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I. Hecently, the so-called effective potentials-the gene­

rating functionals of the vertex functions at zero external ro~­

menta-play the more important role 1'lhen studying the gauge 

theories. They are convenient for the investigation of the 

spontaneous breakdown o! symmetry in gauge theories[rJ as well 

as for studying the possible restrictions on the models, con -

nected with the stability requirements of t he theory[2J. In the 

present paper we discuss some properties of the effective po­

tential for the composite field of the type cp2 
( $P- .:.s the 

Bose field). The discussion of such potentials seems to be use­

ful too. First, the stabillty requirements of the theory with 

respect to such excitations could lead to some restrictions. 

Secondly, in analogy with the superconductivity model of 

BCShf 3} or Nambu-Jona-Lasinio :field theory ;:;odel rq one can 

expect, that if the vacuum exp~ctation of such an operator is 

different from zero, then it'd lead to d.Yna~ical addition to 

particle masses, and in a massless theory to the appearance of 

nasses of fields (in particular of eauge ones). In this paper 
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~ he renormalization group equation that turns out to be inho­

r:1 ogeneous i3 de!'ivcd fo r such potentials. 'rhese equations can 

be solved exactly, a nd dtfferent ::t3y::iptotics can be investiga­

ted with the h e lp o.r these solutions. In section 2 the asympto­

tics of su.ch potentiala i3 found in asymptotically free theo­

ries. In section J, for the case of Yang-Mills field theory 

interacting with the fermion field, it is shown that the sta­

bility requireme nts of theory (just as in[2Jit's understood 

us th e rest riction of potential from below) lead to rastric -

L·ions on !!iulti;:ilete contents of fermions. The arguments. show­

ing that in a stable, asy!r.ptotically free gauge theory with 

?.ero bure masGes of all particles the dynamical mass of some 

particles should a ppear, are given in section 4. 

2. 'l'he rimorr.inlization group equations for ths effective 

;::otenti .~ l (as d.efin r;d below) are derived in the ususal way, 

bn,·;ed o n the r e l ations between the renormalized and non- re-

norr;:alizeu Green's functions. 

J,l~t' s consider an arbitrary theory of scalar, vector and 

spinor fields ~ J ~~) 'ti ) <f':. ' the set of which 

r;e' 11 defin.e as tv i . Besides we introduce <,q {K} 'lj {x), 
~ (x) !J,; (x) J 11/ (x) IJf {"') type composite fields 

all the fields Uiand Gi rsi.(") . . ;·1e 1 11 designate the set of 

t0 Q . . .. 
('Y:. (). 

L 

Let's introduce the sources to the fields ~· · and 

and k; ) , the set of which is designated as /1;'i 
lH1 e;enerating funct i onal of Green's functions of all the opera-

'.)t · ~ 2~ r,as the form: 

-+. 

e' ~(IV)= J dw~ e' Solx(LR + ,.11, Q..) ( 1 ) 

wh ere L, R is the renor malized langrangian (allowing fo:::· 

a grrnge flxin6 term a nd f or the ghost particles), th :? inte­

grati.on over ghost fields being incorporated in dwi. als o. ~ 

gives the f ini te Green Is functions of the elementary fields wi. 
Green':o: fu nctions of the composite fields are still divergent . 

'rhes e are the vert ex function diver gences of the type 

~ ~41 
~/( 

(2) 

and one-particle irreduci ble diagram divergencen of the type 

~ ~ 
(J) 

corresponding to the vacuum expec·tations .(_ 0: > and <6';. ~- ). 

These divergences are eliminated by counter terms 

K (l"e -i)<S +Kl""' W + t K l
14

w<AJ w .,.zC•JK + K / 2'K (4) 

where for brevity the indices are omitted. If we confine our-· 

selves to gauges of the type "r fl r + p c.p (the gauge fixing 

term is equal to -. (dr II,.+} <.(1) 2 then the diagrams of the 
I Q -

type (2) Vii th the substitution w-+ c ( c and c ~ are gh ost 

particles) are not divergent. Indeed, because of the continui­

ty of C-particle line the only diagrmn that could diverge is 

=5'-



/' c t:I 
~/' 

~ .... -$ 
'C 

(5) 

However, G-fields have "1,"" ~ CI/ft C and "2 "" CC. 'f 
interaction vertexes. C-field line can join the vertex func-

tion either through the vertex v1 (in this case the vertex 

functlon is proportional to the momentum) or through the super­

renormalizable vertex v2• In both cases the divergence index 

is at least - 1, and the diagram is conventionally convergent. 

