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1. :tntroduction 

rh.e disp~rsion treatment of the heavy quarkontwn leveis 

(qq-resonances,where q=c,b,. •• ) developed in Ref. [1] turned 

out to be cine of the. most fruitful applioations of the quantuni 

ohromo<iynamio~ . (QCD). 

Based on the ·ver'y- general principles of the theory , suoq 

. as aaYJllPt°Qti<.{ t~edplll•; :aJl,illyti~i ty and uni tari ty' this ·. approa.~ 
· : cfonsi1;rts fo the d.erivation of dispersion $um +-Ule.s _for oet'taitj 

~mpli tildes : { va~uum avetag~s) induced . by the q-quark curr.ents. 

The swnrules .oonneot the QCD calculated amplitudes in deep 

vjrtualregion with the qq-resonance contributions to the 

physical imaginary parts of these amplitudes. Due to this con· 

nection the properties of the lowest quarkonium levels sited 

below the ~-flavor threshold turn out to be distinctly fixed. 

So one is able to predict various parameters of these levels, 

such as their couplings to the quark currents, their annihila· 

tion widths and even their masses. 

The purpose of this work is to. calculate in a similar way 

the widths of radiative transitions between the qµarkoniU?n • 

levels. 
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Usually these processes are treated in the framework of 

nonrelativistic potential models. Contrary to that the approach 

sugges ted here ia purely relativistic. It doe8 not contain such 

i ngred,ienti:, as interaction potential, radial wave functions or 

overlap integrals . 

In our approach the matrix elements of radiative transi­

tions are r epresented by the ordinary Lorentz-invariant three­

par·ticle vertices ( 1vith all t he particles on the mass shell ) 

built out v f four-momenta and polarization vectors ·o-f the two 

resonan~es and the photon which participat e in a given transi-

t ion. 

As it will be seen further, our approach is a rather natu­

ral generalization of the method developed in Ref . [ 1] and i -s 

closely related to this me t hod both in basic elements and in 

some technical deta.ils • The gener alization consists in the 

use of double dispersion relations double imaginary parts or 

\r!andelstam t ype spectral functions instead of usual one-dimenr-

sional dispersion relations used in Ref. [1] • 

~'i1e double dispersion relations are in fact most suitable 

for our riurposes. Really, if we write down such a relation for 

the triancle vacuum amplitude induced by three quark curronts 

j 1 , j 2 a::id ~ em ( see Fig~ 1 . ) , then the resonance part or i.he 

physical double spectral function will contain exoo L l.v Lho ma"t;­

r'ix elements of 1 .... 2+i, 2_..1+~ type radiativo L1 ·11111t1 Ltona, 

.vhere 1 (2) is the qq-resonance with the same Jl'U q111 111L111n num­

bers as those of the j 1 (j 2 ) current. In derivl\L I U tl 1_1! dn11ble 

Uspers ion relations we shall use the ane lyL I o 11 •. v 1111 nd s? 

4 

variables which are the squares of the external four-momenta 

'in j 1 and j 2 vertices, respectively. 

To obtain a set of sum rules as complete as possible we 

shall differentiate the dispersion relations not only at 

s 1= o, s 2= 0 (following Ref.[1)), but also at s 1=-oo , s 2= 

=-oo .The last procedure, as it will be shown below, will help 

us to obtain information on the transitions between resonances 

sited above the lowest quarkonium states. The expansion at s= 

in one-dimensional dispersion relations for the ~-quark po­

larization operator have been used recently in Ref. [2] • The 

analogous method have been applied earlier in Ref. (J]. 

The plan of this paper is as follows. 

The general outline of double dispersion sum rules deriva­

tion is presented in Sec. 2 • 

Following this outline, the sum rules for the most inter­

esti~g transitions between C-even o++,1++,2++, o-+ - levels and 

vector 1---levels are obtained in the zeroth order of QCD{ fls = 

O). We discuss the possible influence of gluon corrections and 

choose the "optimum" moments of the sum rules for which these 

zorrections are expected at the level of' 0 (ots)"-'20%. { The 

calculation of gluon corrections is a rather complicated problem 

~nd we postpone it for the future. ) 

In Sec.J the obtained sum rules are used to calculate the 

t!mplitudes of the electric d•.pole !E1) transitions ( o++, 1++, 

2++++1--) in charmonium. lor this purpose the following proce­

dure is used. The set of sum rules is considered as an over­

aetermined system of linear equations for the unknown amplitudes • . 

Then, the amplitudes are fitted to minimize the sum of' squared 

5. 



airferences between r.h.s. and l.h.s. of these equations 

taken over "optimum" moments.This procedure leade: to reasonab~e 

results , since the fitted values of amplitudes turn out to 

satisfy all "optimum" moments cf the sum rules with the accu­

racy of 10-20 % i.e. et the level of the QCD zeroth order un-

c erte.inty. 

The ampli tudes obtained in this way determine the widths 

of E1 transitions in charmonium, which are in a good agreement 

with ,,_v.,ilable experimental data. 

l'he widths of the lowest E1 transitions in b-quarkonium 

(the ~-family) are also estimated in the same way. 

In Sec. 4 the magnetic-dipole transitions (M1) are con­

sidered between 1-- and o-+ levels of quarkonium .• The sum 

rule s relating the amplitud?.s ?f four M1 transitions between 
' / I I fjl .p , ljJ , 7, c. , '1,c -levels make it possible to estimate the 

amplitt.tdes of ::l/f 4 ">t c ~ , '1'1-+ 17~ 't diagonal transitions. 

If we identify the ic with the recent SLAC candidate [ 4) 

~J2977), then our estimates do not contradict the pr elimi nary 

data on ::!/qi -~ ~c 0 trensi tions. In a special case our sum 

rules coinside· with simple VDM type relation between 

r ( ::1/f-+ ~c ~) and I'(">l_c ~1~) widths that have been reoor1~ ly 

obtained and justified from the QCD point of v11w I n >( IJf . [5]. 

Finally, in Sec. 5 we present a few com111•rn L11 concer ning 

the comparison of our approach with the trnd1 t I r.1 111& I nonrelati­

vistic models of radiative transitions. 

Note, that some of the results proo ,, 11 L11 rl It '!•'" hnve been 

published recently [5] in letter f orm. 
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2. Dispersion sum rules in the zeroth order of QCD 

We start from the general derivation of double disper­

sion sum rules for the .amplitudes of radiative transitions 

between q-quarkonium levels ( q = c,b, ••• ). 

Consider a triangle amplitude which is the vacuum 

average of the T-product of three cu;rrents : 

. ( -~(K>C.;\'2~) 
Ajdi (1<.pt.~1) = eQ J':lxJ~ e " 

l( (olT{j1(o)je_;(x)j2<~)1 lo>== 
. & 

: I;uAo.(s.,51 ) + lyu.A&(s1,s2) -t"· 

where ~ is the q-quark charge ; jem = q1r,..qi is the 

(1) 

electromagnetic current corresponding to the real photon 

emission with momentum k ; j 1m qi o1 qi and j 2m qi o2 qi 

are the quark currents with. Jf0 and J~C quantum numbers 

determined by the o1 and o2 Lorentz structures ( sum 

over color indices ) ; P1 
at j

1 
and j 2 vertices ( 

and p2 are the external momenta 
2 

P1,2 = s 1, 2>; Aa,b.i;.re the in-

I 
Cl,t, .. 

variant amplitudes; y.U. are the kinematical structures 

built out of four-momenta p1 , p2 , k • The number and the 

form of these structures are defined by Jpi, 2 quantum nwn-

bers. Hereafter, the Lorent~ 

quantum numbers are omitted. 

indices correponding to these 

We shall alwa;;. choose I_}(IL in the form excluding 

kinematical singularities on s 1 , s 2 , so that the analyti-

7 



where g1,2 define the "vacuum" matrix elements 

c~ . . 
m • 2 i 'ti = < 0 \ J .t\ R1) , 

C.2. ,. \0"" 1 Ct I I ,. \DI m1 ~1. t:t=<o Ji "'~;, l'Yl 2 ~z.tz.=<o jz. 1\z.) 

