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In the present work the photon spectrum produced in the
two-photon annihilation process of the relativigtic electron-
poaitron pairs is studied and possible astrophysicel epplicae

tiona are discuassed.

1. The differential intensity of the two-photon

annihilation

On the annihilation of electron and positron with fixed
. (w > , -
four-vector momenta Po=(R, LE-) and B, = (P ;iE4)
respectively, the photon with definite energy is produced in
the given direction of ohservetion. The second photon is emitted

in the Airsction to provide the coaszervaition leaw:

(W W) ) ) (1)
K +K, =R "+P,
> . &) - .
wheve Y ®\ A, L&J) and [y = iy, L(.)q) are four-

vector momenta of phofona.

The Qifferential erogs sectiocu of ihe piocess aveseged over

pola.ri,;utions is [1]

e




do=t-9dR (44-44%+8), (2)

'herQA:J_,.i. ‘%, . Pe
(%, =) b= (aea* = )

x‘l:_ap.ul)K“l) =. aﬁ_(l‘) ) (3)

x@ = x" + xz_ ) j = v‘£+ E- =\[[p’ul)P.(k,}Z-T

In (2) and (3) we take Morc =zh = 1. 2, is tho;olectron
classical radius, 22, and €, are relativiat.i.c invarisnts.
V' is relative velocity of colliding electrons end d.Jf) is
the solid angle of photon emitted.

It should be noted that the cross section (2) is correct
for velocities "'V";;'eﬂ'd (d = 1/137) corresponding to kine-
tic energy higher than 1 KeV. For Vl><25|'o( it is necessary
to take into account the Coulomb corrections [21 Further on
we shall consider the sannihilation of electrons of energies

= 1 KeV.

irom tne conservation law (1) 1t follows that for the fixed
electron and positron momenta T’: and .5 the photona in the
given divection have got & -function enorgy di.stribution.
But if '1.:110 electrons have ,omg momentum distribution F+ (Pi )
in the observer’'s direction. one obtai.nq,a bro_ad apveetrum. .

Consider now tho annihilation spectrum of isotropicelly
distr:lbutod monoonergetic electrons and politronl with total
mergies €. and €; . In order te find the radiation spectrum



we should everage the croas section (2) over solid rngles of

colliding electrons df. and d&4+ teking into secount the

current | = V'f(P-)f (P+) .

- ), o)
Ve denote by cf‘": (0',, i€)= Pt R the totsl four
vector momentum of electrons and by @ the rngle between
-y - onll, -
qg=PR+* P+ w rnd photon momentum K ("scnttering" ragle).

Then it is clear that for € = &.+ €+ fixed the photon enersy
depends only on q = lit and O . Indeed. writing

Eo.(1) as Km- Q',U')z - K,"“ end teking its souere we
obtain
2 .2
9" -& +28w (4)
0 = b
cos O 240
2 2
a - (4.-)
W= .

2(&-9cos B)

Therefore, in further celculetions it is convenieat to use

independent vector variables q end the amrllest of momentr
—fn -l

-l : -l
P end P¢ insterd of PR rma P . Por certainty we
- -t -t
suggest |P.|%|P,| . Then for eny P- end ey wnit vector
-
v e ¢ / t}. we can unembiguously srtisfy the requirement

- > g

g=(R+ Py )R 0 by eppropriate choice of P, (&,=const)
-t -

Thus the vectors P. and 9  ere independent prrrmeters.

The direction of vector ¢ we cen determine using the
- -

angle ql betweon P. and i  and exiel rngle between the

- o - e
pPlanes (P. t ) and (K. °¢) (Pig.1).

