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1. Introduction

In the well-known worke of .Heisenberg end Buler /1/.
Weisskopf /2/ snd Schwinger /3/ the problem of nolerizaiior
of vacuum by the external electrommgnetic field wns investi-
gated. Schwinger obtained a general expression for the ruen-
‘tum correction to e cleesicel ection due to the vocuym pole-
rization:lthia expression coincides with the_one-loop expres-
sion for the effective action /4.5/. Together with the auen-
tum correction the lLagrange function for the constent electiro-
magnetic field is given in /1.2;3/.

In the work of Batalin, Matinyan aﬁd Saividy the problem
of vacuum polarization by a non-abelisn gauge field. free of
sources, wes investigated *)., In e particular ces-, wher a
field is covarimnt-constent /6/, just as in quant. m electro-
dynamics, there was obteined the Legcarige function together
with the quantum correction (see formule 3.18 in /6/). A renl

%) The restriction by such fielda is due to the fact that i~
this case one can explicitely prove the . ruge invariance
of the effective action /6,7/.

3.



part of the Legrengien (see formule 3.19 in /6/) for the ma-
gnetic field hms the form /8/:
a(="l-aia. 1;2?}(?)(9“) [en( )-_é_] {1.1)

where o+, ’\G) is » Kneimir's operator of the gauge group G
(this result is velid slso for the electric field if the
substitution H —-'AE is done). The ener‘gy density g(H)g-,[ (H)
has e minimum in the point /8/:

: L8 I* (1.2)

%Hvuc= zﬂ exp \- mﬁa }

Using the result obtained by meens or the renormelized group

/9/ and mgsuming /ﬁ(x) 2 for the nverage field we have/8/:

e rer { [ 25} -2

However the total imaginery pert of the Lagrangien (3.18,/6/)

S LTI TTA) S| S
f:

Ksi n)

in the magnetic field is equal to /10, 11/21',,“{(1.”- uT
and it i3 of the same order as the 1maginary part in the
electric field /6/ 2Imd(E)= assr‘ . The imaginary peri
Z in the magnetic field is due to aveilability of the un-
stable mode /10,%11/ Ko"K." QH which brings to the fact that

the level /8/

.. 1€ (G) 9ot C(1.9)
(Hvac) 192 > T J“e { mﬂca(c')gaj



*)

is unstable nrnd, hence, the real vecuum lies lower .

It seems to us thet, although the coveriant-constent
field is nct stable, navertheless the sverage field velue
siven by expression (1.2-3) is correct.

E Therefore it is important to develop such » formelism
which wouldn't be sensitive to n concrete configuration of
a field. For this rensson we went to conetruct n generalize -
tion of the effective potentirl [ (4., S) which depends rl-
remdy not oniy upon ¥ = <0/L}>‘}0>' but also upon e possible
expectation value of the clmmsical action S=Lo/Sclfo >
and which permits to calculate") Svac . The gruge- and Lo-
rentg-invariance of this quantity makes it convenient for
investigations.

To reelize this program we heve used the higher Legendre
transformation technique developed by a number of suthors

/12-18/. The substantial chenge consists in introducing in

- =

*) Note, that in the field A/,-ib,, +sz,‘ + .7&’),, . where B
C , and D are constent coefficients. there sre :mstsble
modes as well /19/.
**) As comparing Svac with the vacuum expecirtion for the
free theory, one can judge on the fundamentel stste dis-
placement. In eurritum mechanics with Lp.gr;vn;?;is-.:-v.

.2 T 2 2
ol=z 3 -wW X there tekes plrce the retio < 3¢ > =

<26%> = "‘:’ g0 thet < £ >= 0 and by its diffe.
rence from zero, when including non-linear terms, o -

can judge on the vacuum displacement.



tne generating functional apsrt from ususl sources of J:
type, rlso the source L,-S(¢} . where [, is the number*).
and S(Y) is a classicel action,

In the second gection the functional I‘(LP,G.S) is de-
termined end its motion eocuations (2.12-13), (216 -17) nre
derived. In the third section these equmtions are investigeted,
and it is found fhat one ordinsry equetion (3.13) is enough
to construct [T . In the fourth section the emi~tion (3.17)
is solved by means of the iteration techrnicue. Finelly. we

obtain a generslized potontialr(q, G, 5)expansion whicl: is

anelogous to the effective potentiel r'(LP) loop expansion,

2. Legendre transformation with the source L:S{{)

in tne $Y2 theory.