(4) 

that may be extracted from annihilation widths and/or by an 

independent dispersion method as in Ref. [1) • 
I 

F and F 
I define the matrix elements of R1 .,+R2 y, R2 +R 1 ~ radiative1 

transi ~ i ons 

( .ta. a.. "' g ) (R 1·e"'I > tn 1 Fa. lj(-12 -i-VVI~ FgI_µh-t"· ·· "t-t'rz. = 1 J"'" R2 

ol<l. 1 a.. Jg ' t ) ' ( · \ . e"" I o1 

(tn1 Fa..l}'-~i+l'Yl< Ftl,it1i+ ·· · 'l'.~'l.t -= R.1 Jr ~2> 
(5) 

I 
that we are interested in. t~."C 1 ,'r:i. are the wave functions of 

R1' R2 ,a'2 ; c1 2, d~ b dimensions are chos en so that g 1 , 
• - ' • . (:$,.' •• 

;:;
2 

and F b , F . are dimensionless • (The indices a, b, • • are a, a,o 
omitted in Eq.(3) and hereafter) • 

l'' inally, _?c Cs 1 ,s2 ) in Eq. (3) denotes the cont r i bution 

into the double imaginary part of the amplitude A of the 

intermediate states sited- above the q-flavor tht'eohol d. The 

total set of these states with quantum numbers J{O 

(J~)including both higher quarkonium levels nntl .:so:nLi nuum 

of states containing q-flavored hadron pairn, we onll 

continuum and denote c1 ( c2 ) • Definod Jn Ll1 t u woy, the 
c. double spectral function .P (s 1 , a-:i ) lno l 111l11 11 l\rnplitudes 
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of complicated and mainly unobservable t rans it ions such as 

c2 -+- R10 • 01 - Rzo (Rz ~ ), c1 - c.:2 c • cz - 010 
The gr aphical representation o~ the r . h. ::-. , of .Oq . (3) is 

s hown i n Fig. 2 • 

Turn now to the amplitude A0 ( s p s
2

) corresponding to 

the triangle diagram of Fig. 1 • 

In general, this amplitude may al so be r eprese11t ed in 

a form of double dispersion int egral• >: 

o( ) ~ ) c( s2 ~ 4 ~ o( ,...., - ) A s~ . s2. = z. --- _ ~ s. ,st 
1f s,. - s.i. s. - s~ 

( 6) 

0 where the double spectral function 

lowing general form : 
~ (s1 ,s2 ) has the fol-

y°(s~,$z) =3eQ5(s'1-s2)f(s~) 
(7) 

Here tha funct i on f( s ) is def ined by JP~ , 2 quant um nt.imbe rs 

and t he color factor 3 is expl i citly written out . 

'l'he origin of repres entation (6 ) :for t he t riangle diagram 

i s easily under stood if pr oceeding f rom the uri i tari t y in t he 

fo l l owing way . 

The imaginary part of t!ie t r i a.ngle di agram t aken on on& 

•) For simplicity, in Eq.( 3) a s well as i n Eq.(6) we 

do not t a ke int o account t he pos sible subtr act ions. They may 

be easily res tor ed in t he f inal express ions ( s ee the com­

ment afte r Eq.(9) ) • 
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of the variables s 1 or s 2 corresponds to the two internal 

quark lines on the mass shell. Further, we perform the analy­

tical continuation of this imaginary part on the other vari­

able. ~he only singularity which emerges as a result of this 

continuat ion is the pole at s 1 = s 2 corresponding to the 

third interna l quark line on the mass she ll and to t he a -
-function in Eq. (7) • The absence of any anomalous t hreshold 

for this trianele diagram , a s it can be easily verified , is 

guaranteed by the fac t that one of its external' masses is 

equal to zero viz. the photon mass (k2 = 0 ). 

r~\n e 

of the 

analytical properties stated above are independent 

JP~, 2 quantum numbers of j 1 , j 2 vertices. 

To pr oceed, we equate the r.h.s. of dispersion representa­

tions (J) and (6) acc ording to the a pproximation (2) i~ the 

whole region - oo < s 1 , s 2 <<4tn2. . The practical use of 

the resulting equation becomes possible if one can est imat e 

t he tGtal c<rntribution of cont inuuia ( c1 ~ c2 ) given by the 
c, 

integral fr~m j (s 1 ,s2 ) in Eq. (J ) . 

'Note t hat the equality of r.h.s . of Eqs. (J) and(6) leads 
c 0 

to the asymptetic coincidence of J ( s1's2 ) and J<s1 ,s2 ) 

at s1's2 -7-l-<>" (far from the physical cuts). 

Following Ref. [1] , we s.d o}'t the simplest hypotb es i e, 

baa ed on this coincidence : the to tal contribution of the 

continutun can be approximat ed by the integral from the bare 
0 

s pectral functionJC s 1 ,s2 ) (corres ponding to tho fr~e quark 

intermediate states) taken over the s
0

< s 1,o ,,<oo 

(the parton-like appreximation of continuum ) • 
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region 

Due to this approximation, 1ve are able to equate the 

r esonance contribution in Eq. (J) with the integral f rom 
0 2 J' (sps2) taken over 4m ~ s 1 , 2 ~ s

0 
region. In other wordsl 

the res onance contribution is dual to the bare quark states 

below the q-flavor threshold. 

Finally, we obtain : 

r C<-td C2 
g!~i.rl'Yli tTla, 

( 
2 2 +-

S~-IVl{) (s2.- m2) 

' I C<+d. 'C So ( ( ~ )-~ 
~ d 2 F m-1 111 2 z 3 ~ J s q s 
(S:i -m~)(Sz-m~z)=-11'2. (s-1-S)(s;i,,Sz) 

4mz 

(8) 

Tbe postulated regions of duality between quark a nd physical 

intermediate states are shown in Fig. J • 

Expanding Eq. (8) in powers of s 1 , s 2 at the points' ~it ed 

in the asymptotic fr eedom r egion - .oo < s 1 , s 2 << 4m2 , we may 

obtain various sum rules , that express F and F
1 

through 

t he po1Ver moments of double spec t r al function J 0 
( or } ) • 

To obtain a set of such sum rules as complete as possible , we 

shall expand Eq.(8) not only at s 1= 0 , s 2 : 0 ( following 

Ref. [ 1] ) but also at s 1 = - oo , s 2 = -oo ( genera l izing the 

method of Ref. [ 2] ) • 

Then the s um rules take the following final form 

F + ~~ F' (m~)}z = 
~~ rn2 

foi f>-L So 

= 3 f'n1 M\ ) 
Si ~:t.n 4rn'l,_ 

f< s)~s 
~f'> 

, 5 (9) 
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where P.., = 2n 
,r~ 

Here n ~o (k ~ o 
+ 2 - Ci - d J3z. = 2k + 2 

ar: tl n < 0( ;;:.:::: 0) correspond 

c2 ; ._J =n + k + 2 . 

t o the n- t h. 

(k-th) order of :q. (8 ) expans ion at s 1= 0 (s
2 

= O) . and s
1 -- s

2 
= - oo ) , res pec t i ve ly. 

Note , that i f we had taken into ac count possible subtrac· 

tions at s 1 = O ( s 2 0 ) to impr ove t he convergence of di aper;-

s i on i nt egra l s , the fi nal result (9) would not have changed, 

The only di ffe r ence is .as f ollows. I n the case of no ( ko 
su.bt rac t ions on s 1 (s2 ) , the n ;;:. n

0 
(k~ k

0
) and n " n

0 

moment s would cor re spond t o the n-th ( k- th) order of 

(k < kd; 
I 

t he 

Eq . (8 ) expansion , 

The n:odificati on of Eq . ( 9) for a mor e compl:!.ca t ed spect ­

r um of resonances sited below the treeshold i s a lso obvious . 

