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The excitation of non-linear oscillations in plasma by
charged particle beams is of certain interest from the point
of view of the possible use of characteristice of such oscil-
lations in order to determine the physical parameters of the
passing particles r.s well as the plasma itself,

The excitetion and stability of plasma non-linear waves
produced by uniform electron beams are considered in the work
U]. In present paper we consider the excitation of non-linea:
oscillations in cold plasma by a monoenergetic electron beam
having limit size in the directiom of b;am motion and anpalyse
the dependence of the characteristics of the excited oscil -
lations on the beam parameters.

Let a non-relativistic electron beam, infinite in the di-
rections of the axee X and Y and having a thickness Z,
moves along the axis Z with a velocity Vo <« C . If the
beam density is equal to [U] then at small thicknesses Zo
one may assume thet the magnitude 6= eng Z; is the beam charge
+surface density. Therefore, one may consider such a beam as a
charged "plane" and write the charge density in the fornm J):
= - S'S (Z—Vo‘t) . Thus, with these assumptions the problem

under consideration is essentially one-dimension problem and
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the self-consistent system of equations discribing the beanm -
‘plaema interaction in the hydrodynamic approximation for non -
relativistic beam and plaama particle velocities takes the fol-

lowing form:

M, rwz=p0 W,y _e
3+_+’bz( ) v 3t TYszTmE

BE . Yrenu+ AT V& 8 (2 -Vot) ,
(1

St
BE = hre(n.-n)- 478 3(2-Vet),

22
where fo= N(2,¢) and U=U(Z,t)are the density and velocity

of the placme electrons, /L, is the squilibrium demsity equal
to the density of ions in rest, € is the absolute magnitude of
electron charge, reapectively.

Though we have a one-dimensiou problem, nevertheless the
system of squations (1) is complicated and therefore we shall
limit curca2lves studying the stafionary solutions of this sys -
tem when all the functions depend on =z and t in the form of
sombinstion of .cse wvariables §=Z -Vo‘t . One may show that
in the one-dime: . 7nal case under consideration the obtained
stationary sclutlons coincide with the solutions having the
form of simple waves. To obtain the stationary solutions of
the system (1) one may rewrite them intreducing the potential

instead of € E_'-‘-‘?_‘B s
CP stea ( e

o

E IL(Q-VQ) =0




c;ié"(}n(”’v°5zz - e‘f) =0,

2 2)

;‘—-;-fi = Hre(n-n)+ 47§53y,

From the first two equations of the system (2) it follows
n(U-Vo) = Const. and (u-v,)*- %%cp: const,
To determine the integration constants entering into these
current and energy conservation laws let us choose the poten-
tial (P edual to zero in the point where 2 = O and also as-
sumell(0)=0 and /2 (0)= L (for an another choice of L/(0) we

should have a constant flux of plasma electrons). Then we ob-

tain:
'd - 2 2
n= n-o"o , M(U YO)_e¢= mvo,
Vo= U 2 2

or substituding W= 4+ e(f/ '%}_/p"

= Y 0 YemU= Vol (3
Writing the last expression we have taken into account the
fact that the root-square has sign "plus" since the electron
density J7 has to be a certain positive magnitude.

Substituding  from (3) into the last equation (2) and

using dimensionless variables we obtain

dtx 1 _4\_ .=V
()= 27 s @

where

~ —t
xz VZWE Ve = r&* wp= [‘hrn.e"
Vo Mo m
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This non-uniform equation may be replaced by an uniform ome .
with an additional condition for the discontinuity of the first
derivative of the function Xo in the points X = O

€
& - Zﬁ _\_’_E E — +0,
?
dx l-e Vo

The general solution of the uniform equation has been conside-
red in the work [2]. Multiplying equation (4) (without right
hand side) by d x/dx one may carry out first integrationm.

(%)

Determining the intsgration constant from the condition (5) ta-

king into account the equations %(0) =], ')C(+O) J_‘ Vs'
and x (," )"‘\F‘ VB‘ one ontainss

X _ .
('.’;IJ; + 2(\52 1) -.-.2.%/!'2_ (6)

From this squation it follows immediately:

Vwn €% £ Xur |

where (7)

\)'x/m;“ = i." \{/S » \Ix“m.x = i+ y£

o Vo
Since N Xmin is a positive magnitude one obtains
Vi < V, . Let us slso note that, as it is seen from (3}
and (7) , the magnitude Vb' is the maximum velocity of plas-
ma electrons ~Ve<$ U$ Vy and

hoVo . ¢ ng _.hl’e_.
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Thus, the stationary state in cold plasma with ions in rest and
in the presence of a "char,:d plane" type beam is possible only
when the condition V,—- <V° is satisfied. According to its
physical meaning V.— determines the maximal kinetic energy of
plasma electrons which corresponds to the electrostatijc emergy

per electron of the "charged plane" field ((21\'6‘)2/8"\’.:
= mVe, 2) : .

