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1. Introduction

Certain progress wns nchieved in understending the QCD's
vacuum struciure i a number of works 0’21 In perticuler, &
reletion between B, & bag model concstant, and average value
of the gluon condensate field tensor i.. vacuun wes obtained,
which is in good agreement with the phrenomenological dataiﬁ].

But it was difficult to prove the Lorentz-and-geuge in-
variance of the vecuum state, That is why it will be useful
to develop such e formelism, in which order perameters ere
Lorentz end gruge invariant (for example. o possible expecte
tion value of the clessical ection or Vilse: correlator),

Since, by means of the functional Legendre transforme-
tions the problem of the vacuum expectation values calcula-
tions can be reduced to & veriationnl one, it is interesting
to construct & functional [, which depends on Lorentz-
and -gauge invarisnt expectation vmalues.

The motion equations for the functional [ , which de-
pends on.Eil » & possible expectation value of the classical
action of the tf’ theory, were derived in our previous
work[ﬁj. In Ref.fS] we ccsont{:}}y used variational methods
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developed by Vasilev et al.tﬂ]. Apart from usuel ssurcas we
introduced intB]a gauge-and-Lorentz-invariant source.

In this paper we constructed an enalogous generalized
effective potentinl in noalinesr theories of the 4-th order.
In the second Section the functionel r is determined
and its motion equations ( (2.7-8), (2.10-13) ) are derived.
in the third and fourth Sectiona these eouzstions are solved
by means of the iteration technique; as a result the sxpan-
sion of T (4.3) is obteined, which is similer to the loop
expansion of the effective action[(y) (4). In the end of the
paper the expansion (4.3) is used as an illustration of the

method to the anharmonic oscillator.

2. The Yotion Equations for the Generelized

Effective Potential

Let us determine the generating functional I(J K, M, L)
for the 9‘?4 theory *),

€XP{;§-Z(:J.K.M,L) = 2.1

o .
= N f.'D‘P WP{% [S(‘P) *J(ﬁ:) (‘P(x)\\% K(I. g)‘«?(x) '-f(y)#—;- M(x' 9'2)%‘)%5)%!)%'5.‘

J

In this expression S(tP) is a clagsical action

4 .
S(¢) =5 10 (= g) o) Yoy + S5 (2.2)

*) The results received in this work can be used in any. non-
linear theory of the 4-th order, in particular, in the

non-abelian one.



-1 . . .
N is a aormelized consteant and the integration goes over

. -1 o
repeated argume:ts. The operator ) is determined asLZNh#f
:-(D«*ma)su[x-g)

Differentisting (2.1) with respect to the souces

(I K. M, L) we obtain zﬂ(xf <Y(x)>, Zk(xl'yf'é'<tf(x)\f’(3,)>‘

R
Zp(ziyz) S 31 <Px)P(y)Pa) >, 2,=2<S(¥) >
where Z = E—Z—- end so on. I'rom (2.1) it follows thet
J(=) §3(x)
derivatives 2, , Zgy , Zg and Z, are coupled by

relations

o % 3 £ 12,2
= Dl B y) + 5 () Zamaenene 3 ) Zaae *
(2.3)
2 % e 4
+4(8) 2, ey B3 T 0 T 2@yt Bam) * L3t }

The generating functional £ satisfies the Schwinger o-
tion equation which expresses the property of the memsure
Dy transformation invariance in the integral (2:1)

(. ot 332 & h )
(1+){iz" ) 2oy * 31 [ Baw* 3T 2ty Zaiampzenr () 2

J{x)3(x) :Z(x)] +
(2.4)

{ 5 & :
+3(x)+ K (=, y) z:r(a) 'z Mtx.%'z)[zﬂ(s) Li@) * TZ:(,)J(;)]= 0

/e can receive two more equations. connecting ZK 'ZJU .
Z/i , using (2.1). But it is more counvenient to receive them
after Legendre transformation was performed, with the help

of (2.9)[4’5] {see below).