Suppose that in addition to R 1 , there exists another 

JP? -stat e R; with mas s m{ • Then we should add to the 

l . h.s, of Eq.{9 ) two t erms corres pondi ng t o the two poss ibl e 

transitions Rt-R2 ~ ,R~ -R'1 t in which R; part i cipat es 

( for defi niteness the direction of t r ansiti ons i s chosen as 
I I 

if m2 < m1 <. ~ ). The l,h,s, of Eq . ( 9) becomes 

. ('9~) (lll2.)f'z. I F(R1~R2.a) + ~ ,_ m~ F( R2-R1 )'l+ 

+ ( ~i) (tn; \?F (R' ~ R2~) + (gi ~~)(In~ ~1 ttt.i)'F(R~~R' ~) 
~ .1. h1 ) 

1 ~i ~.t · l'r12 l\rnl 1 

(9' ) 

nhere F(Ri -Rj ~) de notes the amplitude (conotant) of the 
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Ri ~Rj ~ transj.tion. We use this expression in Sec.4 while 

considering M1 - tran::iitions lf-~c.in the charmonium. 

The completeness of the set of sum rules (9) has the 

following meaning. Combining positive and negative n and k, 
I 

we may adjust the relative weights of F and F in Eq. (9) 

( or F(Ri -+-Rj ~ ) in Eq. (9 ) ) in order to make one of these 

weights dominant. Thus, in general we have a possibility to 

extract all . the amplitudes of JP~+-... JP~ transitions entering 

the resonance par t of the sum rules . As it will become evident 

below, the situation i s not so ideal, since the sum rules are, 

in fact, va lid only at limit ed n and k • Nevertheless , a lot 

of information about transit i on amplit udes still may and will 

be extract ed from Eq.(9) . 

It is appropriate to note here that t he valu e of s
0 

in 

Eq,(9) may net coincide with the physical q-f lavor threshold 

equal t o 4M2 ( wher e M is t he mas s of the lightest q-flavor · 

ed hadr on ) . Really, there are reasons to expect that at 

s 1 , s 2 > 4M2 the JcCs1 , s 2 ) double spect ral f unction is 

still dominated by resonances that continue t he spectr a of 

radial excitations of the lowest levels R 1 and R2 
Recall , e.g. that the cross section 6 (e+e- - charm that 

det ermi nes the imaginary part , of the c-quark polarizat ion 

operator, in the regi on. 2MD <~ ;S 4 ,5 GeV is satur at ed by 
If Ill 'f 0772) , lp (4028) and higher resonances. If similar Jitu-

ation takes place for the triangle amplitude A , we ·JJS.y r emove 

the contributions of t hese above-threshold resonan~es from the 
G J (s 1,s2) and incorporate them into the resonance part of 

· dispersion representation (3) and correspondingly into the 
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l.h.s. of Eq. (9). In this case.[S;, is to be larger than the 

maximum resonance mass. So the choice of "true" continuum 

region is somewhat uncertain. The natural way .to resolve this 

uncertainty is to compare the sum rules with the experiment 

(see e.g. the next section ). Note, that a sort of "local" 

duality may occur here, if the resonances in a certain region 

' s
0 

< s
1 

,
2 
< s

0 
are dual to the quark-parton states. 

Turn now to the derivation of Eq. (9) for the most inter­

esting types of radiative transitions between C-even quark­

onium levels with JP~= o++,1++,2++,0-+ and vector levels with 

JP~=,--. All these transitions are observable in e+e- -anni · 

hilation. 

According to the general outline described above, the 

problem consists in the calculation of double spectral functio~s 
0 J (s

1
,s

2
) of relevant triangle diagrams. 

At various JP~ quantum numbers (various j ·1 currents) 

the amplitude (1) in terms of invariant amplitudes has the 

fol l owing form 

a) JPC 
1 = o++ ; j 1 = ~<J-

A y-v "' ( ~y.-J - ~~:;~)A (si,sz.); 

b) JP~ = 1++; ,j1 = 1i>.~~r~ 05'\-' 

AJ'..,,i..= Ke1.E..,..1\"JA0..(s~.s1)+ . 
(K.p2) <L/>-.IJ 

d..J'Vf p2_,.. PicL K1 E ) A (s s ) +(P1c1..E. - t 1. z. 
(K.pz.) 

16 

(10a) 

( 1 Ob: 

' 

--
c) J.l?~ = 2++, 

- .,._, - '2- " 
j 1 = i:'l-(~.toJ' + '(~ 'O.t. - :3 71.J..J a)~, 

d) 

where 

e.,,... A y.vlJ 
_ .i r .. 1 :f'...ra1. f zcl A ( ) 
- Cl. S.t ,S 2 + 

( K l'z.) 

+ .2..Tv1~2.J: At(S1,S2) + 
( (~:i.)2. 

+ 2. 'f v<L ~zol l<,t ~i J' Ac ( S-1, s2.) ; 
(K.p~)3 

J~ = o-+; j, = ltt:-os<t--, 

Ay.v -= e ,J>-Val.J> K.<1, r~~ A ( s~ '$2.) 

(10c) 

(10d) 

1119 .. ~i...r- ( t>ur~1/s!) g;" = e3 \<c1.. - e.,d\r -
'is the e.m.field tensor ( e,.is the photon polarization vecto~) 

According to their definition (5), the matrix elements of 

JP~ ~1-- transitions have the same form (10) where instead o~ 

A
8 

b · invariant amplitudes there are corresponding F8 b 
' • • • t ••• 

invariant constants and the kinsmatical structures are multi-

plied by the wave functions of photon and 1--, J~ -resonances 

with j" and ", ~ , l.,... Lorentz indices, respectively.Since we 

are interested in these matrix elements only , we have left in 

Eq. (10) only those independent kinematical structures which 

survive after being multiplied by the transverse wave functions:. 

In Eq,(10c) we have also taken into account the symmetry on Ar 
(reflected by coefficient 2) and the irreducibility (the vani­

shing trace) of the 2++_resonanoe wave function • 

The results of calculation of double spectral functions 

(7) corresponding to the invariant amplitudes (10) are prese~ 

11. 
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ted in Table 1 as well as the dimensions d and c 1 of 

matrix elements (4) and (5). Together with the dimension of 

"vacuum" matrix element (4) of the vector (1--.) current c2•2• 

the contents of the Table 1 entirely determine the eum rules 

(9) for all types of transitions under consideration. 

'Before turning to the physical applications, it is necee~ 

sary to determine the intervals of n,k variation 

-n
2 
~ n $ +n 1 -k2 $. k -..< +k1 (11) 

for which our sum rules are expected to hold. 

lf the s~m rules (9) were valid at arbitrary large n , 

k > 0 , it wo1lld mean that the physical and the bare quark 

amplitudes coincide with each other in the whole region s 1, 

s
2 

> O • Such coincidence is in fact impossible since at 

s 1 ,s 2 ~ 4m2 the asymptotic freedom is violated and the zeroth 

order of QCD is inapplicable (for details see. 'Ref. [ 1] ) • 
Hence, the sum rules are reliable up to certain maximum mo­

ments n1 , k 1 
On the other hand, the parton approximation of continuum 

used to obtain Eq.(9) is actually based on the assumption 

t hat C.( "\ 0( ) 0( -1\1 -K~) f s~,s2 1 -J s .. si"" 51 S:i. 

at s
1 
,s

2 
- +ex; , where n2 , k2 are some finite numbers. 

