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1. Introduction

An exnlicit nroof of aauce invariance of the effective action for fields
satisfyinn the sourceless equations of motion in non-Abelian cauce theories
is afven in this work. The raune invariance of the effective action on a
precise extremal by meéns of the Word identities was proved in Ref, /1/, and
in explicit form at one-loop level - in Refs./2, 3/. In the present work
we shall generalize the proof /2, 3/ for the cases of arbitrary nauce apd

more higher orders.

2. Definitions

We shall use, as it was in /4/, two types of condensated indices com-
bining the discrete and continuous space-time coordinates: smell Latin indi.
ces relate to Lacrance variables of the gauce field '-P‘ , the small Greek
values - to paraveters of the cauge arour. A classical action S (LP) is

invariant relative to infinitely small qaige tr @sformations:

8¢ = Ry ()5 & o
' L

5"(LP)Rd(LP)'_‘O (

hence
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S (DRI(Y)+S, i (WR) j(¢)=0 @

etc., where functional derivatives on field are denoted by comma. On a class,

ical extremal

SJL(LP,)=0 W

these relations have Ithe form:
R:(LP,)S,L(‘-F,)=O (5)
Ru(¥e)S,ij (Q.) =0 (®)

b : 4 BE - 7
Ry S.ijk 'Ra..,n S, ij +R¢,J' S,ik= 0 i

. L i .
R"‘ S"LJ"“’- : Rd,e SJLJR i Ret.k S,ijet R;’J-S,ikgo(sl

b i ¢
- + .
Rd.rn D'l..-*‘ ‘Qg{,e S.— ijrem B Ed,ksx ijem + (9)
F £ ) s R &
i i b’iKEm =0
and we have taken ia0to act ot that the action contains a field of no more
than fourth power and that k.c"Jn = 0
The Li  Alaebra of the gauge aroup G  is written in the form:

Ra(:._i RJ; ) RJ;,J' R: 2 R; C:p | (10)

where C‘EP are structure constants of the group, which satisfy the

Jacobi identity:

5
5 Carth

€ § €
pe Cya*Cye Cap =0 (11)

We also assume that:

Rio=o© (12)
ﬂ Py
Cu{jb =0 (13)

The initial exrrcssion for a derivatinn functicnal is:
i i) s
N [Dg exp L[5 () £ ¥ %up o P2 9]
SN - e R

A
vhere \'/ (LP) is a calibration function. Usine (1Z) 2nd (17) one can
obtain the followine exnression for variation of the functionsl 2% cauce

p variation:

Sy exp{-:,-z}-_- i3
L& K ok P ‘ZXP{';“?.?J )
i &7
unerg ‘p &l
R'::'\P,,.,(.Z’JJ:=-5G4 . (1€)

n)
Let us introduce 2 cerivatine fenctional of freen vertex functions r‘

{an effective action):
i (17)
r = 2 i :]'( kF ]

t :
rera 'JK mist he exnressed throunh LF by means of the eauation

Gl oy, PR (13)
89~ oo




Consider 2 total variation of the functional F(LF) at naune variation

S 2 K
5*r=5q,z+g§;5+3.<-{5?3n)¢ : (19)
Tim fast two terms in (19) compensate each other by virtue of (18) and so
we have:
So TIEIE G 2103 / | (20)
o 10 =8 2(9) [ 5 g, 4)

fne explicit variation 6¢ 2 is aiven by (15) and disappears at

J.= 0 . Since according to definition (17)

I, Vi@ (a1)

hence

SeT(Y¥)=0, 22}
ti U sstisdy the eovation

F (¢ ="0 (23)

3. Expljcit proof of cauge invariance

How we obtain the expansion 5 (LP) on precise extremal (23) in
powers R  (i.e. in the number of loops). With this aim we shall present
(17) as an exransion in powers

' 2 e {24)
F(9)= (@) s 5T Y + 85 M@)o ..

Iypanding in powers the solution of equation (23)

2
LF=\P.++5"f(Ij+‘haLPt}+“' (25)
and substituting it to (23) we have:
Mo,i ($o) =0 (26)
1) 1)
oux ()9 G ) = 5 (27)

ana so on.

The last expressions allow to express the expansion (25) terms through

J, . For I"(lPJ on the precise estremal expressed through P, we obtain:

F() gy = T () ¢ 5 T ) # -

Ty £ 0 8800 150

4

where according to the definition

PRTTLYY AN (Po) = 55

(23)

An unexpected fact is the appearance of the second term in (28) in breces ,
which is a set of one-particle reducible diagrams. One can be convinced of

this fact when substituting (24) as well as the expansion for Z

e pt s el B r (30)

to (17) and (18).
It is of interest to check that each term in (28) does not depend on

the gauge. Using the stationary-phase method in applicability to (14) for



the exransion coefficients (28) we obtain:

o (1.)