So, the generating functional of finite Green's functions of 

any field is 

e~ Wa (N;Ji,14) = jtJw exp{ifdx [lA +:fw + Klk~(f~G> 
+ K l1ci.o w +} K lr1ew w + z{•J K + K 2<aJKJ} 

where the dependence of ~ on all the renormalized parame­

ters -Ii and the "renormalization point" r is given in the 

explicit form. Note, that according to the theoremf5J on divezi­

gence structure, all the values Z depend on mass parameters 

!just in a trivial way following fro~ the dimentional counting. 

iTo derive the renormalization group equation, it's convenient 

to express the renormalized parameters A~ in (6) through the 
1(0) 

non-renormalized ones ll • and to make substitution of the . .. 
variables 4)j_ :: z;: w;, where Z.;,; is the matrix of 

renormalization constants of elementary fields wave functions. 

rhe generating functional takes the form 

1:-6-

ei %{N; ··)= f J w ei. f rix fL. T tV s-12. + l(t)x ... K 2'2)"'J (7) 

-l 
~ ::7 z "" -f _J. _ J. 

5'16' = o, -?1r(A) = z"w l J sk(f' = zl<~ 2 2 2 z ( 8) ,.., ) 

where L 
fixed )/o) 

(and certainly. /Vt ) is now independent of ~ at 

.. ile differentiate (8) with respect to r at fixed 
x(o). 

~ . 

1'2. W{tv;·)/ = -NY-2- W + 0t'Jf( + K y(z) K 
'# r ~(a) 0'4N IJ (9) 

WR ~ QMW 

' 
(f) 

Q - 4-volume ( 1 O) 

or on passing t o the differentiation with respect to r at 

fixed renormali zed parameters we have 

I 'P 'P 'P ) IA ) N cz> \ 11~r + fi.'#A c. + N~ r~i "1A'i w\1i0J,r =- oi. K~ + K ~ oi.i Ki ( 11 ) 

r1here 

}i. = r::r A-.. l(o) ' !. -u , ) I -1 
O'J = - lr ~r sil<J~to1 s1ri ( 12) 

°'(i'= [s1r6k2 (s-i zNl7. I ''"r H J J t.. j>/o) 
O; (2) L- -g (: -i. (2) '1' 1-i) ST 7 I 

i.j = Sica r ")r s 1(0' l [~KO' J IC(S" J ij I A (o) 

( 1 J) 
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Us .i !'l g ( 11 ) , one can e;et the renormalization group equationa 

.i'or ~he effective potentia l determi ne d as follows: 

- V(2; .. -) = W(A1;··)-52c:N,: 

S2, _;?W 
-- J 

?Ali 

usir:.g (11) WC get 

A/, - '/1 V 
/Vi, - --

- ~2t_ 

( 1 i;.) 

( 15) 

('r 2- + 3· '#_ - s;. ~j .2.) v (Q;>.,11)=-ot';,v - ov Di<?-) R c 10 -or f c. 'd..\,: J CJ'# Sl: 1 "d6'.· otr- ~ 'Uo: 
~ I- L d 

One s hould keep in mind, that the potential Z , correspomling 

to the composite fie ld, is to oe dete ru:ined a s fol l ows 

2!£. = 6· :=. / • + /)). (t} {,() (Z) 
,..-,. ~. c. ~I. ()'. cf; 

V 'lt. L. L 
( 17) 

,,) (t} ,.") (Z) 
where wir. w~. is the product of potentials, corresponding 

to the eleme nt ary fields , the product of which is ~ . 

'l'he effective potential I/ (Sl} plays n role ana logous 

to that of the effective potential V (¢). In particular , the 

vc.lue s of' vac 11 urr: expectations of 2.:-fields are determined fror.i 

"lhe condit i on 

-,v_ = 
r-ow, 0) ;3V = O. 

JZ;. 

.::.a;..; 

( 18) 

In the case when the solution of ( 18 ) is Z:;. 7' 0 , ~re i;et th<o 

dynamical addition to the particle massesf3,4J, In particular, 

if in the theory -.vi th z:;. = 0 the masses are equal to zero, 
" 

then in the theory with Z: 4 # 0 they become maosive (see 

also section 4). 

Since the value of'\/- potential in the ~oint satisfying 

the condition (18) is the energy Je nsity of the sy:;tern, t he 

potential V mus t be limited from belo•1, ·l'he renormalJza t i on 

group equation allows one to investigate this problar,;, In g ene­

ral, it's more convenient firo t to pass to the other generatJng 

functional W (11; · .. ) : 
- ,..,, (•) ,..,, (l) 

W {N) = W(N) - oc: #i: - !Vi (ii Ni 

I )-t 2- ~ B· 2- ) ,..,. (•) ,... (•) 
\1 "Pr ;',,,A.: Oj + OJi. oi. - o/') 

I 1 'P ) ..... (l) "' (Z) "'(l) lr1r +ft'#)' oj" + ~e. Oek + ~·e oe)( = 0,. (z) 
dK J 

( 1 ) ) 

(20) 

(21) 

(•) 
~- and Y.(d are certainly different from zero only. 