Therefore, the sum rules would be violated also at n <-~~ 
k (-k2 • 
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'l'o choose proper upper boundaries in Eq. { 11) we refer to 

the well-studied sum rules obtained in Ref. (1) for the 

c-quark polarization operator by expan:iing one-di:nensional dis· 

persion relation at s=O. The comparison with experiment shows 

that these sum rules are valid up to the 4-th moment. For high­

er moments the agreement is restored if one takes into account~ 

as in Ref. [7) , the so called power gluon corrections sharply 

growing with increasing the number of moment. These correctionfi 

are not reproduced by perturbation theory in ~ and reflect 

the essential violation of asymptotic freedom a\ e ~ 4m2 

(connected with the confinement ). For lower moments the power 

corrections in the charmonium [7] as well as in the b-quark­

onium [BJ are negligible • With this in mind , we choose in 

Eq.(11) n
2 

, k2 = 3 • Moreover, such a limitation allows to 

neglect the Coulomb type gluon corrections for bb and heaviet 

quarkonia ( 9] • 

The "nega tive" moments of sum rules for the c-quark pola­

rization operator have been derived in Ref. [ 2 J by means of 

expansion at s = - oo • It have been found out that these 

"reversed" sum rules fulfil fairly well up to the 20-th mo-
'j I I 11 

ment, if ft\' , ~ , and 4' ( 3770~ contributions are taken into 

account. This agreement indicates. an almost idea~ duality be­

tween the continuum and the c-:iuark states in the ,---channel 

of charmonium. We make use of this fact as a motivation to 

apply the sum rules ( 9) at n, lc9 < 0 choosing in Eq. ( 11 ) n,. 

k1 = - 5 with some reserve. (Note,however, that,strictly 

speaking, the thoretical status of negative momenta is less 

~lear so far than that of positive ones.) 
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Thus, we have chosen a certain eet of' "optimtim" moments 

of sum rules . \Ve expect that the accuracy o:f these momenta is 

mainly determined by the usual 0(~5) perturbation theory cor­

rections given by gluon exchanges at small distances in the 

triangle diagram. The calculation of these corrections is a 

rather complicated problem. Nevertheless, we expect that they 

do not exceed rv 20% which is the order o:f O(ots)correction to 

the polarization operator (see Ref. [1] ). The numerical esti­

mates of transition amplitudes given below are expected to be 

at the same level of accuracy.· 

~1e electric dipole transiti~ns 

Here and in the next section we shall try to realize 

whether the obtained sum rules give us an actual possibility 

to calculate the widths of radiative tranai tions and whether 

the results of these calculations agree with available experi· 

mental da t a. 

Up to now the most complete experimental information has 

been ac,cumulated concerning 

'){., ~ Jl'\'o , 'I'·~ ,j~ { 12) 

radiative transitions in the charmonium. 

The Jl:r-levels (J=o,1.2) are J'0 0415), J:L0510), 

1
1
0550) with Jl'C=o++,1++,2+,+. They are intermediate be-

1 
tween Jjlf(3095) and o/(3685) • Following the nonrelativistic 

terminology, we call the transitions (12) electric dipole (E1j 

ones. 

.~ 

) ' 

'i 

Evidently, the E1 transitions in the b-quarkonium 

I g t ~r i! , g 
i' 4- X1 '( 1 "f j ~ ~ ~ 1 'f ~ 'J. :1 o etc. 

sooner or later will also be discovered. 

analogs of /
3 

-levels ) • 

t 
)! :1 are the b-quark 

Returning to the charmonium, we note that the arrangemeniJ 

of 1- and t levels coincide with the one considered above in 

general case ( R1= y;J ,R2= :l/'f I I 
,R2= lf ) . 

Substituting int o Eq.(9) for each value of J the corre -

sponding functions j(s) and dimensions d,c1 from Table 1 

(recall that c2= 2 ) , we obtain the sum rules for transition 

constants F(J) and F 1(J) • Recall that the a,b, • •• indiced 

count the invariant amplitudes whereas J=0,1,2 denotes the 

spin of 'J:J in the transitions (12). When these details are 

inessential, the indices are omitteV.. 

What are the numerical values of parameters entering 

Eq. (9) 1 

The massea m
1

=m J(, ,~., m'f' ,m2=m.,,' at'e written down abo'{e 

(in MeV)at the symbols of resonances. As for the c-quark mass 

value, we shalY use m=mc= 1,25 + 1,30 GeV evaluated in Ref 

[1] • Recall that this value bas the meaning of the current 

quark mass or the mass at small distances. According to the 

discussion presented above, '"1e value of ~ is to be chose~ 

in the following interval 

m ir' a 3,685 GeV < Po< m <1-" .. 3,770 GeV. 

Let us fix an initial value of , .r;;; = 3,70 GeV and then try t~ 
trace thel variation of results with increasing this parametei. 

The values of g2 .. g 'I' and g2 .. g ~' defining the matrix 
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elements (4) have been calculated in Ref. (1] by means of 

sum rules for the c-quark polarization operator. These values 

turn out to agree fairly well with the experimental ones 

I 9"" I= o, 125 I 3~\ = 0,0755 

that may be extracted from 
'j I r ee v'\' and t leptonic widths 'I' = 

r ee 
4,8 KeV, 'ii' = 2,1 keV ( we take central exp. values )[

9
] 

8 ~cording t o 

z.Q2. 
'-Ind.. c~~m.y 

3 

ee r <t -= ( 13) 

(Ge.""' 2/3) 
itecall that,just the succesful calculation of ~~ has stimu­

lated the development of dispersion approach in various direc~ 

tions. 

The an&.logcus calculation of g1 = g 1-:s gives ( 
1 J : 

l~;r)= 0,105, l~xd = 0,095, l3~z.\= 0,13 (14) 

The ~J constants have no direct physical sense. However in 

nonrelntiv:.~ tic l'ipproach the g Xo and g -y. 2.. may be extracted 

from Jo,i-+l'Q widths. After substitution of numerical values 

nf parameters, corresponding to the eiven spin J , each mo­

m~nt (n,k) of sum rules turns into an independent linear 

equation for dimensionless unknowns FJ and F
1J. 

To avoid the possible influence of the J++ states cited 

above the J:i , we confine ourselves to tho positive n's : 

1 ~ n ~ 3 • At the same time, according to the option made 

above, we take -5 ~ k ~ 3 • The negative moments (k < 0) 

Lve us information about the F / constant, while at k > 0 
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t'1e F contribution is suppressed by (m '\' /m'I'' )2k weight. 

Finally, we obtain a highly overcetermined syr.tcm of 24 

linear equations (9) for the two unknowns • '.:iinc e there are no 

reasons to prefer some of these equations to others, W•:l ha•1e t o 

find an approximate solut.ion for F and :F' 
1 equally satisfying 

all the equations. 1/e su0gest the followin:.; procedure. Le t us 

determine the unknowns F and .F 1 frOT;l the minimization con-

dition of the sum of squared dlfferences betl'leen l.h.s, "ind 

r.h.s. of Eq.(9) denoted by Lk(F;F ) and Rri,k(m,s
0

) respectiv-

ely ) taken over all the selected moments: 

2 
LK. - R n,K) = rn in.. 

Rn,ic ,f. ( (15) 

-5!',1<~3 

In this way we obtain definite values of F and F 1 satisfyin~ 

Eq.(15). At ,r;: = 3,10 GeV and me = 1, 25 GeV (1, 3U GeV) these 

values are: 

F(O)= 0,48 (0,33), p/(0)= 0,17(0,iS), 

p( 1 )= 0,53 (0,41), a p1( 1)= 0,35(0, J 1), 
0 

(10) 

( 2) ( ) F = 0,33 0,27 , a t~< 2 >= o,20(0,1J), 

(2) Fb = 0,006(0,003), ~1(2)= 0,010(0,00~ ). 
b 

Besides thi.s, 

F~ 1 )=F~(1)= 0; F~2 )= -(3/2)F~2 );F~( 2 )= -(3/.2)F~( 2 ) ( 1611 ; 

Eqs. (1oa) follow immediately from ::!Jq. (9) wit!1 th~ corn:::r; ::: r, ' i.r. ::; 

j.-(s) from Table 1 in r.h.s. 
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Note that t he relative sign of F and F 1 turns out to be 

positive everywhere*>, Our method of approximate solution actuT 

a lly l eads to reasonable results.Indeed, if' we substitute the 

values (16) back to Eq.(9), all "optimum"moments of swn rules 

are then satisfied with the expected accuracy of the QCD zerotj 

order. Besides that , the numerical analysis shows that the 

minimization procedure is stable against small variation of 

parameters entering Eq.(9). 