Let us choose new independent variables "P(:t) = Zg(x')



LG(Z, 3) = Zﬂ(x)ﬂ(g.) = iEZZK(x,W - Zy(x) 23(9)] , LaH(x.y,z) =
Z:J(x)ﬂ(g)j(z), S= Z, and make the 4-th order Le-

gendre transformation,

[4.6,Hs)=2-T-¥-3K<YP>-4 M<Ppy> Lge
2.5

{ i3 1
=Z2-J9-3KPP-3KG -5 M¥9Y -
L MGy L Mp-Ls
3! EY
‘Here snd in what follovs. if there ig no necessity, the ia-

tegraid arguments are omitted,

Terying F(W,G,H’ 5) over Y, G, H and S we obtain

- 2
fp=-T-kv-tMug-SmMe;  hRa-Bom (2.6)
Ge-tr- My, Cha

To derive a complete system of equations, determining
the generalized effective potential [, we rewrite (2.3-4)

in the terms of

[. - o2 :
“' r;)z i ('x‘w LP(W + 57 [LP{::) + ‘?—ﬁ (P(x)i G'(x,x) +( =) ‘2H(x,x,x)]}=ﬁp(x)(2'7)

i+ 2 : (2.8)
S‘S(LP)‘E#"D G - ?%— Gy 9%'?(}'1- 917" Fi‘?=i(“§‘) 23333

end use the relgstions

EJix) S SK(x,y) §M(x,y,2) S (2.9)
———— 2 - ) ——d - O ¥ -——_-f_&.'._ a - ——
5709) (x-y4) e ) $3(4) o, Ts o
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(see Appendix A in Ref. 5 ),

£,10)
S(x-y) = fc:(x!)G(z 4)* 3 H(x“}"(z,t y) O"W‘Plz) G(z,y) +
3. (2.11)
O=—‘r Glt,2) +iQ G({- 2+ H
tu,2) -
% W) ) Cly)9y d "s)cv(éu)u ) Q:(x 4)H(uy, Z”“‘”f")ﬂ(to)?&}
(2.12)
0=iQ G (ut) Huwt)

H 1) I w + t
@y 2)P(u) H(x,4,2)6(u,5) H(x,5.1)H(u.u,w)Zﬂ(uﬂ(")g(‘“):’(*)

where

" . (2.13)
QR5= las Tss Tsa = ls
In Eqs. (2.7-8) and (2.10-12) the quantity Zayyg 1is
preserved, which cen be expressed through derivatives [ by
Eq.(2.12). Eqs. (2.7-8) and (2.10-12) completely determine

the functional | .
3, Extraction of Inveriants

In the same way as in Ref.[5] we can write using (2.7)
F=5 + F , where F  depends on the invariant
2 2
s-s(9)- $o'c- B Hy-th oo
and veriables G, H . However, from (2.8) follows that it is

more convenient to choose the invariant in the form

S=s- sccp) hDG- 9"‘ G¥*- Lc; —--Hsv 3.1



Rewriting operators (DHB in the terms of F (§3 G, H) end
substituting them in (2.10-2.12) we have

A LIPS I ) A (3.2)
{'h%G’?FHH 53FZ:::13:1
_5_v'. igh® ./ . :
S LA .
O'TFG”QGHH'QHH 21935 3-4)
-~ _ g, { #L 3
$=5 () 25404 (3.5)
where

(3.6)

and ﬁl- denotes the differentistion with respect to 3 .

Eqs.(3.2-5) now completely determine the functional F
end arguments (X, Y... ) in these equations are written in
the same order as it was in (2.10-2.12).

Our next purposé is to solve Egs.(3.2-5) by mean3 of
iteration t;chniques. The iteration is essentially facilitated
owing to the fact that F depends on %;; , %;; only.
“hence it follows that in order to find F it is suffici-

ent from Eqs.(3.2-5) to extract one enuation of the form

Fg =... » where on the right side are derivatives F of




& higher order.

