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At present the rise of the nucleon-nucleon and nucleon-nucleus inelas-· 
!> 

tic cross-section is established for energies up to 10 GeV in direct acce-

lerator [l] and cosmic rays experiments [2] • 

Earlier, in cosmic rays an indication was received of the rise of in­

elastic cross-section on the basis of data on the increase of the index of 

energy spectra at mountain altitudes in comrarison with that for primary 

spectra (3] , and on the chang-e of attenuation length of ionization liursts[4J. 

Recently, in a number of cosmic rays experiments the l ewer bound on 

the nucleon attenuation cross-section in air up to 30 TeV was measured [5,6_1 

Available data don't contradict to the parametrization in the form; 

6 NM.- =-60 (i + i f.n.E) . (1) 

The energy spectra of nucleons in atmosphere in the case of cross­

section rise have been investigated in a number of works [7 ,8,9]. 

The case of logarithmic rise was carefully analyzed i~ N.L.Grigorov's 

paper for ~ << i 
Up to now it was not proposed the exact analytic solution for arbitrary 

values of ~ . 

In the present paper the exact solution of the diffusion equation for 
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-! 
n~c 1eons i:1 t :1e at;r.os pliere is given for the case of E primary spectrum 

"i U, t he ioga rithmi c rise of inelastic cross section under the assumption 

tha t :he s~al ing law took place for secondary nucleons spectrum in nucleon-

nucleus i nter act i ans. 

The diffusion equation of vertical nucleon flux in atmosphere is writ-

as fo 11 ows ) !. ( ) / oHi.e = _ 1(1,E:) + (I T.,E./v.. W"(u)~ J 

.l(E) ~ . I - • ... 'U.. 

ten 

( 2) 

~1here :z. , 1.JJ(-u.) and .l( E.) are the depth of atmosphere in g/cm , the 

scale-invariant secondary nucleon spectrum, and the nuc leon mean free path 

in a ir, respecti vely, u. = 5f
0 

is the elasticity of the nucleon. 

For constant cross-section solution is known to have the fonn 

I(z.E)==lt.E- 0eJCp(-~ (3.-<u~-~.>)) 
i 

1H. J "(-! ( ) I -'6 zu. / = oh.1.-'\.l vs(-u.) r I O,E = oE . 
C> 

-i 
For the case A. ( E) ::= 1o (1 + ~ eV\. E.) we sha 11 try to find the 

solution in the form 

I(z,E)=I(o,E)exp(- x~[~~ -+Jz(t:)) I (3) 

Substituting (3) into (2) we get 9 ~ ~ 
<'tt¥-i+To ... i> -!-t-:XJ. 

'Ol(:z,f,) :::-l('l. E)(}- +.!<u..~ Aol~-.i\(4) 
'H. ' J.(E.) . J..o "Y° ' 

Differentiating the left -hand side of (4) and dividing by I(l,E)we get: 
'() .,-.i.+i..-,:<"' 9 - - r~ l ;- ,X~(i)=- i-z\(_ J..o 7+1 <'l.t)-~+r,X:~lenu.\/ 
.l(E) A.(E) lo 

Equating separately th1~ energy dependent and independent terms we get 
:i. 9 

1 ( o-t+-X1 1 X-t. ('l.) :::- _{_ - J 'U.. · J..o -W (u.)cx'U.. (5) 
0 

4 

i -3 
I C0 ( '6'-:1. + -,X-1(~) 

12. (i:)"'" ..i
0 

ju J...., -w('!.(_) I ~'IA.lot~. (6) 

0 

Under the boundary condition ;r:.-1(0)-=== D the solution of equation (5) 

is as follows: :X:-t. of x 
l = ~ -

1
-_-<_'l.t_"" __ --:-i-+-;;-~-x) 

(7) 

The solutbn of equation (6) is 

s 
9 .:X-1 < 1.(~-H 4X le..._ "-l> 

1 i = lo s ol )<' --i---<-~--!-+_1l.._x_) 
O - U. >--o 

(8) 

As was expected, 12.. i s not an independent function of i!. , it de-

pends on 'f~ . For any specific form of function w(u) , we shall find , 

integrating the left-hand side of (7) .Z = ~ { XJ.) and , respectively 

'Yi -=; ~ -i (?.) ( 1-i - the inverse function of f ) . 
Thus,we show that the solution of (2) in the form (3) exists and gives 

the procedure for the obtaining of functions ~-<(.zland ?-'ill). Reverting tc 

equation (4) it is ea~to see that the soluti on can be written in the form 
~ :z i l'-h~X1(-l')\ 

lfa,E.)=IoE-e"p( -.l~El+~~:z'f.t1.11'l(t.)1L l(E~-i,)--) (9) 
0 () 

which is analogous to the solution for the constant .l... 
There is the obvious transition to the solution for constant .l 

and to the approximate one 1°(~ ,E) = I[o,E) e- :z1,(E) for a~-d 
The expression (9)may be also wri~ten in the form 

I (:z,E.1= I(o,i::) exp (- 'l/L (i,£)) = 
r .-l f ~ -o-J .. ~ ,-{ (h) 1g·) 

= I(o,E)exp L-z(;_(E) -)<{t )ot'lt 'W(u)u. J..o )\'. 

o 0 l_(E/u) j 
1 -< ¥-i+S X(H) 

By analogy, we name L (-z,E) = (-~-)- icA.t ( of.u '1'1(7.t)'l.t I;, 
1 

) 

-l(E o ~ l( E/,,_) 

5 



an attenuation length of nucleons with energy E up to depth Z • As soon as 

f
1 

( l) is a rising functfon of its argument, the attcnua tion length decreases 

with the increase of atmospheric depth due to the rise of the index of ener­

gy spectrum with the depth. 

The obtaned solution is correct for any 3 , and at any ?/'.t 

As 1t was shown 1n Ref .(7] , for 8 <'.'.< i an approximate solution is 

sufficiently precise for practical applications. The exact solution may be 

of great importance in two cases. First, beginning from some energy inter­

val, the cross-section may begin change with the energy as 

6 =6.,(i+ G,en.E) ,with C.~.i . Second, 

the cross-section may have the form (which doesn't contradict to the avail­

able datd) 

6-= ~o(i+~(h~t'.tE)fnE) _ 
, with h. «i . 

In the first case our solution appear to be the most acceptable for 

the analysis of nucleon spectra, and in the second case, it may serve as 

good approximate solution with • G = ~ ( 1 + h, .en.. f) 
In Fig. 1 we present ,t1as a function of '2,4_

0 
for various values of 

~ = 0 ,04, 0.1, 0.5, 1.0 and the ratio l (:z.,tl/J
0
{-l 1 E) where 

.I 0
( 'l, E) is the approximate solution \_7]. We took W(1A) = i to describe 

the secondary nucleon spectrum. 

The author would like to thank Profs. A.Ts.Arnatuni, S.G.Matinyan 

and E.A.Mamidzhanyan for helpful discussions and valuable c011111ents. 
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FIGURE CAPTIONS 
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a) ft as a function of l~a at ~ = 0.04, 0.1, 0.5, l 

b) Ratio I(l,EJ/1°(l.,E.) as a function of ~/J.. . 
0 

J(z,E) - exact solution, 

J~(~.E) - approximate solution 

~ .. 0.04, 0.1. 0. 5. 1. 
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