Having the values of F(J) and F1 (J}, it is easy to calcu~ 

late ~he widths of radiative transitions. To obtain the expres· 

sions for these widths we must square the matrix elements (5) 

(substituting the corresponding kinematical structures r;~~ 

~rom Eqs.(1'.)) ) and take into account the phase 3pace volume. 

In t his way, we obtain : 

r( ~1 '\ oLQ~m ;t j ·1 (~ r/'j) 12 ( m~) 'i'.·r~ tt.f°'J =------ \Mj 1 ;r:r,m'f,ra.c) 1-z:-
.'l ( l:l+l) '' mx-, > 

'2. 'Z.. . 2. 2. 

( .' )-o1.Gcrnr::1IM {m m' E'('))l(.f-.!!IX::i\ r q.;~r.:1¥ - r_ m I ::J "fjr t> a.,&,.. . Yl'\2. ,} I 
~ o/ ~ (17) 

where 
I '2. Z. 

'Mo (m r., , l'nt > p<o))i =I F(0'I ) 
2. a. 

I Mi (m;t!, Wllj-, F ~))I = ( i ·t- m~i) / F(~) ll. 
. l'YI<¥ a , 

•) Note that s,11nce we substitute the absolute values of con-

stants g , this sign is in fact the sign of g2F 
I I 

and g2J! 

products.(This will be important tor us in Sec. 5.) 
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I M ( (7. ) 'l. { [ m.rz _.....,<¥ 1o 
· 2 IYlYa,, m\f, ~.f. l = 2_ .-~ "'7 J 

Lt;YlhM<i- "" 
I e_<i>\~ 

+ [~ T ::1:](1Ft)1 2
- F;'l.)Ft))J .. 

'I' 

where we ·have taken into account Eq,(16a). 

The widths calculated by means of Eqs .( 1 6 ) and (17) are 

given in Table 2 where they are compared with available expe­

rimental data [4,9,10] .Strictly speaking,the only measured 
I 

widths are T( *'~ :X:tO') = &R ( t.f-;1- l.:io) I' ;ot whereas 

T ( ;t '.1-+ ::l/o/ D) presented in Table 2 are not free of ambigui-

r 7:1 
ties : , :J ) to"t 

f{:xr~'.1/'fo) = BR(t.f ~'1:t'64o'('( l'<I' £R('l''~:x::1'6) i 

where for rtot( Jj ) we have taken the whole interval of 

theor~tical predictions from the review paper [ 1J . 

The agreement is rather good within the theoretical un­

certainty or· the QCD zeroth order ("-'20 % in amplitudes i.e . 

""40% in widths) and within the experimental errors. It is 

worth noting that the accuracy of experiment is not high so 

far. E.g.' even the r tot ( 'JI I ) has an error of "' 25%. 

We postpone a more detailed discussion of comparison wit! 

experiment until more accurate data appear and the ()(~s)cor­

rections are calculated. In any case, the qualitative agreement 

is evident indicating that we are in the right w.aY. 

It :ts worth discuseing,however, the sensitivity of our 

predictions to the choice of parameters of Eq. (9). 
·'j; (J) i 

Note,firet, the dependence of J:1~1tf( constants F <?D th'e 
. . . ! 

c-quark mass. The best agreement with the experiment ( with the 
. I 

provisos made above) seems to be at mc=1, 30 GeV. May be this 
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l:ist circu:ns tance rsflects a nomeivhat effective renormalization 

(due to :~l u o!l. corrections} of the original value m
0 

= 1,25 GeV 

for which the best agreement is achieved for the one-dimensional 

mm rt.:les [ 1](·;:i th the gluon correctionsl • 

The values of F and F
1 are also influenced by g1,g2 ,g2 var:i.­

ations.necall that we have used in our sum rules (9) those g 

values ootained by the dispersion method [1) • The agreement 

of (9) with experiment ::ieans , to our mind, a nontrivial accord­

ance between various types of d.ispersion sum rules for both 

annihilation and radiative transitions. 

Finally, we should like to draw attention to the substan­

tial sensit.iv.i.t: of the 'f1
.-,.'Jl:i'( constants F'(J) to the value 

of threshold e11er.'5~' J';;: .If we increase Po up to 3, 77 GeV 

gr.d "forget" to take into account the 'f" contribution in the 

l.h.s. o.i:' 3:.;,(9), then the fitted F'(J)VP.lues for all J's 

become approxi:r,a t ely twice t he values presented in Zq. ( 16). 

l'his already results in sharp contradiction of predicted widthE 

r('\''~Xi{) with experiment. At th e same time the F(J) values 

.; re not influenced by fa: 
fests itself only in the 

variation since this variation mani­

k < O moments y1here p'(J) dominate • 
II 

If we take into account the '/.' (3770) re~onance i.e. add to the 

" ("' ~~z n l.h.s. of Eq.(9) the thfrd term 9:i./h "'/mq. f ( where g2 ee 
J,027 is determined from l\(~·0,3 keV according to Eq.(13) and 

11(J) . " . . F is the 'f _..1:i'lf transition constant ), then at 

m~' <. Po ~ m qi'" = 4,03 GeV J!(J) values are restored close 

to those of Eq.(16) and simultaneously p"(J)"" Fl(J). Therefore 

we conclude that the contributions of 1---states heavier than 

'!''are essential in the sum rules (9) at k < 0 (c.f. Ref. [2] · 
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q ' 
where the I/' contribution was important). Moreover, we do not 

exclude the existence of local duality between above-threshold 

If •resonances and quark states in comparatively narrow inter-

vals of s2. 

Turn now to E1 transitions in the b-ouarkonium. Here the 

spectrum of ,---states below threshold consist.a of three level$ 
' ,, 

-:{ (9460), "'f (10015), and"{ (10400) (see , e.g. Ref. (11.J). 
. .,,c 

Two groups of intermediate l":J -levels are also expected : 

ml".-:: m.,_V..::my 1 < m;t"r.'<m:t.''(J = 0,1,2 ). A crude estimate give$ 

m 1f>-mY.';!m 1:"-m~·~m 1 - mt~O,J GeV .whereas·more elaborated 

predictions of nonrelativistic models are : m;, = 9,9 GeV, 

m1&=10,) GeV (see , e.g. Refs. [12,13)) . Recall that the spin­

orbit splitting in the b-quarkoniwn is expected to be negli-. 

gible 

r. g 
m 1 .:J+.t - m 1 :1 

2. 

"' (~~) (mx:i+i -m,x:,) ~10 MeV (J=0,1) 

In such system of levels , for each J theTe are six 

"f:"'Jg E1 transitions. Consequently, the l.h,s. of sum rules 

(9) contain now six terms instead of two, i.e. there are six 
I . 

transition constants F,F, •••• In this case the minimization 

procedure suggested above leads to rather uncertain values of 

these constants since (within our limi'ted intervals of n,k 

their weights in the l.h.s. of :Sq.(9) are too correlated (the 

variations of the ratios of these weights with n,k are insuf­

ficient ) to extract one or another F distinctly. We can only 

estimate the order of value of the lowest x~~l~ transition 

constants F(J). To do this we take tbe n,k = 2,3 moments of·. 

sum rules (9) and leave only F in the l.h.s. of Eq.(9) using 
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the fact that the weights of other constants are small due to 

r/,Jg<<1 factors). Then we substitute into Eq.(9) ~ = m"l': = 

9,46 GeV, m =ml ··= 4,65 GeV (the b-quark mass at small dis· 

tances obtained in Ref. [ 8] by dispersion method)taking _(a";= 
11,0 G€V (b-flavor threshold) and g2 = g -:t. = 0,07~)g1 = 

. g 
1

t;; 15'[ ... The resulting F ( J) values are: 

F(O) ':f F( 1) ~ F( 2) "!f 0 05 ~ 0 1 · F (2) /< F (
2

) (18) 
a a ' · ' ' b - a 

By means of Eq, (17) we obtain (Qb = -1/3) : 

f(:X~·+i'6') = 1,0 + ),5 keV; f(x~-..f~) = 0.5 ~ 2,0 kev; 

T(Xt _,. l l) = 1_, 0 t 4,0 keV. 