=5('f’o)*‘$_"‘!’d9€-dp"!’ﬁ

. i { ol ﬁ
ri{‘igo.‘wztif‘pfn{s;u rE V%t ]

»
- Sp I {R) ¥

b

I"{“fﬁ) 2 *%S»UKZ 4% o

_% S,ijk S, emn ALE pim pKn
£ Dxl:{ g sl v

2 LW 299 1% ) -
= 1) oMy, r”” (9.) =
_% S Sl Aol HE g
- = 8,4 Arual i Biace
T2 Dy 8N 2 25

(31)

(33)

(34d)

FeE u rove that TL{ LPo ) s inderendent of q) )

Sq,- I_D[L,p,) = ro,i_ SkPQi
*5"}”d9€4p¢;’ - S*Pd&‘iga_‘ -“ﬁ({‘Po) 3%

o W yrite TauldC) in the exrlicit form

(26)
S,i ($.) + 5 (¥.) Rap ¥ “(9.)= 0
inwvirtue of (5 fem (30} at convoluticn with Rg vie have:
-1 d ph (37
18

¢ ()0 G
w 6y oY, )=

O . ihus ro ("Po) dees not denend on LP
Consider r((;‘%pj 2
(32)
() (1) 95 e 0 (+)
Sy M) =T, Sy P + Sy I
where 8'{/ wans the variation of exnlicit cerenserce of [ ¢ g '
Per furthir callations ve need two relatiors vhick vl Le o taines below,

“Wltinlyirn £o.{29) for

[0+ 4 a2} 5

fy RK and nsina (€) we obtain:

(ac)

P j ¥ K ;
2o 4% ai% -2 RY “”



L
To find the variation of extrem al 5&]1 L-P,, we vary the eauation of mo-

tion (36)
1 & ﬁ J {42)
5’ ] 6."} "P"J * ql,-’ L ge"ljb q/r.l S‘P l'Po
4 2, g p .
TR A 9?.4_,54/ "“l’,i_ 'QEAPS\P .
from which in virtue of (a0) ,(38), (41) we have:
i i o Lo s (a3)
5*, LPD'- = AuS‘P,i aedp\l’P"AL ¢ 3845,54'.
Wy % L o T
=AJ|\|«',_',924556&P?= Ra Dp Sy
in virtue of

T ()
tence , for explicit variation E‘P r [.LP" )

(41) we have:

ad
SY(.[‘P.J-“"’Q 254’ :’e “PJ“z’*RK'F(J

i : X i a(=
DIRE SN+ DL Ry S LS

Consider now the first term in (39)
(45)

{r) L o p
Fi "10 .l Rﬂf 2)4'354)
for r,l_ RF we have:
o) ioooaq R i e K (48)
bk R:=-—tz~ﬂj S, ijx Ry + iy, \"’,i. Ri.K R ¥
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] % o0 e w0 b B T e
ook At s, ik Ry~ S,ikRy, i [+ Bp i Ry Ry

v, K ' ol 5 L K
= L&JLS,‘m RK,J‘ +"‘Oﬁ+ai Rd;n R;",' =

n

; p U
L['SnJ" “I’:n ge"l_bq}:i - J]Kd;' ”'Dﬁ% R-i,x er

i'I

R LQP‘P R +5‘°Dp kaa Ra{*c

K i ® )

| B e
ZL'@}’\{IJJ.(R&,K RH_RKIK Rol

R N . I - N S
-_'Lﬂ_;’q/)i RSC“H':-LCSK 0

Durino the transformations we have used the relatfons (32), (7), (40), (12)
(10) and (13).
Consider finally the two-looo contribution to the effective action on

the extremal. While calcul ating the variation one should use the relation

= L {it o X K Y
5,0 4 84 D Ry T, (47
where the braces mean syrmetrization over indices .J' and K . For

r(?%) af ter protracted c Aculations we obtain
= ~(2) P Kn. B o m
Sy I (‘Po)=%5;mpi A A JE}’W Dp Ry, x
o B nd om Ay R
ta SLP,I'LZ).P Ro‘i,ﬂ .Z)P D U‘ f“

(48)
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" 4 1M )
ari fnr g\f fji r,i} A tJ r J{ }] the expression is 2lso obtained . but
with an inverse sion. The variation throuoh the extrei d can pe 2lso celcu-
lated in principle bv means of the relations obtained in this work,

Let us particularly emphacize the case, when (P,l is a eovarisnt-
constant field /2/. It is easy to see that f_, (;) =on this field is zero.
sinca the Grean oluon R; Aij/l::j = O function in coinciding noints
i_..-._j is zero. Therefore at calculating the two-loon correctien to the
offected action /5/ we restricted ourselves with only & first ites in

traces (23).
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