From the condition q'("’_ P_“" = f“) one obtr’ =



6%+ 2. -

c = lt;;
Oi)t[l EC} p. g
2 .2
d coad = G +& - 2EE: ]

The integrntion over df2, omnd dRN. resulis in the
integration over Q, o), (J us'ng relrt’ons (4) -(5). Indeed,

dfo, dl.~2TdcosBdcosydy ©

0<B8<f, Osv=d, OsYPs<2d
The reage of veriation of q ‘s P-P €qQ<p+p. . For
e giver vrlue 9 Eqs.(4) and (4=) yield

2 [
0, (7)
= «w
dcoaB = 790 d
%(E-'a,)_soe—‘a-(em,) » (1o
1U35-ﬁ8 (7) we obtain o)/ a P
- i 1 EA+P
oS fdo, d- = g [Bh (5 h )zdx[dzp]dP, -
(P-RYe -p )

E=§, P=%) - x=w-E (dw =dx)

The integration range in the (P x) plane is plotted “n PFig.2.

For derivation of differential intensity of.photons it is



necessary to integrate (8) over all verirbles excepting X
i.e. to inverse the order of integration over P ead X

Then one obtains 25

b
4@ (€€, 1 (EA+P)(E -p%)
. #E~w) 85P-(E+x)‘f Jde‘PdP (10)

dG =V'd6; q_ama.x[Eté..E: ) }xl] ; b - -@—;—E‘t (102)
P + P = pq.“ P-
T osXE 3

—  Prom (10) and (10n) it follows thet the mnnihiletion spec

trum is not e smooth function and hes & rupture of derivative
P. .

a

Below we shall express the cross section (2) through x ,

at x| =

P eand Y veriables, It is sufficient for that to express
the kinematic invariants £, end #, through these verimsbles.

From condition (3) we obtain

x.*aw(é "C}CD.'»Q),
' (1)

R, 22w (€.~ Rcosh).

-
@ ' is the angle between K o&nd P. end cen be written
through @ . ‘P and LP from 2 s'mple geometricrl cous de-
rations

coaf. = ccaBcody - sinysin Ocos ¢ ¢12)

Pinally useing (4), (5), (11) snd (12) we fi4d



X, =4 (Ea_ Pa_)

2= £ (- P P ax)o(E%-PY(P-XIL(E% PYP-4Y-P° Cosy
(13)

X2 5 (B P)F-ax)-(E- P PLILE PP 0P Conp

For the function dG ., that is under integral. we find
 following (2), (3) end (13) the expression

dG-‘z To (E+x)"-_ ) 2 (14
| GEE. gl pe (4A-4A° B)AR,
'~ where
§* 1 1
A=a.[{(x)+ u<osy ’ *(‘*)-Ucoup] ’
pe LX) + Ucor § . £(-%)- Ucoa ¥ |
t(ox) - ucos t(x)+ Ucoa ¥ - (19)

<
§z=.g§“;z ] H)=phxa,

u =\/(p‘-x‘)(‘P‘— A- g‘)’

- _The expressions (10), (14) end (15) entirely define the
spectrel intensity of ennihilation photons for isotropicslly
. distributed electrons and positrons with energies €, and €.
' ‘The integration by angle ‘-Pa (see Appendix) leﬁda to

doEnE.,®) Gt 1 (Eas+z ae L
I Sl Ee o LIRSS

 gep?

a_z



where ¢{R,Z) =[(A +x)2+ _i_é__z___f_. x

x[2+ e __ 1 Z+xaA Y1
ES-2 {(e*- z)? (g* 2)[(A+x)a(ga—g)f 2z - x2] j vz

Since the initiel electron and positron distributions rre

(17

isotropic, the resulting photons heve also to he isotropicrlly
distributed. So in (16) we hrve ersily performed the intezrn-

tion over the directions of ennihileting photons (dez -» 491 ).
a) Punoton spectrum in general cease

One cen see from Eq.(16) that the spectrum is e symmetric
E++EL
2

function relative to veriable X = W-E , where E=
is the mean energy coming to the each annililetlon photon,
This interesting result has & simple physicel expleastion,

Indeed, from the energy conservsiion lew it follows thet f

s 1 - . e . v 4 IR R T “ h)
ona of the photons hag the energy in en infervel (W O+dw J,
- ) e . 2.1 p o~ .,'\. DT '/\‘
then tne other o oon 1o the gnergy vange (b v e, DT WHOG L
Therefore, e Loirdl cumbsy ol pooteos Lo ese interveir rre

aqurl,
Mo ivtarrelions of F16Y avar mn S wire s T A sl d
BAEY O O TR AR SR T D A A a3 1 VEoSrdes L APPHeNiGlrZE,
b4 e .y o even T oas . - - .
Ho¥e wa prement only the final resdi:
SN DU TS BT S SV S B S 2 (18}
d6 N g Ay P u{r(:b AR R f"‘\}':)a,'