4. Magnetic dipole transitions. 

Since the discovery of the j/'\' resonance, the problem 

of pseudoscalar ( o-+) cc - l evels 11. c. and -vi) have been 

the "s:tumbling-block" of the charmonium spectroscopy. 

In e+e--annihilation, the promising sources of 1lc -reso· 

nances are t ~ 1l,c. magnetic dipole (M1) transit ions that we are 

going to consider here. 

Just recently, after unsuccessful "finds" such as X(2,8j), 

the situation around M1 transitions have been considerably 

clarified.A real candidate for "l.c. with mass m1lc = 2,98:.t 0,02 

GeV have been discovered [4] at SLAC. There are also some pre· 

liminary results on the M1 transitions 

BR. ( qi'~ 'l c '{) 
( 19a) 0,2 ~ 0,5 % 

•1from f~= 1,28 keV V1J 

2? 

.... 

and still an upper bound ~: 
f>R (:J/'f -+itc.l ) < 3.10-5 (19b) 

4 l.'6 
Recall that the experimental value of m~c. fit well not only ··; 

the nonrelativistic model of "hyperfine" J'qi-~c splitting but 

also the much stringent limits [
15] 

2,98 GeV<l'Yl'tc.< 3,02 GeV 

that follows f'rom dispersion SU1'1 rulee for the <0·1 j5 j510'} 

vacuum. average(including the main gluon corrections)where 

j5·= iC:-(sC. is the c-quark o- current • As a byproduct, 

these suru rules [ 15' 5 J give also the value of "vacuum" constant 

I g1\ = \g-iic.\ = o. 12 

defining the matrix element (4) for j 1 
j 5 current. 

(20, 

The second o-+ -charmon.:.um level 1l ~ is expected to be- ne~r 

its vector analog '\'' • Thus, for example, the nonrelati vis tic 

calculations give (see , e.g. R~f. [16] ) 

mlf-'-m,~ ~ :'f (re.:/r~()(tnt-""'I,) =73 ± 19 Mev, c21a) 
~ . 

g~, /g"lc. = g<I'' /gt = 0;604 (21b) 

(Recall that in term.a of ncnrelativistic approach g ~ 'f(O) 

,These . estimates satisfy the lowest moments of sum rules[
15

] 

and 

in whietl :the 7/.~ contribution is not suppres~ed. Therefore, we 

sha:f'·~se (21) alvng with (20) below. 
. . , r I PC + 
·. " .. ; TWo levels R1 a ~c. and R1 =}le. (with J 1 = 0- ) are related 

· to R;;/:J;'l' ,R~ ;: f' (with JP~ = ,--) by four M1 transitions. 

T.heir matrix elements are defined by four invariant constants 

F (. R
1 
~ Rj ~ ) • The sum rules relating these consta~ts have 

the general form (9) with the l.h.s. giver. by Eq. (9
1

) and 
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and :JLO") from Table 1 in the r.h.s. The final answer is 

( 8')c.)(~)211+i I P(t1/qr~11_e.¥)+ ~'c. m'l~ P(1lc+o/!ft)-1-

( 
~ • )21<. , 1 2.n+L 

+ ~: )(:;. {FC4'~7lct)+ (!~:)(:~:) F(lf'~Yl~~)1= 
• 

3 
2 K 2h+1 Vo ri-t K 

= (i'Yl<j' \ (~) { o( u /) fu .f-1-V 
2.n-'2.~'l'he. 2mc J 2.m<- J Y v ~. {-V (22) 

2. 0 .. 

(Yo= ( d.. _ y rtlc/ S
0

) '%.) 
· As it was explained above, we expect that Eq.(22) holds 

with ~ 20 % accuracy in the interval -5 .:$ n, k, . ~ 3 • 
The numerical fit of the four constants F over the 

resulting set of linear equations (22) gives the following 

values for the constants of "diagonal"transitions 
I I 

and If~ 7l c.{) 
F ( ::t/ct'-+11.~o')= 3,G (2.,5) 

Fl tt' 1 ->-11_~ 0)= 2,3 ( 1,9) 

at m
0

: 1,25 GeV (1,30 GeV) , ~s;;,.. 3,70 GeV .• 

As for the "nondiagonal"transi t ions t
1

~ YJ.c ~ 

1"'f _,. "'Leri° 

(23a) 

I j k 
and 1l ~ ~ 1~10 

the fitting procedure leads only to the definite upper limit 

IF(l\'1-~1~all rv JF(11:-*:1/t) )\ ~0,5 (23b) 

The actual values of nondiagonal constants are not fi t ted sinoe 

even their maximal weights in Eq . (22) (at n = -5 , k = 3 or at 

n = J, k = -5 ) are not large enough to extract these. constantcl 

distinctly. So the total balance · between l.h.a. and r~h. s; · of 

Eq. (22) is mainly determined by the values of diagonal' con·-

stants. 

According to the definition of transition matrix ·element 

(5)_wit~ corresponding kinemat_!.cal structur~ (10d) the diagoru!l 

l9 

'", 'l' 
_,'J. uid tbs 'l r e : 

Q2 3 2. 

I'(Y->P0) =~I F'(V-+Pr)lz tnv_(f- m:)3 

24 mp mv • ( 24) 

where V(P) is ~/lf or l.J' 1 
( T/ c. or 71.; ) . 

Subotitutine; the values (23) into Eq. (24 ) , we have 

I' ( .:l/ljJ-?~G O) == 2,Y 5Ki!V {1, 2 KeV) x ( mt/' - m?c.) 
U8 MeV 

3 

I · ( 1 f 3 r (I.)' ->- ~~o):::: 0,2. KeV ( o.~51<eV) ll r>'llr -m'lc) 
:10 MeV 

( 25) 

If' v.-e adopt BR. ( 1)c..?1"r) =1/84 5 (the familiar QC!.l est imatef17}. 

then r~xp(~/'f'~~c¥)<1,7 keV. The obtained predict ion for 

f(:l/lf~71.<-~)is compatibl~ with t his baund (within "-'40% uncer­

tainty o:f our result and within O(ds)uncertf.linty of BR. (1!c7l~)) 

The nondiagonal transition widths due to our result (23b~ 

are limited : '2.. 2. 
3 

r ( 1l~ ~::i;~ o):; d.8Q c m11~ (1- :~)I ~(~~-:>:f/q;'6)1~ 7 keV 

I '2.. I "I. j I 2-r-( 1J1-+ 71c~):::: ~Gc.m.r(m"')(1-~<-) IF(<r~~co)l <81<eV 
24 l'n'!c. IY1;'. 

l'he last limit is too high as c ompared with the experimental 

value (19a ) . Therefore, we concludt? that our sum ru l es are not 

very informat ive f or the nondiagonal transitions . 

The I'{.Jfiy~1l<~) value close t o our r esult (25) 'have been 

~btained recently in Ref. [ 5] by P-Ieans of simple VDifi type re la-
1ion: 

r(j4~~~i)=;ol:f ~~c~~2'6\&-~f(i+o(asv. c26) 
't< <r-+ee I m,, 
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rhe r e is noth in8:: SU!' prising in such coincidence sinc e ( 26} , 

i n fact, may b e <lerived fro:n our sum ru l es (22) in a particula1 

case. Indeed, at k =O t,'1!! r.h.s. of Bq . (22) coincides w.ith the 

'.Jne -dimensional d.is pe :?:' rdon intecral with n subtractions 

3e Q" Vo c. ( n_ So 

2,
1
"(2mf"' l vdv(l -v1) t~ J'" ~ .!_ [ Im" A

0

(s,.o) o 1-V 11 J 1.. ,sh+l clsi. (27) 
4 me 1 

correspornling t o the bare triangle diagram with t wo photon ver-t 

t ic ·~s (k2 = O, s
2 

= 0 ) and o-+ vertex. This int egra l at s 1 

O can be expre 23ed through the resonance contributions ( in 

zeroth order in c{
5 

a nd i n the quark - contj_nuum dualit y limit 

at s
1 

/' s
0 

) . As a result, the sum rules with various n emerg~ 

for "'[c...,..2.'(1 11~-+2..'Q' amplibdes. The se sum rul es , among othelj's 

have bee n obtaine1 in Ref . [1] (s ee ,e .e. Eq.(5 .34 ) from the 

:-evievr pe.per [1) ) . Subst ituting these re sonance terms into 

the r. h.s . of Eq.(22) instead of (27) at k = 0 , we obtain 

311.<~<l' F (j/t ->'lc. ~) + ~ ~~ ~f ( 2;)'l11F (71:- ~!/<f 'O) 
'k 

I I ,l)'l+ J.. 