Let us determine the genermting functional Z_(U,I(,L)
of connected Green's functions as
-E-Z{IJ,K,L) 1 .
U= w7 ovepd (s Ty -

(2.3

{

P KRy e Los ()]
In this expression S (?) ig n eclageicnl retion of the

9 W3 theory**)

*) This source is gauge-invaria-t,
**) The developed formelisa &r~ be ersily rererclized »s to

the theories interesting fror- the physicsl voint of view.



' oy o . . ¥°(0e) ”
S{W) = 5 Ui 1D e, 4) (y) * 93!-2,.__ (2.2)

‘Here and in whet follows. if not apecielly meantioned, the in-

tegration goes over reperted arguments. The operrtor 7.°7

is determined as:
(2.3}

L D e-y)=- (Q+m?) 64 (Y,

and N" is 2 normaliged constant,
Let us differentiate (2.1) with respect to the source

We obtain
..\‘ .
ZJ(x,-‘-ﬂ(m}le(,‘,” s Fl < $(aw) 4-['(%) >, 2L= <S(y)> (2.4)
where
v = __.s....é— ’
L3(%) T 8T (x) (2.5)
and so on,

» The two-poiant connected Green's function G ('x'g) is

determined aa

23(&)3(,)= -;—[ﬂm) Py ~<Ylg>< tmp]g L G (,y) (2.6)

From (2.1) it follows, that derivetives Z, ) 133

3« and 2, sre coupled by relations

. .:— = g_l- . (2- .1)
Z’l"”(ﬁ}’ 1:1'5(9:) 1:1(3) = 5 Zniaty) 7
st i 2)"(“' g)zx(x, " . . A (2.8).

o + '3% {(-:—) Z.‘J(sc)ﬂ(?z)ﬂ(gt)+ i Za(x):l(az)lzj(w}*.ts(oe)}




The generrting functional JF satisfies the Schwirger's
motion equation. which expresses the property of the measure

"D“P transformetion invariance in the integral (2.1):

Q.
UP )jz.z: i ,'}/Z;_-; )+£3'[z X-)LJ(Q(‘, L#‘-ZJQQC\U(D&)]&

(2.9)
Pt Ky By
fet us choose new independent verirbles SE < 5(‘-?) > s
- - 1 . . )
Gla) 2 T I Py =< > <$iy)>] ¥ = < ¥(3) >end meke
the third order lLegendre trensformetion
S | o (2.10)
',‘N\?,CT.S):Z‘JLP“;‘KWL?-%G'K"[-S
Terying F(W,G‘,S) over '-[‘ , G ana S we obtain

Moy = = 900) = Kisey) 91

R T
o) =7 Kixy) (2.1%)

Rewrite the Schwinger's equetions (2.9) rnd (2.8) in new va-

riables:
(4~G}{i.2)”(ae-g} 5;+-—{‘fo +4 G (e x)]} = Mg aey (2.12)
S_ { _:{ﬁ -f 9’ h T |
=TS 5 A (x,g}g)G(X_-g)=3~!(7) Zo(ae)a(ac):;(ge) (2.13)

where Ad()c,%”q) is determined as
.oa=d -1 ' (2.14)
WA (x,g’l{’)aiﬂ (x-g)i* g‘f)(x) 5(1;-3) .