S
Tn pon o o . . < <~
woele PR ) Q }:. M o, (23
v
. - 2
52284:258- Ex3a  1-{ar 07
1 E E? EF- x* (19)



e
T+ X /

Sa(2)= €n{2T+x3d%)

oy o dTe2x%4d?

S, (2) = - (,Z_Fxx:)s

sq(z); 1 n{ E(2+xaA)WE3-2-2 ./E'-x“[
EJE® - x2 E(z+xa)Ve™2+ 2 VES-x2

51(2)=-

(192)

T=7(X,2)= \/z(z-x"-+ daj+2 -x2

d=d(x}= Q-(a+x)



Quantities @  nnd b were defined sbove.

For the euergies of perticles £, E.< 1,5 med a
simpler expression cen be odbteined by expending the functions
A and B from (14) in = power Toylor seric} of the veri-
able Coo(?-ll‘/ t end teking into account thet fwgtp d ¢=0
The sufficient condition of applicetion of ﬂ:i.a approech is

the fulfilment of inemunlity t° /U >> 1.

_ After simple trensformetions we find

o) 4, A-vE (Ba-p?)t
u? vE V.2 (E-a)*PVi - (Ea-p?)2

(20)
. PE~P®)(Ea+ x)® o
[(E-A) Py - (Ea- P (P x?)
V.= B /€. -
This Lategration of (10) over ‘P 1le»ds to substitution
Coay = 0 in the express’ons A ena B from (15). The

subgequent integrmtion over P nay de crrried out ersily if

teking into mccount E:P‘ ~ ...E'_a. - .’? » The obtr ned o
spectrun hes the !‘orms-

(21)

de(e‘to €. Q) g;ro )

: dw -e.e.[F(x 5)- F(x a)], i
E(x'i)"a(e‘%"zif‘.fh - ax A ) fn :::: *
2t i e )k "y
(E-x)(E -2xa)a ,Le_gg)(_g_;_ggx) TARPLIY 5

£%(2 +xa) E*(2-xa) ’




In Fig.3e,b,c differentinl spectre of ennihilertion for

different elactron and positron energies are chown. From these

figures it follows that:

1. for £, # £_ the spectrum reverls two sirong mrximr sym-

E,tEL
2

metric with respect to the energy w = corresponding

to the spectrum minimum.
2. for £, = &_ the spectrum logerithmicelly tends to infi-

nity at @ . (E4+ g_)/a , however, this divergency does

not lerd to the divergency of the photon totzl number,

The energies corresponding to ‘the mexime ere found from

the condition = (P - P.) , i.e.
{max) (22)
Wy, e """é“[‘c—+*&-'+(P+‘P.)]-

The variation renge of W

from (7a)

%(64»*6-"'31' "P.)éwé-g—(€++g_+p++p_)' _(23)

'b) The remdiation spectrum of positron annihilation
on the rest electrons : - s

-
-

Consider now the parncular cese of: rs.nnlhilatlon o:r the
moving positron (electron) ‘on: the rest elgctron (pomtron).-_
The spectrum cen be obtained from £he expu:‘easmn (18) by
tending P —- (O . Ievertheless. it i= useful to get it di-
rectly from (2). es’peclaliy an in thj.s cage ‘the éslculations
become conslderably easy to be peri‘ormed. Indeed, from ki-

nemetic’ invariants €, .end X, “for the rea.t electroh

12

nt fixed €, and &_ is obtmined




(4) .
P = (0’ t-1 ) one obtains

W(&s-PCorB) =€, t1-w, (24)

Now the cross section (2) multiplied by the positron velocity
(d6 vV ) should be averaged only over the dLrectlona of
a.nmhilatlng positron. i.e. over the sngle I dJZ* dcob@
where © is now the engle between vectora P+ r-.nd K
(=p,)

Finally, for the averaged d:fferentirl spectrum, using

(2), (3) and (24) we obtain

de (€, w) s’:ro[(w 6++4 )(.L 4 )a+

Aw -w ‘m" et w 25)
+(£++(1‘J-w ' 6**1.-)“ )]’
where
Eetl-P o Es14Ps (26)
2 2

Here we have performed the integration over the photons

direction d as well.

