"'J 
lm ~ 0'1 ./\.{ "'' m )Lin m Im (1 m Jn pm /+ 1 -t-

. 1 . 

14 

+Q,"':·-15"!( k A~'''"··.i'.\) __,C' +'K. tN:+ K. rA1,M.:-'.'Z?\ +"-B· ·1,~-i\+ I\ l 
.l :A;_ L :2. m ) ln1 r>i 2 ~ ~1 m ) lm m / ,l(:t .J s.1s 

whe1e 

~~)=CR_ K (A1, Nc -t ri + e,~.N,-t)?-1 
At (-1'·1 1 m Jlm \.) ~Yl .J 5.2& 

~)= IR_ K (A,\, Nd.\\ f.2 ~1Nc-l)l.:.r · 
.Ao._ (Ji l m Jlm + ll>i)I j 

£2'1-

( 5.25) io determine the fieids we can f irst determine 1.;{,J.fr.om 

anti (5.~2), t he n from (S.9) obtain 'Zf;J,.i for arbitrary 11. Now_. 
. . . _ . ( ) . . \IJ./(""'Nl . \!N(O) using ·cr1e rormuiae 4.!:l we determine .>'m -c, /and -"m for the 

arbitrary N,which is equivalent co the determination of ·the 

qu<rnt it ies X/Jo)and X~(EN). Fit knovin XN a nd Y11 from formuiae for 

field expression we obtain the fieids in an arbitrary poin~ of 

st ruct e~~ e ~ 

·, 

flPPend i x 

> 

.t ' , •/I ' 

. ·.'t. 
... . 

. ~ ,\. . 
' .'i- , ..... 

we com; i de:r the pr act i ci.li case in which·· r. he char'ged,. . ._.;. .· / ' 

buncheG r:io ·.,,:e paraile1 to the w.xix of str u cture . we. rissume .t.hat _ ,. · . 

t !-11:! mer. t0r1 of :.Jun1:;n is c:ecermir1e d oy the ,~uie : ,_ ·, 
"· ..... 

f(i./.f, 'l:,t}= Poh-,~ ?:-Vi); J=-fcV 1A . '\ . 

' I . I 
I ·• . 

where '1. ,· 

v-= ( o, o,v) 
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The solution of Ma xwe ll equa tions in t he absence of 

structure which corresponds to di s tributi on (~A) has the form : 

~ ~ ~ _.Q. ) EQ= Ea (z1cf/c-v-t); 1-1~= 1-!GJ{tz/-f, r--f ..tA 

Expanding E~ and E:~ in Fourier series in <fl on tt1e cy li ndri cal 

wall and making the ~ourier t;:ansLor.mat__ion of the time t we 

get: 

E:(f}(a~Y:il)= * [ [ {-PJ,m (a~ K.) cos(mt/)-t 
s - ,..,,.. 

+ '~ (I.I"-){), { )] iL'l: _ 6 2('f}
1

Jn Cl / K. <Jot- !n <f t:_ /3 3A 
where 

~=~: f3=Jl c 

we find the solution,homogen/Zous equations by i nt:roducing the 

Hertz vecto..-s: 

-LE(h'Uv - ) !:ff"'[:$. (I)# s .CJ , i7 'f" ; 2. j_tn (~tie /3 ;c CE H > co.J(m'f)+ (EfH),).11,~L (tn</Jj 
l>1 ni 1)1 

1tA 

where g.:.~; (-={1-pt)~. 1m - are the Besse l func ti on of imaginary 

argumePt. 

Acc.ording to the formulae in the main text ( 1.1) and ( i. :,') ~ 

'\. 

E 2. iR- t[ c ~ I 7 -£1 -:: .{ 2.1,n(<Jiz)-e fl e;;1.·w3 (mit)-rt,f,-k'-f;r--(m..; ).J 
m 

,,., - - . .;:,,rs (' 
E i I< - - L.13 C -="£,A/ ~.£ I./ r E.., =vfi-lm(~z)f - cm w~{lw1)-Cn 1 f,1,_(i,,<fJ} SA 

~~c ~ - -
- ~ - T 'I. } it,. (~ i_;, / ,J') 
E/=l1<.<j?J.Lm (fl~ e]l_"l: L C~yco~{;n<t) + C~111f[r.-(m'I! 

16 

Eauating thR total Efand Ei with n i l o n the cylindrical wall l we 

o btain : 

~I r1s~ - J./ "') 
(' E,rv' __ t :x.m (a 1K 

in - r rn (g{{) GA 

c s 
-..c..;> - 1 [ , c;· (i Al "-) 
[ i-1, /.J "" 6t-,ma 1 'K! 

'l'l 3 L; { q a'v) fto.w g.t. 
c ·i - (_\ I/ "' ' ~'f.nJa d.) 

i 1< -
7-A . 

b [c ~ J H >I c;; J./,... ,,qi /./~ C 1 
=- 1 Jr,rn (a i1<J + &<1i1n fa 1 x.) 

n1 ~ Ji:i ( lJ Qtv') fa Q>l~.t t'K 2A_ 

At v~ the rad i al func ti ons Rm( r) a r e t:he s oiution of equation: 

, I fl 0 
[)II+ __Ii_ _ ~::: 0 
/\ tz r-z 2 

The finite soluti o ns at f i ni t e r a r e : 

0 () /) rzm /\m •2 = cm 

These functions we obta in a l so i n t he way: 

/zm J~, (f!'z) _ 
J--"0 !''7 

I' "!Jn 
LOI {. 

Here Cm are constants . Now we c on writ:e: 
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.10~ 
__ / 

HA 

\ I 
I 

i 

~ t . J 
-_·l 

~ .~.. . . . 
1·· ·,. --·~ .. . 

.-~- . 
- . . ~-

I . 1 _~ · 
- • ' -- ::, -1 --

,'. ' ...... 

,, -. I 

·1 

.··1 
__ , 

1 ' . 

I 
:I 

I 
i -
I 

~ 

I 



I . 
I . C(S) 

rsc~1};) :=- ~<&mfa~t) 
~ m v = ~ rn z1JJ- t i' K 

I 
In conciusion we give an e xampi e 

C!S) cw~\ 
0-R,m a 1 RJ for 

11A 

the more 

practicai case at which point-iike bunches move at v~ parai i e i 

-to · the axis at the smaii distance S'zQ in the piane'f=~ in iinear 

approximation toS'Z.Ya/"): 

~ 61 f..el/13 < 1->Q ,11<g 
v'-f,-f== c.(a/1i o '(. w!T ) 

c($) 

~ Q . - 2e Ai a 2ti'Jt11. tf 1!¥ 
&-r-, 1 - e filA1J'-

In this approximation &~rir=C'for 
) 

a ii m>!l _ 
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13A 

-~.! J' c/llK 
~ 

. ' 

!if· --JI,, 
Cm" 
~ 

z . - --- -----

~ 

; . 
/ 

P11c. I 0 61!(11tl Bl1,IJ, oceBo Po oaspesa CTPYKTYPU 11 

He VOTOPble o6osHaqeHlHI ( pa3Mepbl rrpNt3BOJibHbl). 
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