In Eq.(3.2) we teke x =y , integrate over x and

substitute 23!7'-717 from (3.5)

. ) . o~ (3.7)
1 = i’. ak + ﬁ S
te P FG+ F, H n
Prom (3.7) it follows that F has the form
' Te 2 (3.8)
e Ve St S H
F(.S.G /' t'Lent @(E—; ’ —G—-b)

In che gk{?-” ~-theory, in contrarxt to ocp , the functio-
nal @ depends on one varieble — G [5]

Multiplying (3.2) by G eand (3.3) by H . then sub-
tracting (3.2) from (3.3) and substituting the expression

receivec. from (3.4-3.5) for F’' we obtein

2F < thG'HQ o HG' - 24167 H Gy HG'HG (3.9)

| VSRR U— |

~1

+21HG-123,,3 Que HG™'- RG"Z“,U Quu 23 &

-1

5’“@ HQ,, G'HG
1

UU'JU

The signi___ 1 stends for integretion over:-one ergunent. In
other cases the srguments are integrated in the succession

they are written.

Z'Jg:yg can be determined from (3.4-3.5)
... 48 Q% ! a6 Q__Q'G_H_. (3.10)
Z:w:m 315? t2(@G) Z{Q O"GH}L:'L(Q G) EQ QHGH}]




and Q! is defined es
y 4 (3.11)
QH(InP»",)H(u.V, w) Q(u.tf.wls,t,u): 3[5(1-5)6(P-t)8(a,—v) $oe 1

where

QG2 Q'('x,x,x; 4y, y) Gz y dzdy
. ) (3.12)
t2{Q" Que Hj 2 [Qlx.t, ], t) Qha i) 6 pg)H (3,2t ng)

" Eq.(3.9) is solved by the iteration technicque.

First we take F= éﬁ:{m fn G (see 3.8-9). The only
item in (3.9) which is not equal to zero has the form
G"HQGG H G , end Qgg is to be calculated using

(3.6), Substituting Eﬁ_.-h fn G for F  we have
L .

2 (3.13)

_ 1’-
Qo =~ Foo = 20 &
end from (3.9) obtain

(o) ke -
FlidtetnG+ 3 HG H

™32 expression we shell teke as & zero approximation for

(3.10)*)

in our itermtion. Then it is necessary to calculate QGG '
.1

QHG , Quu  (see 3.14) and Q (see 3.11) in the same

approximation and substitute them into the right part of

Eq.(3.9). Integreting it over (G we obtein E™ and so on.

In the next section the process of iteration is given in de-

(o)
*) Although QHH has no inverse (see (3.11)), it is not =

geriouc difficulty, 'gince the first steb of iteration can
be done using Eqs.(3.2-6), then QHH has an inverse

operator (see (4.1)).

“n




tail.

4. Iteration Solution of Equation (3.9)

As it was mentioned sbove, Eq.(3.9) can be solved by
means of iteration techniques.,
“he iteration goes with respect to the orders of G"" .

(o)
e take F (3.14) &8s n zere approximation ard calculate

operators QGG , QGH , QHH . 'Qd (3.0), {3.11)

- 2 -
QGG-‘-'-LH.H&G'S QGH:'%HGQ
‘ (4.1)
iha -3 “i 63.
Cgmi:" 3 G Q= ey (}5

Substituting (4.1) into the right side of 3esg.(2.3-10), inte-

grating cver G  and preserving the terms not sxceedi-ig tue
. : -1 .

4-th order in G we obteirn:

~ s (é.2)
Ul ik AR
B\ e
4 4 b
where @.:fG (x,g)dxdg .
rollowing the iteration process in the sane way we re-
ceive the expansion of F in orders of G_j .