Expression (25) , as it should be expected, hes two strong
maxima which are symmetrical with respect to W= Q%;'_ .
The maxima mre in two extreme points (20) and therefors have
ssymmetric profiles.

Finelly it should be noted that ennihilation of fast posi-

13



tronz on tha rest elecirons hes been previously considered by

Stecker[?], but the spectrum in the obvious anslytical form

was not obteined.

2. Astrophysicel applicetions

Most of essentiel cosmic gamme -rey production mechanisma
formulated for the first ti&e in the classical pszper of Mor-
rison[4] in 1958 are generally associated witﬁ interections
of accelereted up to relativistic energiés Suprathermal prr-
ticles (cosmic ra&L) with ambient gas and low-energy photon
fields (2.7 K radiation, starlight, etc.). However in recent
years some authors have pointed out that the intense gemms-
redietion can be produced in the vicinity of compact active
sources such as pulsar maxgneims;:»heres[5 1] in the accreting
plasme on black holes a.nd neutron stars [8- 13] te.

In the compect active sources positrons can bo copiously
proiluced due to verious nucleesr and electromagnetic interec-
tions. The nature of cosmic positron sources now presents
an increasing interest connected with difficulties which take
place in the interpretation of 0.511 MeV gamme-ray line, de-
tected recently in the galactic centre direclion ﬁ‘q, ag a
result of coaxiic ray bombardment of interstellar gns [15'16].
From comperison of photon intensity in the 0.51} MeV line.
with intensities of continuum of low energy gamma-rays [’5]
and X-rays B6]’ additional source of positrons in the Galexy
is required [-171 Possible sources of such poaxtrona arc. the

decay of readionuclei synthesized at supernova and novne

14



explosions [17] . peir production in pulsar megnetospheres [5' 18],
masgsive Kerr black holes [19’201 relativistic accreting plesme
(Refs 20,24 ).

In the case of spherical accretion the T- production in
the hot proton inelsrstic interections neesxr r blrck hole rnd
the following 1 '— u'—s e~ decsys give relrtivistic
positrons ‘:8 10] .

In the accretion disk eround s blaeck hole, wher the tempe-
reture of plesma cen exceed 0.1 mec® (for exemple in NGC
4151 [25]), the psir production due to (K - X) colligions
becomes a sufficient process [22'24] . For the reagsonrble condi -
¢iong equilibrium positrom concentration may become very h'gh
and even exceeding the initial electron density in the sccret-
ing plasme [22’23], provided, of course, the positron lerkage
from plasma does not take plrce.

Annihilation ra-diation in such a hot pleasme competes with
two importrnt rsdiation processes, nsiely with thermsi brems-
strehlung '(puré or comptonized. depending on opticel depth
of plesma) and inverse Compton scettering (combtonization)oi‘
the photons of external origin on electrons of plersma. The
relative contribution of annihiletion to the plnrsme tutrl
emission is proportional to the peir density in the plesme.
Therefore, the problem of steady-strte (ete”™) peir concentre-
tion in the plasma ig rather significent [26]. In this prper
we consider the annihilation spectrum alone.

The formation and the spectrum of annihilestion line in the
mediuni iith temperature less then -~ 1O7K ere atudi.e;l in-de-

teil by Ramaty and co-workers [27’28].