Integrating equation (6) we obtain the following implicit
expression for x(*) ¢

Ve 2 \H""i
J2'x = 12{-4‘_1;_-(,“'”_1) + %5, aesin
Vo“ VO . VG‘/V°
This relation together with the expressions (3) determines the

"(8)

dependence of W, (L and other characteristics of the non -
linear stationary waves excited in plasma on the electron beam
parameters Va- and Vo .

The dependence of the magnitudes 'x, ’ _r_\‘_ s %- and
1= /21\'6'.: * 1_‘/@"@%_1)’: on the’}ﬁmensioglees va-
riable X for )tw?“.;alues of the ratio Vo'/Vo :0. 5— and
Vc/\lo 2l i given schematically in Fig.i - 4.

Now let us consider the problem of the excitation of longi-

tudinal non-linear statiornary oscillations in relativistic cold
plasma by a relativietic electron beam having the above discus-
sed shape, Using the complete system of hydrodynamice relati-

vistic equations and Maxwell's equations one may obtain the fol-

lowing equation for the longitudinal component of the dimension-

less momentum -Pz.= Uz/JL- usz , G;‘: Uz/ec » ‘p= Vo/e ¢
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(9)

o~
with the boundary condition at the points 2 ':'.0 H
o ’ 2 € Libe
— - - -—
di(fsfz iﬁ*)’_e" mer ' €=+0. (10

After the first integration assuming Pz (o)= O end
using the condition (10) we obtain the following equation:

(P-Pz “’fz ) [\r*Pc _rfz]/z (1)

where

2
f&' 2 man J(i"‘;”fmc,_) i; —frsfzgﬁ“ (12)

The integration of (11) results in the following formula

for the longituc 18l component of the velocities Uz_ as fune-
tions of Z = Z~- v'of :

VEopE _ | J ()T,
< (-T2 %@z, 2 (-7 2y 4]

where U — _PS /I i* P : and PG' are determined
by the relation (12).

(13)



In the general case? the inte; . in (13) uway be expressed
by elliptic functions [3, 4] . The space period i!h (wave-
length) and the oscillation frequency &) are given by the

expreseions

ZIFVo(j-r(m)—l) % E- %K]’ (14)

W= Z‘.TIV,,/,:ZX

whers K and E ere the total elliptic integrsls of _firat'/
and second kind with module K = | YI=Gimax 1’3’"’"] 2
j-“v 1‘ u!m“x

In the two limit cases Uamax < L and £-Ugmey,<s 1
phe oacillation frequency is given by the following simple ex-

pressions:

= oy (4~ 3 <&
f( ’ Emuu) Uzmwx ‘t (15)

Y% —
(1 ZMM » i‘ugmu << 1
(16)

Let us alao give the wxpressions for the density N and
field AE; as functions of &z (It is not difficult to obtain
them using the initial system of equations of motion,continuity
and Maxwell's equations)?

;3%__12_; , EF ”"sz{(J Usz,?-(ﬁ't?)zn
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The formulae (13}, (14) and (17) determine all th2 charac-
teristics ¢f the longitudinel non-linear oscillations in depen-
dence of the electron beam parameters S' and Vo + However,
it is necessary to note that in the relativisiic case the one-
dimensional motion is impossible and velocity components Uy
and Lﬂy appear due to the preserce of magnetic fields in the
initial equationms. The relation between the longitudinal and
tranaversal cacillations resulte in a fact that the solutions
of the equatioas for the velocity componernts sare non~stable
due %o the terms proportional to 152'(}34 1)  in the equations
for the transversal components [3] .

Ar the analysie showe the application of an external mag-
netic field does not remove the solution nop-stability though

changes its character,



Pigure Captions

Fig. 1. The dependence of X(X) on X for Va'/\/o = 05 and
Vg-/ =~ 4{_ The maximum,inflexiom,and winimum take plece st
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Pig. 2. The dependence of ﬂ()% on X . rhe maximum and

v
minfwum take place at X . T (2 °'+ 3r)
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Fig. 3. The devendence of L—"\%".‘) on X . The maximum and
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minimum take place at the same values of X as in
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