The expansion up to the 6-th order nas the form:

boyo oo, ik th [ WS \2 S N
Faé"z-t'l\.nG‘+1—é @-r;—g(—g'*t?)—é—‘sl. 9 @

3 2 e . ~ 3 \
2 N s b w5t
e & r2 —0-% ® 2 | ) =

+

—

*

ap
[




where X sfa(;(g,;, 4) yAz 2 H(atp(y)G”(dx)Gdi’ﬁg) GJ(J,Z),
XY

>< = S(x-g)g(x‘z)G(x-t)

z

I\Iote,tthat when excluding the source L, , which is
equivalent to condition f‘sz O (see (2.6)), one can find S
as & function of P,G, H . Substituting S=S(¢,G, H) into
[T (4.3) we obtain the known expansion for the functicnal
(9.6 H) [0,

Let us regard r(LP, G, H, S) in the Hartree-Fock approximea -
tion [e] G =2 , where we take Y= O . The generslized

effective potential (see (3.1), (4.3)) then has the form:

‘,_(S_Lat“__ 2)) (4.4)

fZ) x‘g) déxd? y

e, b Lh® ihf 4!
s ftelad G + ()

' -1
where only the terms not exceeding the 4-th order in(G are

Preserved.
From equations FH= Qo , l‘sz O (2.6) we can find the \

siationary points of the functional | (4.4). The first

eguetion gives H = O and the second gives

- it A Sfia : . % 4 (4.5
-—é—tzf+—8-2)+t(%u~)2)+

S

va.c

The energy difference of the full (G ¥ O ) and free
( g = O ) theories is given by formula [4]:

..E(g)fd‘!: [+ 09 L KOO+ F K+ 5 MPP P + (4.6;

MGKP+R—MH*LS-—‘it'z_1--at‘:tz D



which can be written in the stationsry point J=Ks/=M30

(4.7
Elfdt=; - B i-Lietnd ’
5z Svac
Substituting (4.5) into (4.4) and (4.7) we have

Elg) = - .9._. o @ (4.8}

For the anharzionic oscillntor in the quantum mechanics

(;[: 'l?-fi‘- %z * 35’-; ) tae Green functio: Z(T) is

equal tc E"”T/emw , that is why from (4.5) and (4.8) we have

~ tz . - g_ﬁa (4.9)
chc ~ %ﬁ N 6 - "E—;;‘ ) 9. < O

It can be shown that the Legendre tranaformetion exm-
mined in this work is equivalent to the Legendre transforme-
tion with respect t.o0 the coupling constant., This meens that
we consider the coupling constant as a source. Indeed, the
exponent in the right side of (2.1) can be written in the
forn exp - {34+ SKOPs 37 MPP e L2T1
thet will result in the following cheanges in the theory:

i) the stationary conditions (2.6) are

ﬂp= D! ¥ [,=0
h -1
I—G:ZD r5=-g»
P (pll
Ws—s=<hs, swy—siy - Y

and the inveriant (3.1) has the form

S=S:s-s(9)-Loe. Lo £Hy

=
W




iii) >
F— [ = S, G, H
F=F(s,c )/9”

If proceeding from the ajmmetry properties of the theory

- <YP>= O (as in the spinor case), then:

a b 418 !
r:é-:t'z G + ""8‘ ( o ) é" = (4.10)
_ kb ug @ ...
23 (50) &
where S = S - -%_ Gt . and the stationary conditions

arer;'sZTZ) , [;,-_-3_

lioreover, wnen Y is N -plet, this Legerdre transfor
mation can be treated as the Legendre transformetion with
respect to A/ . The question how it can help in the solving
of the strong coupling constant problem and '/N -expangion
in Yang-ilills theories is to be inveatigated in the future.

%e hope to use in our further publications the developed
formelism in non-abelian gauge theories and develop the Le-
gendre transformation techniques with the gauge-invariant

sourcs which generates the Wilson correlator.
The authors are thankful to Prof., S.G.Matinyan and also
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