Using relations

S Jee) §K(se.y)
——="= §[2¢. Sh\Ry e
&3(y) Pe-4). §3J ) ) S (%)

one can obtain (see Appendix A):

/ (2.1%)
§L -0

2l
5(31.9)-;6(1..1) Q‘”"W(&) e G(x.z) l';u_,w + (2.16)
|
* T Lawegyaa)ag) Qug)oe )

01 G(ay) Qugyeia,t) * T Zawawaw) Qowme@,8) (2,17

where

Q‘?bew(s)i Cooeysfos Towiy ~ Mate)e(y)

Q‘Pm)c’(’#)& r‘?(?t)f fos [soe,t) ~ Y06 (2,4) (2.18)

- = - -
QG(&*-)G(«}.L') rcr(!.t)srss Es(u.u) r;(i-*)G{u,v)

For convenience, in Eqs.(%2.13) end (2.16-17) the aquentity

Z:I:w. is preserved which can be expressed through derivatives -

r By means of (2.17) end substituted in (2.13). (2.16).
Egs.(2.12-13) end (2.16-17) complelely determine the functio-

nal .

3. Extraction of invariants.

The Schwincer's ecuetion (2.12) is linear inhomogene-
ous and its general solution is & sum of r warticuler solu-

tion a.nd a genersl solution of the homogeneous part. As the

e i

AN T



particular solution [ =S  may be taken, then the general

solution will have the form

[=S+F

where [ is the solution of the equetion

(3.1)

‘ L - (3-2)
FLD ey Bly) + 5 (Woe) 16 (0] + Fgay = O
Viriting out for (3.2) the characteristic equmtion we obtain
that F depends on the invariant S-S<y> - % Gy

and variable G . However, from (2.13) follows that it is

‘ more convenient to choose the invariant in the form:

(3.3)
S=5-5(%)- 2 8'(ayjw) Gloy)

Taking this fact into account, we celculate operators Q“, .
Qge -+ Qoo 1in (2.18) ( in what follows the differenti-
ation with respect to < is denoted as F' )

Qotxrgiy = F ¢ 47 (xy/4) 3.4
Qw(x)o(z.t)gF' 3;?-'5(96'3);5(95‘{) ' (3.5)
Qf—zz,t G(u.v)” =QG, t/uu)= c,(;_ i)F"- Fc,(u v) Fc,(z.t)c,(u.u) (3.6)
Substituting them into Egs.(2.16-17) we obtain:
Sbe-g)= 36, 9" T Esatyoy) g (3.7
0= ~G(aa) EFi(zt) 230y 3(waty Ay /2 4) .8

10



Rewrite now (2.13) in new variables
TG (hE _ (3.9)
S 3! (L } za(x)s(,x):r(_?e)

In Ea.(3.7) we teke X= Yy , integrate over A and substi-

tute from (3.9):

2333
"

3 > 2
f'c1‘#5F'+—iiGFG (3.10)

here tz 1 5-]5(26-3()01} The generel solution_ (3.10) hns the

form: -
F(F.6)=gitelnG s 0(s) (3.1

whence it follows that in order to find [ it is suffici-,
ent from Ees.(3.7-9) to extrrct oue equrtion of the form
Fo=... . where on the rignt side mre derivetives F of =
higher order.
Substituting 2,45 from (3.8) into (3.7). (3.9) we

obtein:

ZFG(x,g) ""hG"'\x#) f{—(%{gr %Z_{%) (3.2
where
te G =[G (ry) @' (goy/m) dxds (.14
and |

Q (2t /u,0) Qowjoeny) = 5 [E(2-%)6(t-y)+ §(2-4)6(¢-3¢)] (3.1%)

11



(3.15)

Eq.(3.12) is solved by the iteration technique /16-17/.
A8 & gero approximation for F' 1s taken (see (3.11) or (3.12))

el Ltz G (3.16;

Then it is necessary to caiculate (3! in the same epproxi-
mation end substitute it to the right part of Eq.(3.12). In-
tegrating it over (G we obtain f{!} and so on. However, it
is convenient to iterate Eq.(3.13), since it is an ordinery
one. In the next section the process of iteration of thias

equation is given in detail.

