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1. BBe,ri;eHMe 

ToYHo-pewaeMble Mo,o,em1 cTarncrnYecKoili cp1113111K111 111 Teop111111 

non>'l, OTHOC51 ll.\1118C51 K ManoMy Yll1Cny 1113MepeHll1vi \d=O, 1,2), 
,o,aBHO HaXO,D,51TC51 B ccpepe np111cTanbHOro BHll1MaHll151 cp1113111KOB­

TeopeT1!1 KO B 8 nocne,o,Hee speM>'l 111HTepec K Hll1M c111nbHO so3poc 

8 CB513111 C MHOrGYll1CneHH blMll1 np111n 0)t<8Hll151Mll1 K cp1113111K8 TBep,o,oro 

Tena. TaK KaK pa3s111T111e cospeMeHHblX HaHOCTPYKTYPHbl X 

T8XHOnor111ili n03BOn51eT paccMaTp111saTb 3KCnep111MeHTanbHO 

npo6neMbl B HOnbMepHblX ( KBaHTOBbl8 TOYKll1 ) , 0,0,HOMepHblX ( 

KBaHTOBb1e H111T111 ) 111 ABYXMepHblX ( 3cpcpeKT Xonna , 

BblCaKOTeMnepa-rypHa51 csepxnpOBO,D,111MOCTb ) MepHblX MO,[lens:ix. 

[!fasecTHa>'l O,D,HOM8pHa51 peweTOYHa51 MO,D,enb lei/i3eH6epra 

cn111Ha 1 /2 c raMll1nbTOHll1aHOM 
I __ 

H = 2:uu,.1 

I ~I 

( l) 

6b1na sn epsb1e peweHa 5eTe s 1931 r. [1 ], c noMOll.\bfO 

n o,o,craHOBKll1 Hornweili ceili Ya c era 111M'1 l aH3aTU, 5eTe J. B 
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TeLJeHVle nocne,D,HVIX 25 neT 3TOT MeTOp, pa3BVlnC5l B MOll.\Hbllil 
cpopManVl3M nap, Ha3BaHVl8M "KBaHTOBbllil MeTO,D, o6paTHoli1 
3ap,aLJVI pacce5lHV15l" (KM03P) [2 ,3] VlnVI anre6paVILJ8CKVlli1 aH3aTLI 
5ern (AA5). Mern,D, no3son5leT Halilrn nonHoe MHO)l(ecrno 
co6crneHHblX 3HaYeHVIV! VI co6crneHHblX seKTopos 
VIHTerpVlpyeMolil CVICTeMbl. Ha KBaHTOBOM ypoBHe 
VIHTelpVlpyeMOCTb MOp,enVI 06ecneLJV1BaeTC5l Tpe6osaHVleM 
BbJnOnHeHVl5l ypaBH8HVlli1 71Hra-5aKCTepa, KOTOpb18 3KBVIBaneHTHbl 
cyll.\eCTBOBaHVlfO 6ecKoHeLlHOro LJVlcna 3aKOHOB coxpaHeHVIH. 
3aTeM c nOMOll.\bfO anre6paVIY8CKOro aH3aTL..(a 5eTe MO>KeT 6b1Tb 
Halilp,eH 3HeprernLJeCKVlli1 cneKTp Mop,envi (4,5]. TaK KaK 
cpepMVIOHHOe npoCTpaHCTBO <PoKa KOHeYHOMepHO, TO 
npV1MeHeHV1e AA5 B MaTpVILJHOlil cpopMynV1posKe HaMHOro 
ynpOL1\aeTC5l. 06ecneYV1BafOL1\a5l VIHTeipVlpyeMOCTb MO,o,enVI 
CVICTeMa ypasHeHVllil, KOTOpble snocne,D,CTBVIVI 6blnVI Ha3BaHbl 
ypaBH8HVl5lMVI 51Hra-5aKCTepa, snep8bl8 6binlll BblBep,eHbl 8 
pa6orn 51Hra [2]. KaK noKoJan 5aKCTep (3], OHVI 3KsvisaneHTHbl 
HanlllYVlfO 6eCKOH8LJHOro '-lVICna 3aKOHOB coxpaHeHVllil p,ns:i 
V1HTerpV1pyeMoli1 Mop,enVI. Ha,D,o OTMeTVITb, YTO TeXHVIKa AA5 s 
OCHOBHOM 6b1na pa381/1Ta B npVIM8H8Hlll5lX K cnVIHOBOVl 
peweTOLJHOV! MO,D,enVI XXZ, a era npV1MeHeH111e K MO,D,en5lM, 
Vl3HaYanbHO ccpopMyn111posaHHblMVI npvi nOMOll.\VI 
aHTVIKOMMYTVIPYfOll.\VIX onepaTopos, oKaJanocb cno)l(Hee. 
HanpV1Mep, p,n51 Mop,en111 Xa66app,a, Kornpa5l 1113HaYanbHO 6b1na 
peweHa M8TO,D,OM KOOp,D,lllHaTOHOro aH38TL1a 6ern, npV1MeHeHV1e 
AA5 OKa3anocb B03MO)l(HblM Hep,aBHO [6], nocne cyll.\eCTBeHHblX 
pa6oT WacTpVI (7,8, 9], B KOTOpblX 6bln0 VICnonb30BaHo 
npeo6pa30BaH111e ~op,D,aHa-BVlrHepa p,n51 nepexop,a OT 
cpepMVIOHHblX oneparnpos K CnVIHOBblM c l_\8nbf0 nplllM8H8HVls:! 
KM03P s MaTpVIYHolil cpopMynV1posKe. B nocneHee speMs:i 
VIHTepec K CnVIHOBblM peweTOLJHblM MOp,ens:iM, 
ccpopMynV1posaHHblMVI nocpep,crnoM cpepMVl-oneparnpos c 
V1cnonbJosaHV1eM npeo6pa3osaHV15l ~opp,aHa-BVlrHepa (15], a 
TaK)l(e HeKOTOpblX HOBblX M8TO,D,OB, pa3BblTblX B pa,!SoTax [5,6,7], 
nOBblCVlnC5l. 