15
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In this work we study the annihilation spectrum of electrons
and positrons with energies more thén 1 KeV. This reastriction
ellows us to neglect the Coulomb correction as well as the
annihilation thwrough bound state of positronium preliminsrily

formed [27] .

i) Annihilation spectrum of hot Maxwellian

electron-positron plasma

In the Mexwellien plasma electrons and positrons have rn

momentum distribution ")
f2(P)=n, { = — exp( VPP mic4 /xT) , (27)
oo
vwhere S =jz"exp[- (d:)a*-za)%]d 2 y My end N are
electron ar:d positron number densities, T is plasma tempe-
rature, = -E'i_ia ', C 1is the speed of light snd m is

the rest mass of electron.

Then the differential spectrum of annihilation photons

produced in the unit volume of plasma per sec is defined o=

Y, dé (E--l»;é-;w)
(co) cﬁ‘f (P)£.(P) o dp +dp- = (28)

=n,n.c [[5 (P (R) déi“-yﬁf-'“’ ap, dp. .

where ‘—’-6-(6_*.;"(‘:’—)13 the cross section nversged over directions
w
of positrons and slectrons (18). The integretion limits in

(28) can be found from (102).

*) Further on we use m and ¢ in obvious form.

16
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The results of numerical calculetions for plessme tempers-

2 2 erec presented in Fig.4. One cen

tures from 0.01 mc® to 50 me
see that the spectrum has a maximum with helfwidth proportionel
to the first power of tempersture | (~1.257 ) for plersme tem-

2. For nonrelativistic temperstures the

peratures | > 0.5 me
halfwidth ~. \[? , that is in rrreemeat with the previous
investigations [27} » performed on the basis of considerrtion
of the broadening the 0.511 MeV mnanihilation line rlone.
However, it should be emphasired thri the correct crlcule-
tions based on the crogs section of the process reverl .0t
only the broadening of 0.511 leV line. but elso the shift of-

its maximum to higher energies:
(29)

(‘-)maxz(":d‘ﬂ )'"Cz

mc®

vhere of is nbout 1 end slightly depvends on the temperntiure
T . In the relativistic limit o tends to 1.2 mad for
nonreletiviatic plasma ok = 0.75,

Gamma -ray lines at 0.5 MeV (0.473 MeV [291 0.476 lieV BOJ .
0.511 tev [l ana 0.530 1ev B"]) were detected in the grlmctie
cenire direction in a number of observations., While the grmme-

‘rey lines nt 0.47 leV and 0.51% ileV usve got some Internret--

tions (ses, e.3. [32] ). the line of 0.530 MeV im somswinst

mysterious ao far. On the other hand, as it follows from our ,\
results. thias line can be reedily understood supposing the
aunihiletion tekes place in the plasme with temperature 25 XeV N

In Fig.4 b.c.d the eleciron-proton dremsstrshlung spectrs .5:

17



obtained on the basis of Bethe-Heitler cross section (e.g.

see (28. 4.1) in [1]), are presented. Fig.5 shows the radiation
cooling rates of electron-positron plasme due to bremssirrhlung
(curve 1) and annihilation (curve 2), ©s8 well as the rate of
(ete”) annihilation (curve 3). The curves correspond to the
mimber density of electrons, positrons and protons n_=n,=

= I’LP.a {em” a‘

However, to compare the contributions of ennihilation and
bremsastrahlung, one should take into account the electron-
electron (e* - of ) bremsatrahlung. Since the cross sections
of (e* - @) bremastrahlung (in the relativistic case the
(et - o) and (e~ - e~) bremsstrahlung, too) and electron-
Proton Dbremastrahlung are the quantities of the same order
of magnitude [33], we may roughly estimate the relative contri-
butions of annihilation and bremsstrehlung of all noted kinds
for the given number densities i, , N. and Ny~ Nn_-Nn+

Let L, and L, be cooling rates of plasma due to brems-
strahlung and annihilation, respectively, and L, eand L,
be the same paramotez;e correspondiﬁg f{° one paixf of interact-
ing particles (curves 1 and 2 in Pig.5). Then, in relativistic
limit .

' CLa=nen. L, T

L5'~ [(n+ + n.;)a“‘ (n—q-_"' n-—)h'P] L4

and hence - . S
- _é_& ~. e (a,n++-?"LP)(n+ +.:I’LE) L1 - _él (a_'._l:.e )."'
¥ L\Q o |'L+_.(|1.+ +Nnp ) _ Le_ La R.

