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С помощью преобразований Лежандра строится функционал
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 э а в и с я

Ч
и й от

 вакуумного среднего поля

двухточечной связной функции Грина От и вакуумного среднего

от классического действия S - ^ ' ^ ^ ^ У » Выводятся уравне-

ния движения для функционала / на примере О <fi теории и

предлагается итерационный метод их решения. Основное уравнение

для Г^ , которое решается посредством итераций,является не

вариационным, как при обычных преобразованиях Лекандра, а

обыкновенным. Развитии формализм легко обобщается на другие

теории.
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By means of the Legendre transformations e. functional

, G",S)
 i s

 constructed which depends on (f - p. possible

expectation value of the quantum field, G - P possible ex-

pectation value of the 2-point connected Green function &.nd

S
a
 < Of S

c
? | 0 > -

 a
 possible expectfition v^lue of the с.1.е.з~

sical action. The motion equations for the functional Г are

derived on the example of the G tf theory and ял iteration

technique is suggested to solve them. A basic e<?urtioi for Г

which is solved by means of iteration techniques is pn ordinary

and not a variation one, as it is the cese et usual Legendre

transformations. The developed formalism cr.ri be easily gene-

raliaed as to other theories.
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1. Introduction

In the well-known works of Heisenberp; r
v
id Euler /1/.

Weleskopf /2/ ©nd Schwinger /3/ the problem of nolrriz*tior

of vacuum by the external electromagnetic field wns invest!-

gated. Schwinger obtained ft genernl expreenion for the runn-

tum correction to A cXeeaic*l action due to the v&cvnm pola-

risation; thi* expression coincides with the onf>-loop expres-

•ion for the effective action /4.5/. Together with the nunn-

tuffi correction the Lagr«ngv function for the constant electro-

aagnetlc field is given in /1,2,3/*

In the work of Batal'n, Matinywn and Sawidy the problem

of vacuum polarisation Ъ$ a non-«belii*n gauge field, free of

sources, was investigated • ) . In a particular сая*. when a

field is covariant-constant /6/, just as in quant m electro-

dynamics, theirs was obtained the Lagrange function together

with the quantum correction (see formula 3.18 in /6/). A reni

*) The restriction by such fields is due to the fact that i*

n
 this ease one can explieitely prove the <.ruge invariance

! of the effective action /6,7/

i



part of the Lagrangian (aee formula 3*19 in /6/) for the ma-

gnetic field has the form /8/:

l i t L (1.1)

(G) ie я Kaeimir's operator of the gauge group G-

(this result is valid also for the electric field if the

substitution H -— E is done). The energy deneity £(Н)*-<я£ (Н)

has P minimum in the point /8/:

Using the result obtained by means ex the renormalized group
f dx.

/9/ and assiyning J ft^
x
) for the Average field we have/8/:

f
However the total imagiaery pert of the Lagrangien

in the magnetic field is equal to /10,11/г1га/(Н]=

and it is of the same order as the imaginary part in the

electric field /6/ 2Irrvi(£j* -^^ . The imaginary p#rt

jC in the magnetic field is due to availability of the un-

stable mode /10,11/ \£*K*- Q.H which brings to the fact that

the level /6/



is unstable nnd, hence, the real vacuum lies lover .

It seems to us that, although the covariant -constant

field is not stable, nevertheless the average field value

*£\*»п by expression (1.2-3) is correct.

Therefore it is important to develop such a formalism

which wouldn't be sensitive to a concrete configuration of

a field. For this reason we want to construct n e:enerali»p

tion of the effective potenti*l f(
l
f;

<v
;
 s
) which depends al-

ready not only upon ^ = <c/if/o> but also upon P.. possible

expectation value of the classical action S - L
o
j-5 с с j О >

and which permits to calculate ' Svo-c.
 #
 ^

П
е gauge- and Lo-

rente-invariance of this quantity makes it convenient for

investigations.

To realixe this program we he.ve ueed the higher Legendre

transformation technique developed by a number of authors

/12-18/. The substantial change consists in introducing in

*) Note, that in the field /L«iEy •jCju + iTjD/u . where
 B

 ,

С . and 2) are constwnt coefficients, there nre unstable

modes as well /19/.

**) As comparing S
V
o.c with the vacuum expectation for the

free theory, one can judge on the fundamental stste dis-

placement, In eurntum mechanics with Lagrpn/^ia^

X s эе.
2
- 0L> Oc there takes plrce the rptio -с эе

2
> =

<3€ a> * Ai£ so that <d.>- О find by its diffe-

rence from яего, when including non-linear terms, о •

can judge on the vacuum displacement.



the generating functional apart from usual sources of 3 • *f

type, r>lso the source L'S(^) » where L. is the number ,

and S(^J is a classical action.

In the second section the functional Г^,&»5] is de-

termined pnd its motion equations (2.12-13), (?16 -1?) rre

derived. In the third section these equations are investigated,

n.nd it is found that one ordinary equation (3.V3) is enough

to construct Г • In *he fourth section the emotion (?.1^)

is solved by means of the iteration techrumie. Finally, we

obtain a generalised potential!" (Ц
1
» &• ^expansion which is

analogous to the effective potential PIU
1
) loop expansion.

2. Legendre transformation with the source Z.

in the %^
Ъ
 theory.

Let us determine the generating functional 2.

of connected Green's functions as

Jj

In this expression ^ \i ) is n classicfll rctiot', of the

^ ^ theory**>

*) This source is gauge-invariant.

**) The developed form̂ lisra c*"- be easily ;~,ener̂ li«ed PS 'to

the theories interesting fro^ the ph,ysicsl point of view.



Here *nd in wh*>t follows, if not specielly mentioned, the in-

tegration, goes over repeated arguments. The operator py
1

is determined as:

and /у" * is a normalised constant.