0Ka3anocb, LJTO s:isHoe noCTpoeHVle VIHTerpV1pyeMblX Mop,enelil VI 

I) 

t~' 
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npV1MeHeHV1e KM03P B TepMVIHax cpepMVl-oneparnpos 
cTaHOBVITCs:i cpaBHVITenbHO nernolil Ja,D,allelil. TaK KaK 
npocTpaHCTBO <PoKa cpepMVIOHa KOH8'-lHOMepHO, TO Vl3YY8HVle 
nonHoro Ha6opa co6cTBeHHblX B8KTOpOB VI co6CTBeHHblX 
3HaLJeHVlli1 TpaHccj:>ep MaTpVILlbl ynpOll.\aeTCs:!. ll13B8CTHO, LJTO 
TpVIBVlanbHOe o606ll.\eHVl8 MO,D,enVI leli13eH6epra Ha BblCWVle 
cnVIHbl H8VIHTerpV1pyeMO [13]. nepBa5l VIHTelpVlpyeMas:i MO,D,enb 
cnVIHa s 6bina ccpopMynV1posaHa I. YlilMVIHOM (G . Uimin)[8], ,[\)!(. K. 
nalileM(J . K. Lai)[9] VI 5. Ca3epn3H,D,OM (B. Sutherland)[10]. 111MVI 
6b1na VICne,D,OBaHa MOp,enb c raMV1nbTOHV18HOM 

N 

H =JI( Id,,;,+ P, ,+1) (N+l =I) (2) 
1= 1 

r,D,e P;,i+I -oneparnp nepeCTaHOBKVI COCOTOs:!HVllil B y3nax i VI i + 1, a 

ldu+i - ep,V1HVILJHb1Lil oneparnp. OHVI noKaJanVI V1HTerpV1pyeMOCTb VI 

pew111nV1 ee c noMOll.\bfO KOOp,O,lllH8TOro 8H3aTL.\a 5eTe. 
B p,aHHOLil pa6prn 111ccnep,osaHa peweTOYHa5l Mop,enb 

Yli1M111Ha-na5l-Ca3eneH,D,a cnVIHa 1. Mern,D,oM AAS Halil,D,eHbl 
cneKTp TpaHccpep-MaTPVIL.\bl 111ccne,D,yeMoli1 MO,D,enVI 111 CVICTeMa 
TpaHCL.\8H,D,8HTHblX ypaBH8HlllLil 5eTe. 

