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ON THE BEHAVIOUR OF KS-ENTROPY DEPENDING ON 
PARAMETRES OF NONLINEAR SYSTEMS 

A.A.Melkonian 

Department of Theoretical Physics, Yerevan Physics Institute, Yerevan 
375036, Armenia 

The Kolrnogorov-Sinai entropy is calculated for the <f> 4 nonlinear Hamil­
tonian system. The dependence of KS-entropy on the parameters of the 

system is revealed. 

1 Introduction 

The aim of the present study is the looking for the dependence of Kolmogorov­
Sinai (KS) entropy on the fixed parameters of nonlinear Hamiltonian sys­
tems. We carry out this analysis on the example of ¢4 models having essen­
tial role in field theory and the theory of condensed matter and are known as 
objects with rich variety of statistical phenomena [l]. These systems are also 
of particular interest for N-body gravitating systems being rather important 
for the dynamics of galax.ies and star clusters [2]. 

The subject of our study is the Harn:ilton.ian describing a !-dimensional 

system, chain of two-body interacting particles 

N 2 .V B2 C N 
[/=I: EL+ l::(Axt - Bxf +-A)+-;- :l::(x;+1 - x;)2. 

>=1 2m i=I 
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wher!' A, B.(' > 0 are constants. In [3] the chaotic properties of thP system 
have been studied by means of the calculation of KS-entropy for various 
values of total euergy of the system (integral of the system) and parame­
ter C'. while the values of the rest two parameters were fixed: A, B = 1. 
For this case the character of chaotic properties have been studied, namely 
the l\S-entropy and Lyapunov exponents were obtained for sevPral given 
number of particles .V. and hence some general features of the system were 
revealed. ln view of the interesting results obtained in [3], in the present 
paper we continue the study of the chaotic properties of tl1is syst<'m: WP 

are interested on revealing of the the dependence of KS-entropy on the val- . 
ues of the parameters A. IJ, the relernnce of the results lo those found in 

beforementioned paper. 



As is well known Lyapunov numbers 

A= fun In loz(t)I 
t-oo t 

are related to K olmogarov - Sinai (KS) entropy via Pesin formula 

h = j I; A;(z)dµ(z) 
.l;(x)>O 

and are an informative criteria determining the chaotic and regular prop­
erties of the dynamical systems. Particularly the integrable systems have 
zero Lyapunov numbers and hence zero KS-entropy, while the typical sys­
tems with mixing have positive KS-entropy and hence at least one non-zero 
Lyapunov number. However analytical threatment of the non-linear many­
dimensional systems as a rule is related with extreme difficulties and nu­
merical studies remain the main tool if not for rigid proofs but at least for 
revealing highly probable qualitative properties. The method of numerical 
calculation of Lyapunov exponents has been developed in (4] and later used 
by many authors. The same method we should use below. At the same 
time one should clearly understand the principal difficulty of the numeri­
cal calculation of Lyapunov exponents - the quantities which are non-local 
charactersitics of the system and describe the latter in in.finite time. There­
fore this condition should be carefully fitted on one hand with long enough 
calulations to reach plataeu-like limits during reasonable time scale, on the 
other hand with the accumulation of errors during the iterations procedure. 

2 Method. 

The algorithm of numerical calculations of Lyapunov exponents is described 
in details in (4,5], therefore we should briefly mention it's main idea only. 