()' t( 

for the values of indices, corresponding to G'i- fields. H's 

easy to veryfy, that W satisfies the homogeneous renorrnali-

zation group equation 

~ '1 '"d ) -r 1- + f · - + /II,- Y .. - W = 0 "'r , '7.A.: "v,, .,~ (22) 

~ 



~urther one should find the solution ( 22) for the case, when 

some of sources are ex[.'osed to a homogeneous ext ension in e.na­

l ogy with Hef (2], and. then use the formula ( 19). ~ le shall not 

deal with the cumbers ome general expression, but show how to 

find the asympto t ics \XI at large Al (an also \I at large Q 
by a s imple example . 

Suppose that 

Y . . czJ _ .Y cz) ~-. 
O'J - U Oc' 

'i, = uJ, = {)' r,.i = r ~'j) 
and denote the homogeneous extension fac-

tor of sources as p ( f:. = &. p} . Then W{pk;)satisfies the 

equation (whtire W is a homogeneous function of 4-dimensional 

mass paramet ers and /t( has a dimensionality equal to 2) 

I '"J _ _ ~' - nwAt ..J_ _ _k_\ ./,,t<;-) =-L .<•) • _ p2 <2> 
Vii. 2-(f ""'i: 2-a-11N{P 2-~ Olk, 2-~ 0 k;)<;. (23) 

where n~ is the dimensionality or ..\c:-parameter. 

The corres ponding equation for V{f 2.i··•) is 

( 2- _ ~,: - n(u Ai _]_ _ _!!._) V r. [.; ···} = 
1)t. 2+r "dA,: 2+r (f 

:; ..Lo/'' ?V{PZ;·) + _i o(i) oV(pZ;· .. ) 
2+a- ~ ?(p'l.l) 2+0 ()(pZ,) 

oV(pZ; .. .) 
?(pl. .. ) 

(24) 

As was said above, the equation (23 ) can be solved exactly. 

However the asymptotics W(pK; ... ) and V{pi;···) at 

p _,,. 00 may be found without recourse to the exact solu-

tions of (20), (21) and (22). Remember that we have confined 

ourselves to the asymptotically free theories only. 

One can conclude fro"m the equa~ion (23), that W(pK;· .. ) 

t-lO-

behaves asymptotically at O(z)-:/: 0 ei.ther as p2. or stron~er 
than p2 

(the term p of.; Ki: in the right-hand side of (23> 

can be neglected). 

Let's consider t hese cases separately. 

r. W ""'K 2 a.t K~oo 
In this case we asympt otically have 

W(K) I"\, ak 2 
(25) 

Substitutin8 (25 ) into (23) or (11) we get: 

( k :1_ + .B. L + 2 y) a _ y (2) 
' lJ r .F, QA L u, . - u (26) 

In fact, since the asymptotics is independent of dimensional 

parameters the coefficient Q, is also independent of dimen­

tional parameters and jll (under the renormalization procedure 

described in Ref.C5J). In this case the notential has the 

asymptotics at large Z:: 

V(2:; .. .) "" _j_ "} 2 
i./Q LI (27) 

This result can be also obtained by substituting (27) into ( 15) 

directly and neglecting the term with 

tion for ll is (26) again. 

0 (t) . Then the equa-

2. w >K 2 
at K ~ oo 

In this case neglecting the right·-hand side of the equation 

(23) we have the usual homogeneous equation of the renormali­

zation gror,tp (one could have neglected the right-hand side of 

the equation (24), as in this case V would increase slower 

than ~ 2 ). Adopting the usual procedure we get 

-~Ii-



! ftr/t.
1 

] W(pK;A,r) =exp[. 2-XfAf,.~ W(K;i\(<)1f) ( 28) 

Ai = ,,~-.,tA\ {f' {!\)- A4 naJ (29) 

l 
c't,! : lne that -;.n asymptotically free theories 5 - h ""'fll 

t; 2 - 8~ ) 0 ~ OE ~ 2 [5] ( <J are Yang-ii:iills 

constants, /, are Jukava coupling constants, J are the 

scalar coupling constants of f cf"- interaction, we have 

Cf (A) ~ 2ot 
I+. 