2. <l>epMHOHHOe npe,QCTaBJleHHe MO,QeJlH 

,Qn51 111ccne,D,osaH111s:1 MO,D,enVI YLllMV1Ha-na5l -Ca3enaH,D,a cnV1Ha 3/2 
Ha s:!3blK8 cpepMlllOHHblX onepaTOpOB, H8M Heo6XO,D,lllMO noCTpOVITb 
npe,D,CTasneHV1e anre6pb1 su(2) s npoCTpaHCTBe oneparnpos 
po>K,14eH1115l VI yH111LJTO>KeH1115l cpepMVIOHOB ,D,syx copToB. KaK 
1113BecTHO, anre6pa su(2) onpep,en5leTc5l cne,D,yfOll.\lllMlll 
KOMMYTaLllllOHHblMlll COOTHOW8HVl5lMVI: 

[ s +; s-J = 2S; 

[ S;S± J = ±S±. 
(17) 
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KaK noKa3aHo s (14], npeAcrnsneH111e ame6pb1 su(2) s Konb4e 
oneparnpos po>t<AeH1115l 111 YH1114TO)l(eHll15l ABYX copTOB cpepMll10HOB 
111MeeT B111A: 

S+ = (I - n1 ) C2 + (1- n2 ) <; 
s- =(1-n2 )c1 + (l-n1 ) c; ~ 
S = n1 - n2 • 

rAe c,+, c; (i = I, 2) oneparnpb1 po>KAeH1115l 111 YHll14TO>KeHll15l 

COOTBeTCTBYfOU\111X cpepMll10HOB: {c;;c,} = 6,, , a n; = c,+C;. 

(19) 

A caMo npeAcrasneH111e ame6pb1 su(2) cn111Ha 1 s npocTpaHcTse 
<PoKa ABYX cpepM1110HOB onpeAen5leTC5l Ha seKTopax: 

/ +) = / 1)/ o) ;/o) = /o)/ o);/-) = /o)/ 1), (20) 

rAe Mbl OT6paCblBaeM BeKTOp / 1)/ 1). 
111HAeCbl rpap,y111posK111 seKTopos cneAYfOll.\111e: 

p (I +)) = p (/ - )) =I: 
P(!o))=O. 
,D,n5l onepaTOpa Ka3111M111pa C ame6pb1 su(2) 111MeeM: 

c =s+s- +s-s+ +s 2
; 

[c;s"]= o. 
nerKo nposep111Tb, 4TO onepaTop onpe,[\eneHHblCi KaK 

I 
.6. = -C=l-nn · 

2 I 2' 

.6. 2 = .6.. 

(21 ) 

(22) 

(23) 

npoeKT111pyeT 4-MepHoe npoCTpaHCTBO cocT05lH1t1i71 <PoKa ABYX 
cpepMll10HOB Ha 3-MepHoe noAnpoCTpaHCTBO v c 6a3111COM (20) , 

np1114eM ker K = ker S = ker S±. TaK111M o6pa30M, nony41t1n111 , 4TO 
F @F&>F=V(J) kerK, • (24) 

rAe V c F @ F@F . 

\\ 
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,O,n5l cm1Ha 1 onepaTOp Xa66apAa 111Meer B111A: 

(

/- )(-/ 1-)(0/ /- )(+ /\ 
XL = / m); , ( k / = / 0) (- / / 0) ( 0 / / 0) ( + / J = 

/+)(-/ /+)(o/ /+)(+/, 

[

(l - n1 )n2 
= (1 -:1)c2 

c1 c2 

(I - n1 ) c; c; c 1 J 
(1 - n1 )(l-.~2 ) (1 - n2 )c1 

(l-n2 )c1 n1 (1-n 2 ) , 

rAe 1t1HAeKc i 03Ha4aeT i-b1VI y3en peweTKll1 . ,/J,n5l R-MaTp1114b1 
111MeeM (CM . ·Hanp111Mep [10]) : 

R-( )kq - s;k s;q s; k S: I/ . (k - + 0) u ms -umus + u u , um, ,m,s,q- _, . 