Let tie differentiate (2.1) with respect to the source

We obtain

where

SI9

and so on.

The two-point connected Green's function (?(эе,,ц)

determined aa

Prom (2.1) it follows, that deriv*tivea J&y > * j

3^
 a r

* coupled by relations

Т



The generating functional X satisfies the Schwir^ger's

motion equntior;. which expresses the property of the measure

fcransfornmtion invnrianee in the integral (2.1):

(2.9)

Let us choose new independent variables S= < S(^>) > ,

&[s«
1
'jf}

5
^[<

(
ftx)H

>
^)>-<^C^><44^)>] ' f = < 44*0 >&nd mefce

the third order i.egendre tr^nsforraetion

LS
 (2

*
10)

Varying Г(^, G-tSj over '•£ , G- end S we obtain

Rewrite the Schwinger's equations (2.9) R.nd (2.8) in new ve-

rinbles:

(2.13)

where ^ (x, ujipj is determined es



Using relations

one can obtain (see Appendix A):
л *

( 2 . 1 7 )

where

For convenience
f
 in Eqs.(2.i3) end (2.16-17) the quantity

*£зэаг is preserved which с cm be expressed through derivatives

Г by means of (2.17) end substituted in (2.1?). (2.16).

Eqs.(2.12-13) and (2.16-17) completely determine the functio-

3» Extraction of invariants.

The Schwince^s eeuption (2.12) is linear inhomogene- м

ous and its general solution is a &um of *> nnrticuler solu- >|

tion and a general solution of th« homogeneous part. As the •;-

,1



particular solution Г = S may be taken, then the general

solution will have the form

T=S*F »•"

where p is the solution of the equation

) * о

Writing out for (3.2) the characteristic equation we obtain

that F depends on the invariant S-S<4
>
> - Щ G 4*

and variable G- . However, from (2.13) follows that it is

mere convenient to choose the invariant in the form:

Taking this fact into account, we calculate operators

OifG • 0 G
6
 in (2.18) ( in what follows the differenti-

ation with respect to ^ is denoted as F' ):

C3.5)

Substituting them into Eqs.(2.16-17) we obtain:

(3.8)

Ю



Rewrite now (2.13) in new variables

, \S (3.9)

In Ее. (3.7) we take
 x
* $ » integrate over Ж nnrt substi-

tute 7 from (3.9):

here
 x < t

 ' ~]°Ы-Э1\<&х The generel solution (З.Ю) hr»s the

form:

whence it follows that in order to find Г it is suffici-

ent from Eos.(3.7-9) to extract one equation of the form

F<j-
S
*** » where on the right side яге derivntives f of P

higher order.

Substituti'ig Jt
333

 f r o m
 (3.8) into (3.7), (3.9) we

obtwin:

у

where

and

11



(3.15)

Eq.(3*12) is solved by the iteration technique /16*17/.

As а «его approximation for F* is taken (see (3.11) от (3.1?))

Then it is necessary to calculate Q"
1
 in the same approxi-

mation end substitute it to the right part of Bq.(3*12). In-

tegrating it over О we obtain jrCO and ao on. However, it

is convenient to iterate Eq.(3.13). since it is an ordinary

one. In the next section the process of iteration of this

equation is given In detail.

4. Iteration solution of equation (3.13).

Let us calculate the operator Q in а вего approxima-

tion, substituting p
f t
vw.<6) into (З.Ь)

and obtain the inverse (3*

Q"*" («.r/tf-

Prom (ЗЛ4) we have

Substituting (4.3) into (3.13) and integrating over ? we

obtain: ^,
я



where

In what follows, in diagrams, to the line * • '* corresponds

propagator G(^€, $) , end the integration goes Elong the

closed lines.

Proceeding with the iteration process we substitute

(°J. p{i) into determination Q (3.6):

and find the inverse to Q

Preserving in (4.7) the terras not exceeding the second order

in s w© obtain for (3.14):

nf)'§-
Having integrated Ее.(3.1

Э) we have:

(4.9)

and so on.

Let us write out a final expression fcr the functional

f" ', presented as a series in 5^
a
 :

e
(



Note, that when excluding the source £, , which is equiva-

lent to condition (see 2.11)

f> 0

one can find 5 as » function of tf end G .

Substituting 5 as a function of f and G into

) we obtain the known expansion for the functional

/16-18/.

The performed consideration permits one to hope that

an analogous investigation will be successfully applied to

non-abelian theories, which will be described in our further

publications.

The authors are thankful to S.G.Matinyim for his criti-

cal remarks and constant interest in the work,and also to

A.A.Belavin, E.Sh.Bgoryan, A.E.Zamolodchikov and V.A.F*teev

for useful discussions.



APPENDIX A

In the terms of 4, G , S

the ratio (2.13) has the form:

\ £2 §1 §1 §1 + §1 §1
1 * S?

~54f 63 6"G 53 6? S

§1 +5L £& SL. s£ (A.3)
SG- 60 SS>

oP
Prom (A.3) we express ~r—• *nrt substitute into (A.1), (A.2)

о J

£?(U<)~1 6L 6GfSL\'1l , . -ч
§lT §k£?(U<:)~1 6L 6GfSL\'1l
6PL" £Ч> Я io"S^6& « ( б ^ ^ -I

Using the ratios (2.4) *nd (2.11) write expressions for va-

riables participeting in (A.4) and (A.5):

(А.6)

г
 г

 г

SO-



Finally, substituting (A.6) into (АИ) and (A.2) isre obtain

the coupling equations in the terms ^[^,Cr, S)

( А
-

8 )

The form of the operator» Wtfvf ^ CJ*fo wid Q O G . is

given in (2.18).
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