First, one has to choose a base of orthonormalized vectors wp(t) deter­
mining the p-dimensional volume element Vp(t), in order to calculate 

A(:i:o, Vv) = 1im ln(Vp(zo,t) / Vv(zo,O)) 
t -oo t 

The aim is the calculation of the spectrum of Lyapunov numbers for p = 
1,2, ... N : 

A(v) = At + A2 + ... -'- Ap· 

2 

However this direct procedure only should shortly lead to meaningless re­
sults, since during the evolution of the system the angles between vectors 
exponentially should change, the ortogonality should fail and as a result nu­
merical errors should increase exponentially as well_ A way to overcome this 
difficulty introduced in (4] requires: a) periodic renormalization of vectors; 
b) periodic orthogonalization. Note, that the new vectors should be situ­
ated in the same subset as the old ones:"The procedure of the calculation of 
the evolution of p-dimensional volufues can be realized by means of looking 
for the evolution of vectors and their orthogonalization via Gram-Schmidt 
method_ If Wk-1(r) is the evolved hngent vector wk(O) along the trajectory 
from t = ( k - 1 )r to t = kr, then one has to calculate first 

ill 
k 

wi1)(0) 

llwk~1(r)ll, 
Wk~1(r) 
dilJ k 

By the second step one finds out the values for j=2, . .. ,N: 

uii21 (r) 

d(i) 
k 

wli)(O) 

j-1 

wii21(r)- l:)wi'l(o) · Wk~1 (r)Jwi'l(o), 

llui;21(r)ll, 
uV21(r) 
---;pl 

k 

i=l 

During the ( k - 1 )st iterations the volume Vp is being increased by factor 

dk1
) dk2

) ••• df). Then by definition 

A\Pl = fun ~ f:1nc.t,1Jdl2J ... dlPl). 
n-oo nT. 

1=1 

Substractirlg A\p-l) from A\Pl and taking irlto account that A(p) = L;f:1 A; 
one thus finds the p-th Lyapunov number: 

1 n 

A = fun - "1nd(Pl. 
P n-oonr ~ ' 

1=1 

Lyapunov exponents have been calculated by this expression, whereas the 
Pesiri formula has been used to obtain the KS-entropy. 
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3 Results of Numerical Experiments. 

The results of calculations are represented in Figures 1-4; here we give the 
minimal number of Figures indicating the main properties of the behaviour 
of KS-entropy, though extensive calculations have been perfomed for a num­
ber of other parameters of the Hamiltonian. ~imilar robust behaviour of this 
system at least with respect to the number of particles, has been noticed 
also during the analysis in [3]. Figures l(a-c) show the dependence of KS­
entropy on the constant A for three various number of particles: N = 3, 5, 7; 
one can see that the qualitatively the behaviour of KS-entropy is really less 
sensitive to N. Figure 2 indicates the dependence of KS-entropy on the 
constant B; we give only the case N = 3 though this behaviour is the same 
for other values of N as well. On Figure 3(a,b ), the dependence of entropy 
on the constant C is excibited for N = 3 and 7, respectively. In Figure 4 the 
variation of KS-entropy over energy is shown for fixed values of constants of 
A and B: A= 0.5, A= 0.1, C = 1; similar behaviour fulfills for other values 

as well. 
What are the main conclusions following from these results? First, of 

all one notes the maximum of KS-entropy is reached at values A = 0.5 and 
B = 0.5, while decreasing for both limiting cases: A and B tending to zero 
and infinity. If the qualitatively this fact is natural, the existence of one 
and the same maximum value for both cases seems remarkable. Second, 
one can see that the maximal chaotic state, i.e. with maximal KS-entropy, 
corresponds to A = B = 0.5 and not, say to A = B = 1, the case considered 

in [3]. 
On the other hand the one-extremum character of dependence of KS-

entropy on A and B is quite similar as on C when A = B = 0.5 as obtained 
in [refMB]. This fact seems again remarkable thus indicating the similar 
contribution in chaotic properties of two quite different members of the 
Hamiltonian. Their difference is appearing mainly in the value of energy -
the bigger ones required for C-dependence. 

The study of nonlinear systems by means of similar numerical methods 
can be helpful in revealing the profound statistical properties of correspond­
ing physical systems and related physical phenomena, though the limitations 
introduced by the calculation procedure should be evidently taken into ac­

count. 
I am thankful to V.G.Gurzadyan for enlightening co=ents. 
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