-

4. Iteration solution of equation (3.132).

Let us calculate the operator ¢ in a gero approxime-
tion, substituting F'% ... :6) into (3.6)
(o) 4 pant -t Ny - .1

and obtain the inverse (3.15)

)i L&
Q(o (u,v/x,y) = f— G(ux) G(v, ¢) (4.2)
From (3.74) we have
o1 867 o (4.3)
t= GQ =Tf¢r(ac.g)dacdy
Substituting (4.3) into (3.13) and integrating over ¢ we
obtain: g‘ -
@ (3 =2
F =% %) r-) (4.4)

12



where

O« [Slapi'nd'y

In what follows, in diagrems., to the line e——< . corresponds
propagetor G(ze, 9,) y» and the integration goes rlong the

cloged lines.

Proceeding with the iteration process we substitute

F(°)+F“) into determination () (3.6)

(-Q“zit’.’c/u,v)= l(pi’;:)a(—g—)aG(u.u)[é(u-t)a(u-z)»,5(u-~a)5(u-f)] (4.6)

and find fhe inverse to Q
(n (o)1 (0)=-1 ~ (1) A (0)= 4 -
[Q Q -Q' QY0 (4.7)
Preserving in (4.7) the terms not exceeding the second order
in § we obtein for (3.14):
18,2 @
a2 _.*._(;?_a (35) | (4.8)
t6a'-20-%(3) (5] ©F

Heving integrated Ee.(3.13) we have:
s L3 §)~ 9 (4.9)
- oy Y
TR gh S
and so on.
Let us write out 2 final expression fcr the functional

F  :, presented as & seriec in §2

(3!g e 1
3'&) =) - (4.10)

K

[= S*—'t't[n.(}

(ﬂ( N‘p.

|

>

-ﬁ.(?



Note, that when excluding the source ‘, which is equiva-
lent to condition (see 2.11) '
(b= O

one can find S as » function of Y end G .

| Substituting S as a function of ¥ &and G into

[($,G,S) we obtain the known expansioh for the functional

r{9,6) r16-18/.

The performed consideration permits one to hope that

an analogous investigation will be successfully spplied to
non-abelian theories, which will be described in our further

publications.

The authors are thankful to S.G.Matinysn for his criti-
cel remarks and constent interest in the work,and also to

A.A.Belavin, E . Sh.Egoryen, A.P.Zamolodchikov and V.A.Fateev

for useful discussions.



APPENDIX A

In the terms of Y, G, S

the ratio (2.15) has the form:
1= §_q S‘P 63 &G . dJ &S (A.1)
N4 6'.’] GG &7 &£ &3

0=k 8¢ 6k 86 , dk &S {a.2)
§v s0 "86 63 58 &3

0-8L 8% &L &G 5L &9 (A.3)

- e r——

§Y &3 §G &3 &P 8§73

&P _
From (A.3) we express 8:5 rnd gubatitute into (A.1)., (A.2):.

f= =8I 8¥ &3 86, 6IT 8L 6¢(6L)" SL 55/&)"1 (4.4)
“s¢s3%6c 61" 58 " 89 §I\8s/ “s6 63lep/ *

Si 6‘(}( &_)"?

K 8%, &x £6 , §8r 61 &Y
s/ I

O 8¢ &3 t5G 63 62 L&y 63(6&‘) §G &7 (A.5)

Using the ratios (2.4) end (2.11) write expressions for vs-

~ rimbles participeting in (A.4) and (A.5):

& _.c. SG _ 83 2
57 g7 arige o= lget 5 loe ¥
(A.6)

§J _ 2 - o2 2
5'1?*'!7{,!;" . ig T _ﬁ—,- +.ﬂ- qu, kP
£ .

K e

sh . _ erp

il 2 U
S_P [:P.P"ﬁ rG‘y L{)) S\P ﬂ'



iy
.
£
[
E:

Pinally, substituting (A.6) into (A.*) and (A.2) we obtain
the coupling equations in the terms r(‘?, G, S)

_ 2L

206G Qo + 56 + £ 7005 Qoy (a.7)
. 1 .8

O‘tGQL‘)G_*‘ Tzﬂﬁﬂ QGG (4.8)

The form of the cperators Qqh.p ) prc,

siven in ' (2,18),

and QGG is

- r
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