CornacHo (13), onepaTop naKca 111MeeT cneAYKJU\111 VI B111A : 

[

u-(l-n 1)(l-n 2 ) (l-n 1)c; -~~c2I 
L,(11) = (1 ~ :1 1. )c, u i- ( J. -11 1) 11 2 c , 11, . 

c1 c2 c1n2 I - 111112 ; , 

CornacHo cjJopMynaM (19,20,27) nopo>KAafOll.\111M seKTopoM 

5lBJ15leTC5l BeKTop MJ1A8U\8rD seca npeACTaBJleH1115l - I-),. 
YpasHeH1115l rlHra-63KCTepa 111MefOT B111A (14]: 
l~,, ( U )L; ( V) + ( U - V) (- JY(m )p(q )+l'(k )p(q}+p( m )p(k) l : (u )E;,, ( V) = 

= L~, (u )L'.; ( v) + ( u - v) (- 1)''11/
11' 1 'l+/'( 111 11' 1'11+"1 ' 1"(

1111 L;,, ( l')l~ (u ), 

(25) 

(26) 

(27) 

(28) 

no onpeAeneH111fO, MaTp111ua MOHOAPOM111111 T(u) ecrb npo1113seAe­

H111e N oneparnpos naKca (27), 111 5lBI15leTc5l Marp1114oi71 3 x 3 . 
06o3Ha4111M ee Ka K 

( 

A(u) D1(u) 

T (u) = D
1
+(u) B(11) 

D;(u) r(u) 

Mo)l(HO noKa3aTb, 4TO 

D1(u)l 
F(u) . 

G(u) 

(29) 
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a(u)/D) 

T(u)/n) = : 

0 

,B(u)/n) 
0 

6 

y(u~ln)l 
r,Qe *-o~ 0603Ha4eHbl HeKOTOpble HeHyneBble COCT05lHll15l a 

N 

/D)= IT/-) ,a(u)=y(u) = 1/,,8(u) = (u +I)". 
.I 

J= I 

no onpe,QeneHll1fO TpaHccpep-MaTp111L.\bl, lllM88M 

r(u) = str,
1
T(u) = (-1yui T/ (u) = 

= B(u)-A(u) - G(u), 

r(u)/O) = ((u+I) ~' - uv)/n) 
B COOTB8TCTBll1e c MeTO,QOM 5ere, co6CTB8HHble BeKTOpbl 

TpaHccpep-MaTPll1L.\bl 6y,QeM 111CKaTb B 8111,D,e 

I
V . .. v) -J(a, ·a,,)D+(v) .. ·D+(v )/0) 

I n sym - a 1 I a,, ,, 

I ) / [a, -a,, ]D+( ) D+ ( )/")' v . .. \I = v . . . v ~l 
I 11 usym a 1 1 a11 n 

r,o,e 

/(a1 ·a,, ) = ~ ! ( / "' . a,, + (-I )l'(c1, )p(a, ) /"'"' . a,, + .. -), 

j[a, a,,]= J_(/"1 ... 0 ,, -(-I ) p(a1)p(a2 ) / 0 201 .. .,1,, + .. ·) 
11 ! 

(30) 

(31) 

COOTB8TCTB8HHO Cll1MMeTpll14Hble li1 aHTl!1ClllMMeTpll14Hble TeH:jopbl. 

Bocnonb3Y5lCb ypasHeHll15lMll1 rlHra-53Kcrepa MO)f(HO noKa3aTb, 

4TO 

r(u)/v ·· ·v) =A("1 ( u,v ... v )/v ···v) 
I II S)'/11 ·' I II 1 /1 .\)"Ill 

(32) 

111 

r(u)/v ... v) =AC"l(u v ... v )/v ... v) 
I /1 mym a ' 1 n I /1 mym' (33) 

ecm1 Bb1nonHeHbl cnegyt0L11V1e CV1CTeMbl ypasHe
0

HV1Vt 5ere: 

N Nv-v- 1 ( V + 1) -n I I 

i - v - r + l 
V N 1= 1 ' I I 

v, ;t:.vi, i ;t:. j ,(i =l,. . ., n) 

gml CV1MMeTpW-lHOro lt1 

( l) N N . . 
V1 + = V1 , V

1 
;t:. VI, I ::F } , 

7 

gml aHTV1CV1MMeTplt14HOro cny4as:i COOTBeTCBeHHO, a 

co6crneHHblX 3Ha4eH1t1lil s (32 ,33) 111MeeM 

AC"J( · )-( l) ., rr'' u - vk- 1 "[I1u-1·k+ I I) " u, v1 • • • v,, - u + + u - , 
k=I u - vk u - vk 

11 1\' ( N N) N u-v-1 A ;
1 

> ( u, v1 .. · v,,) = u + ( u + I) - u fI--k 
k=I /( - \'k 
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