+ 3'1' 1 3~c F(l/' ~11c.'O) +he ~t/'· ( m11c) F(<.1/-~ 'I: 0) = 
)on I 

• i ic. · 
( 

h1 'ttt+ 
==~~ c A(7/c7 2o) + ~; ~{cA("l~-+2-o) 

"le 

(28) 

where A( 1lc(1i~)+l 0 ) defines the matrix element 
I z_Q'Z.. :I. 2.: f 2. A ( ( I ) -.! M (7!c(Y(c)-+:2.~) =e c. cyvct~e_,.e.,,1<<:l.Kp ~c '"1<)~2 0 m.,,;c'l~) 

It ·is naturally t o s plit Eq. (28) into ~c and "l_~ parts • Then, 

neg~ecting F ( IJ' 1~ Y!c ~ ) as in Ref. [?.J we have 

. ..12 

A ( 1?_c~2. '6 J .= 3</' F ( ~/lf~'t/c'6 J 
rhi s relatio!; , bein.; squared and •·1ri tten in terr~3 of ·;::i.dth s 1 

im.'l!edi ately transforms into Zq . (26) . 'l'he O(~)correc ti::>r.s :i.n 

~q. (26) correspond to the a~nlo~cus corr ec tions to the r,h.3. 

of Eq.(22). 

Finally, th e sur• rules (2 2 ) \'I:?:' itt en for the b-quarkon :Lum 

al l ow t o estir.iat e the anpl i tude of the l01·1est 'f +1{0 i.I 1 trcmsi-

tion ('I_& is the b-c;uark a nQlo;; of the ~c.. ) • Leavins in t.he 

r. h.s, of :Sq.(22) only F( "f'~11_~ 0 ) '.'Ir:: obtai n at h,K.=2.,3 

F(l'-?l'J~ t) "-' 1.2+2.0 

r (1' 71)g '6)-v(5"~16)-{o'Z.(:L-}'n~%~ )
3

1<e v 

at m'lt m"! , g~t=rs-<' mb = 4 , 6 5 GeV,~ = 11,0 GeV. 

5. The compari son ·,;ith nonrGlativistic mod e l s 

The dispersion ~ppro3ch developed above r e pre sents o model­

indeperident and pure ly r elat ivistic treatment of r adiative t r an­

sitions. 

On the other hand, ther.e exists a t raditional we.y of de s ­

cribing t hes e processes based on the nonr elativistic model s of 

quarkonium quantum mechanics . I n these models th~ radiatLve 

transit ions are viewed as s~mple d i pole transitions in a cert~in 

(model-dependent ) i nterquark potential with confinement. 

Here we present s. few brief cormnents c oncerning the comparison 

of our approach with t he nonrelativis t i c one. 

~--1.il:L..u.lLes_t.abl ish relatign.s bet;y_een _ Jp'{arii;in·~. iga.t r .;i) 
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_elements of radiative transitions and the corresponding non­

:::- e lativistic amp11 tudes • .Par der1n1 teneos, we consider lJ -..~ r 
q~~ j/o/~~c.~ transi tions . The results fer other transitions are 

similar. 

In the rest system of f'J (or ~c. ) the expressions (5) 

,written for the f':J -~ 1'\f l (or ~/tt~ "le'/() with ·kinematical 

~tructures taken fro!!! Eq. ( 10) t ake the following form. in the 

'nonrelativistic lil!lit :;;'!' ~o (where W ;;;- my:r - mt ( or m'l'­

m ~c.) i s the photon energy) 

e~(l-o u; I ~Ill'> = f·i '/-o r<0

)mt I (29a) 

e,:.< Jd j~m l ~/'/') ~ { e· ( f x, )- ~* (n·<f > Vi-(e><,i )} Fa.<
11
rvit 

r .... (-+ - w"Z. (- - ""'(.- - } r(1) +1e· t'l(·n+~ h·ljt)n,exJ') rr, l'ny, (29b) 
'f 

('L) f --) e,M-<hl j~t» I 'Jr>= fC: €~ /!iK F' tl l'Yl<j- - i('#'e l'l<nK;tiK+ 

-- l (z) --) p(i) -+('1-'h)e•h1c:f'i1<JF'l'l1'!--(tye \'ld1ic;:t' <1< c. m+• (29c) 

e,..<~. c. l j ~ ) ~l'f) = ~-( e)(.ii) w F( '.1/l/'~ "lc o) _ (29d) 

.where n=f and e, 71.e' lf' fo, 'f, 1.:i< are the three-dimeneio:nal 

~ave f unctions Of phOtOil ''YJ.c. I ::I/er> ro 1 "/-'1 f.t respectively. 

~qs.( 29a) and (29d) correspond to t r i via l ~1 and M1 nonrelati­

~ist ic amplitudes. A nontrivial fac t is the E1-dominance in th~ 

two other structures (29b),and (29c) since the terms of these 

Jtructures coZ'responding to M2 and M2 ,EJ amplitudes of 1-1 _. :t;> ( 
and Ji ~.'.1fiy¥ transit i ons are suppressed due to small numerica~ 
· F~1 w E~ ~ faetors <..fml/' and g ; F,,_ , c /Fa. respectively(see Eq.(16))~ 

~M- Ej rmiil~tl.lgfil2 F ( P(O), F(!) . F!;~LJ.Dri F 
/ 

(..Fl(O) ,-Fi-1-~J~2 j~ 
3 ~ 

are related with the nonrelativistic overlap integrals as 

follows : F (:r>_ <-i> IM F'C'1)_ •(3>1'(':1) - -w , -w 
(JO, 

(with som:e inessential normalization factors) 
1(:1) I . 

-m.,,;w =m'f'-P'11:t• 

(~) 
where lo = m 'l:J -

IM= J Rt(>t) Rr3 (t) ·ld.'t 

r'<'> = 5 Rt'('t) R.,-,-('l) T.\J."( 
R,q, , R. q,' 

<; 1 
( 23s 1 ) and 

and R~ 1 are the radial wave functions of -'.1/.p(3s
1

) 

'1 :J C
3

PJ) charmoniun; levels. ·rhe minus sien 

in the first equation (JO) is caused by t.':e fact that t!1e ce­

quence of states in the matrix element <r- l j e_; I 7'r) i s r.eve .r ­

sed as compared with the ''nat ural" sec:uence <-S Ii.> =<:l!t/r.> 
On the other hand , the g '/' ,g'l'1 ,g 'f:t conet ,:l:. ~ ~; ir1 11onrelC1tivis­

tic language are proportional to /?_*(o),R'f'•(o),ftR}°) 1 '~~:'3 ct :'.v!:J . 
Recently a rather general theorP.m has been prove:;[•'J con~ e :.· ninc:; 

the sign of 2S~1P dipole matrix el~."i._'.lf: . Fro'll t:i.o th;)o~· ~::! i ~ 
f'J) '(:1) 

follows that the re la ti ve sign of K'/'(o) I fan:l. R,
1
:(o) I }':co ,_i uct s i.s 

negative .• Just the same sign follows frora ou1· sum rules ii' v;e 

take into account Eq.(JO) and the definitions of ~'s end ~·c 

(see the footnote after Eq.(16) ). 