. 2 2h (. ,) 
W{plCA)r) .v p [tJ,p) T W k; o,rJ 

(JO) 

(}1) 

under the assumption that the limit W at ,\ ~ 0 is different 

frorn zero. 

::io, the cas e 2 is reillized at 0~ "> 0 . 'Phe case 1 is 

r ">a lized at ~t {:, 0 \and 0(2)"+ 0 ). ;-'or· the asympto-

tics of V we get 
- 2(t 

V{pl.;>.,r) ""p2[~p] 'v(z;o,r) (}2} 

If o(') is zero, then thG asymptotics is expressed by means of 

foriuulae (31) and (32). 

To ~ake the theory stable, it's necessary that the value of 

W (K; OJf) he positive in the second cusa, and a to 

be positive in the first case. 

-u-

3. A.s an example let's consider the Yang-:iiills field 

theory interacting with the fc,rmion field. As the comrosi. te 
Q .a 

field we take () = llr llr 
W{k; o)r) is equa1 to 

and rut 2 K» t1 . 

W(k; o,r) = -{3+o1V,: 2 k
2t;,, !£ 

107( 112 

l'he value 

Here for c onvenience the gauge fixing t erm is chosen to be 

- ~(Jr~;"Ji.nd the propagator of the e;auze f leld (in momentum 

representation) is 

( 33) 

~~1/p) =-idair!r; - ~) .i. + c< !r!!.J 11 u t U1r-1 pz p2 P" (34) 

and d = 0 correspon-:is to the tramivsrse gauge. 

'i't":e value W{K; 01 /1) turns out nega tive in an,y gauge and 

therefore to make the theJrJ stabl~ it's necessary that a-~ <O 
In the theory under cons ideration there a re two dimensionless 

paramet ers ff a nd c( . ·:he oorresoondinp; j1 - function:; 

a r e 

8 = - _£_ ;- 131 s - a" r 7. B = _i_2S c( ~ (ooJ-d) 
rg /6;r2 jJ ;ct !6'7('2 '" 

( :J')) 

ot(oo' = 13_ $ r 
/ 3 Ys 

where JQfc jdfc = Sdad' f.'Z. r"rf =?: (}"&, 
ra. are the generators of the gauge transformation of the 

spinor field. une can sed that the di rferential equation for 

the effective parameter o( {e) has two fixed point s: Cll = 0 

and o{::o((oo) (one of which is unstable) so .in ~symptotics tnE. 

r.L-. 



the ory l.s effect i ve des cribed by one of the gauges d. =- 0 

a nd d = o< {ca). Deal i ng f u.r· ther with these gauges only, .. e 

;set fJo1. = 0. 'l'he s i mpl.e calcula tion gives for the val ues OE 
and 0 (2) : 

~'£ = - 16~l (:s ff+ f ScX. -Jz)J o<2J= {a +o1. ~/;2; (36; 

where n is the group di mension. 

The conditi on O~ G O leads to t he f ollowing limita tions 

g s s ~ 7.. 
16 

2 s ~l: 
a t o<=o 

a t o( =o( (oo) 
(37 ) 

that app ea r to b e s tronger , t han t he condit icn of asymp totic 

freedom ~1 
S' > r . 'J'he condit ion ( 37) l ook like gallge depen­

dent. :--! owever , sinc:e $ and I: t ake on di scret e values, 

these co ndi t ions may coincide ( it i s checked for t he cas e of 

J U( 2) gr ou.p). ·l'hus , in the stable Yang- t.:ills field t he ory the 

potentia l behaves a· · v rv _L ")"" 2 ' where a is obtained f rom . 40. L.. 
the equati on 

[-i(g.g-frJi~: -(~'s+§Sa-f-cJ?2]a.=(3+a)n 
(38 ) 

t he s olution of which is 

, -Jr-.&s-jsc:t 2~ 2· ~r:-ff:-Js)o1 -~ 
~= 6 o i-t-CQ 3S-3r 
a. (3+o(:J h (j (J 

( 39) 

vihere C i s an a r bitrary constant . It s hould be remembered, 

t h '.lt- th,, coefficients Pff , 0 and (f (l) are obtained in the 

frw~2 \·1c · ic of pertllrbation theory i n the char.i;e. 

--I~ 

Ii 

Let's consider the structure of Cl quantity in detail. At 

~ r - .!A.~ - .L $'1( > 0 a is positive for sufficiently 
3 6 ~ 

small 'd (irrespective of the value of constant C ) and 

the cor:::-ections to this value (taking in .J!> , (f and O(IJ the 

account of h i~her order terms in ~ ) are small at small~. 

At fr - !f-t,-t Sa< a the term with c in parentheses do­

minat es f or small j , and nothing could be concluded a bout 

the sign of Cl • At large ~ (when strictly speaking t he 

expression ( ) 9 ) is inapplicable) the term with C becomes sma l l 

and Cl becomes negative. If this conclusion were strict, i t 

would mean that at .,,Y (; - 11. S - ..!.. St;( < O the theo-
-> 6 ; 

ry is unstabl e . 

However, the Gt sign conclusion is obtained for a range, 

where the expression (39) is, generally speaking, incorrect, 

and, so, the solution of the stability problem requires the 

knowledge of Ji J O and O (I) at large f outside the 

perturbation theory frameworks. This situation is similar to 

that of "zero-charge" problem, where the conclusion about the 

presence of a fictions pole was based on .the utilization of 

perturbation theory i n the domain where it was inapplicable. 

So, if we confine ourselves to the case !f. "t _ fl s -
2 
. .L Sol > o, 

J 6 
then we can def i ni t el y predict the value and what's more impor­

tant the s ign of (2. In this case the theory tllrns Oll t to be 

stable . Th ere arises the additional re s triction on t he fermi on 

~epresentetion : 

I:::> _§_S 
& 

as ·at o( = 0 , so at d = CJ( (oo). 

( 40 ) 

'l'he follo~Jng mul UJJl e t~ G.o.11ui.Ps.i t.;t o..n .. of i'.e.rmions . .( tha ... same ..in. 
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both gauges) satisfies the inequalities (37) and (40) in SU(2) 

group case: 7 or 8 doublets; 2 triolets; 1 triplet and 3 or , 

4 tlo11blets. ·1'hus the study of the effective potentials ror 

composite fields co 11ld be seen to impose additional restric -

tions on the theqry st ructure foll owing from the boundedness 

o:f the potential f:rom below, and here also the renormalization 

group methods may prove useful. 

4. Let's consider the gauge theory with zero bare masses 

of partic1es. We' l l show that if the physical masses of 

particles are zero, t hen the vacuum expectation of· the field 
Ii#. A 11-

0"" = #/" 11r is equal to zero. on 

eff ective potential V (Z.} will be shown 

na.cy point at Z. # 0 (additional to the 

the oth~r hand, the 

to have the statio-

stationary point at 

Z = 0 with '\/ (~) -= 0 ) with the negative potential 

value in this point. Using these results we draw .the conclu­

sion, th~t the dynamical mass should appear in the theory. 

It's easy to see, that the vacuum expecta tion of the field 

6' satisfies the self-consistent equation: 

(41) 

• - tJa • -) -j ft QQ ~) ,z - ~r (x,x, z - c21(')" ~rr (P;L.; 
where we assume that the vacuum is translation- invariant 

(i.e. Z. = Con-yf , and the propagator o:f the gauge :field 

depends on the coordinate difference) and the ::!:, -dependenc~ 

of the propagator is explicit. To eliminate the divergences 

we'll use the method of dimensional regularization[GJ. Since 

we have supposed that all physical masses . are equal to zero, 

the gauge field propagator would have the form: 

C.769 

Q ll. ) 1 "5"7 I<( 'l '7<J/'f (p;4l = pa L-,t OIC (~) ~ - ;a) (42) 

where al< are numerical coefficients, that depenu on z; anu 

also un theory parameters. Since in the dimensional regulari-

zation 

J "f 
t;,a P~ 

p2 - 0 

takes place, we get from (41) - (4J) 

z = 0 

(4J) 

(44) 

Let's pass to the second step. Consider the following range of 

J<-source values: 

i >> ~2 e,, ;2 » 92 
( 4?) 

'l'his condition could always be satisfied at sufficiently small 

j . In this range of K-values the function W(k) is deter­

mined by a zero-order term, i.e. by tne formula (JJ). 

Now, the effective potential is 

,, z E2 v ( ~) "'- _.,_Jf' -
"" - (3+ til) h . 4 E ) 

2 z >>r ( 46) 

11' 
So, there Elxlsts the range . of Z.. - values, in which V { z.) is 

negative a nd dec:reases with growth of Z. . Since we have sup- ' 

posed, that tho theory is s table, then V(4)would begin to 

grow at sufficiently large Z: . Hence, V (Z} has a minimum 

at Z.-:/= 0 point. In the view of the aforesaid this mean4 

that dynamical mass should appe:ar in the theory. 

'.".'l.7:t 



The authors are indebted to Ye.S.Fradkin, A.D.Linde and 

~L .Voronov for useful discussion of the considered problems. 
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