\'le turn now to the compariso n of numerical rc:3ul ,, :; •.'Jr· Lhe! 

E1 transitions. For tbis purpqs ::i , in the fourth column 0:- 'h hl e 

Q we present the E1 widths calculated in one of the most r; l_;i 'J0-

frated non:relati vistic models [ 12] • '~he general agreement wi ti; 

.our results is obvious. i'he rc,j--1tt~) nredictions also agree 

lvith the results of nonrelativistic sur~ · ru.les[19] ,""iven in the 

fifth column of Table 2 • !:ote howevar t h :h the J'( lf 1
-),l'ob}vid.th 



p,iven by the dispersion sum rules is smaller (and closer to the 

9xperimental value ) than the nonrelativistic model prediction. 

It is important to remind the accordance between radiative and 

leptonic (annihilation) widths in our approach whereas in the 

nonrelativistic charmonium there exists an unambigous discre­

pancy betwe~n ~(o) and the overlap integrals, as it was noted in 

~ef. (1a] • 
As for the b-quarkonium, our predictions for I'(ri·1Cf) 

Jbtained above are much smaller than those of nonrelativistic 

~odel [12] • 

Our final comment refer to the nonrelativistic limit of 

1111 amplitude F( ':1/tf ~ ~~ '(). that is easily obtained comparing' 

1Eq. (24) in the limit rrl'f'-"1'1c/m<t-+ 0 

relativistic expression 
16 2 '!. ~ 

with the familiar non-

r(:1/!f+"lc'() = -gfC-W 1 
moment 1;1._pd_ T-=.J R'-l'("t) R ,.,("t) ~?.dti Nhere ,r- is the c-quark magnetic 

rhen F(::J/<f~l'k~)=4{'fo}I where )Lo = e Oc. • If one neglects 
m'I' 

the ef.fects of hyperfine splitting , then R.f = R"lc , I= 1, 

( 
' ) I t . y ~ y.o and F ::J/lft.+ 'l'l = 4 • Similarly, F( lf'-+"lc. t ) = F( :If.~~ 1/c.o> 

= 4, F( lf1-+1\c. l' )= F( 11.~ ~'ft'() = 0 and also F( T~iiti ) =4. 

These values are of order of our results obtained above from th~ 

numerical analysis of dispersion sum rules (22). 

Thus, we may conclude that there is an obvious qualitative 

agreement between disper3ion ~um rules and nonrelativistic mo­

dels which are based on the potentials with confinement. This 

~onclusion supports the general viewpont inferred in Ref. (1] 

~~om the analysis of · one-dimensional sum rules. 
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5. Conclusion 

Vie should like to emphagize two main result3 of this pape? 

The first result (which is of pr~ctical interes t ) iA a new 

model-independent ~ ethod of calculation of radiative transi t ior 

widths . 'l'his method may successfully compete ':Ji.th the tra<1iti 0· 

nal nonrelativis t ic mo<l,ls, 

The second r esult (which i s of t ':eor etic1>l interest ) is 

that QCD is able to predict not only t~e prop erties of separatE 

1'1 - resonances, as it has been found out i n· Ref. [1] but also 

~he amplitudes of the simp lest pr ocesses where t wo such re so­

nances participate. The basic elements of the one-dimensional 

'l.ispersi on approach s:.;ch as t he validity of disper sion relati e,pa 

and the duality between quarks and continuum seem to work well 

in the two-di:nensional case. 

We hope to cont inue the invest i e;ation of t hese i nt eres tine 

>ubjects in the nearest futur e . 

The author is r:;rateful to G.V.Gri.:,;oryan, L.B.Okun, 

:.:.A. Shifman and !.i. I. Vysoteky for valuabl,e discussions and C O!'l-

1ents, to Sh.S .Eremian for hel:J in computer calculat ions u n<l t o 

!i.,'rs.Amatuni and S.G.J1Iatinyan for t he i r interest, .in thi ~ : wor!t , 

The manuscript wes received 7 M~y 1980 
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JPC 
1 

o++ 

1++ 

2++ 

o-+ 

Tabl.!Ll • The double spectral functions of triangle 

diagrams and the dimensions c1,d of matrix 

elements (4),(5) for various transitions 

JPC ~ 1--. 1 • 

. (!!} a' (:t} 
j> (s~.sz.)-= 3eQ (s"-sa.)f (.SL) c1 d 

1'0h) = :s [ 2v- (1-v2-) bt.i~~ J *) 
2 1 

1<~)rs) ==X[2v-(.t-v2)en:.~J 
a. . S L-v 2 2 

(~) 

j ~ (s).., O 

f~1(s)=~~{(i-v~)(3-v 2)ett. !~:- . J 1 

-Gv + 10v3J 
3 . 

3 

f (2) ( s) = s1 { (i-v2)(5-v2.) & hv -
g 16 i-V 

- !OV + ~v3J J 

:t<2 ( s) = -i j~\s) 
J 

1 (o-) ( s) ::: h1 en. 1+v 
· l .f.-V 

2 -1 

1t) v = (i - 4~t.)y2 . 
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!!!_bJ~E!_g • The widths of E1 t r ans i t ionG in charmoni um. 

The exp.value s a re obt a ined :t':ron measured 

branching ratios and rel!:!va rJt to t al wid';h:::: 
r If-' + - r, ] f Xo • 
. -lei =228 - 5& keV ~ ; tot = 3 .:. 5 1V,eV; 

r:~t =0,1~0,4 ileV;.f~~t " 1:- 2~JeV £::IJ ----------- --- ----
I Predictions 

-~ 

. ·---- ~----~---

Predictionr,; c 
:or sum rules 

nonrelativis1 
Transition /at mc= 1• 25 

Experiment rno <lels 
1(1,JO) GeV 

(keV) (keV ) (keV) 
[1 2] (1 

'I''+ :Yo~ 7 
50 

(8) 
I 

~ o If ... X-1 ~ 
16 .t 8 a) 45 

(31) 

tp'-.r1Q' 34 
23 

( 31 ) 
·--- ----· -- - -· . - - . ·-· -- . -----. 

228 {100•30 ~ 165±50 n) 
Jo~ ft '6 

30.:tJO .;. 55.:t5 5 b, 141 10() 7' 200 (108) 
20 ~ .:15 c ). 

r··.a . '°±30 a) 
' 

l1-+ :1/~ ~ 310 
i 

36+5 -=- 144+20 b) ?.8~ l200.; 40U ( 160) 
30;t10 + 120;t4 0 c) 

{160,30 ~ 320±60 a) 280 
h -+ Jlto 

( 136) 170+.40 7 340_t80 b: 338 JOG 7 500 
1 60.tBO -:- 320.±.1 &o c · 

1>)Ref . f g1 : i>):-ip f' r 1n1 · ~ ' n --~ r . ., 
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l!'IGURE CAPTIONS 

Fig. 1 Th~ F_eynm£n diag:ram corresponding to the zeroth 

. o:r:der .. i~. d.
5 
of .the amplitude (1) (plus the diagram 

with jemand j 2 interchanged) 

Fig;.2 The graphical representat.ion of the r.n.s. of Eq • . 

(:3): ~h~ ,di!i€:l-am (a) C(l:>) -. (d)) corresponds· to · th~ 

resonance .. < conti;mum) contribution. 

~- T!l '~ postula.ted . regions of dua.lity be1;ween quark . 

.· . a.n'i physical intermediate states in the s1's2 plan~. 
. . . . . . . . I 

The . quark contribution nonvanishing on the . s1;rai,s;~t 

· 1il'i¢ j 0 i~ dual. to, t~e fesonf\nce dt:Jntri\;ution .< F. ~n4 

· ' i~~:~;t::t:»:~tr:::n '::.~:~:~~ '.· ... · ....... , 
. . . . . . . .. . . ~ . . . . . . . . . ·. , I . 

contribution (dotted lines_ and _ region) in the regi~n 

(b.) (s
1

,
2 

:;;>: s
0
). The asymptotic freedom region· . 

s 1 2 
<<. 4m2 is shaded. 

' 
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