N 44 - e . ’ e
R Rl 1A CE B SN

18
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In the case of low number density of positrons n, << n.P

LA nae La

In the opposite limit N, > No( M, = n. , that is

pure electron-positron plasma):

Lo 4L
La L,

On the ground of calculated curves ' end 2 in Fig.5 end
the above estimates we obtain that for temperatures K| < 3m¢=2
the pure electron-positron plasmes (,~= IL_)cools meinly due

to annihilation.

i1) Annihilation spectrum of fast positrons on the

ambient electrons

Congider now annihilation of suprathermal positrons (elec-
trons) on the rest electrons (pozi'trona) of low-temperature
plasme, which also may frequently occur in astrophysics.

Most of positron sources yield nonthermsl particles. A
part of these positrons (about 10% for cool plesma) annihilete
before thermalization., Thus, the lpoet’run- arising in this
case is of special interest.

In astrophysics the most wide-spread distributions of supra
thermel particles can be fitted by power law. We considered
two modifications of such specira:

, . ;.(T)l AT, T2T, (30e)
= AT,™ , T<Te

19
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AT'°‘ T>T. (30b)
= O T=T° )

o) £, (T)

where T= (E-mec?) is the positron kinetic energy. The norma
lizetion coefficient A  is defined so s to satisfy the
energetic condition W‘—‘_[:F (T)EAE = 1 :—;,&a . Ve assume
nlso that the electrons ere in rest. The genersted radiation
spectrum corresponding to ambient electron number density
3

1 electron/cm” is

x . dg (€, @)
7" {5.(m) def. ) dT.

The results of integration are given in Pigs.6,7,8.

(31)

For tne positron distribution (30m) the spectrum of rediat-
ed photons has an asmetri.c maximum in @) ~ 1rﬂ.¢.=a range. Un-
like Mexwellian plesma annihilation rediaetion spectrum, the
spectrum in this cage revesls the sherp cut-off et c.).mca/a
that follows immediately from the kinematics (26).

The positron distribution of (30b) type leads to somewhst
different shape of the spectrum with two weak maximes sbove

2. This fect is a direct consequence of the

end below 1 me
abaence of low energy positrons ir} distribution (30b). In
Fig.9 the high®energetic tail ( W >> mc? ) of bremsstrah-
lung and annihil‘ation"-radi-a.tion is plotted. The compsrison of
these curves showg that the intensity of bremsstrrhilung be- . .
comes equal to ennihilation radiation in G ~3100 : 1000 mc2
range depénding on parameters of spectrum (30b). _It should be

noted that the shape of annihiletion spectrum at high energies

20



may be approximately obteined from physicel considerstions for
an arbitrary positron distribution function f, (T) 13
fanct, in the ennihilation process of the high eiergy positr»
(E,> me? ) on the rest electron one of fie prodiced pioto.s
{(low energy) fell meinly into the energy resion W ~ O.%-1 .":'“?-

Hence the high etergy tsil of snzihilret o spectrmn crn te

nporoximrted rs
' (32)
Q{(_‘*’)"‘ O (W= E'*)‘J(+(w);

vhere 6t (E) is the totel ennihilstion cross section
€
(see, e.g. 30.4.5 [1]). which can be written for ks me2 >> 1

6p= I [tn(2g)-1] o

In the pnrticular crnse of positron power lew distributio:

we get
(34)

(@) ~ W@ [l (£5)-1]

Finelly we note that if monoenergetic positron snd electron
beams eare hy some way accelerated, then on their annihiletion
two asymmetrical pesks are formed. The energies of these
peeks depend on the energies E€., &_ and are given by ex-
pression (22). For the case of rest electrons one of the perks
is et W ~ 0.5 me? and the other one is st W E4+ O, 5mc®

Thus the annihilation of the electiron-positron pairs cen
yield gamme -ray lines of arbitrexry energies. Since the yelr-
tivistic electirons and positrons can be produced in pulser

megnetospheres [5’17]. it is interesting to look for the

21
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"anomalous" gAmma-ray lines from objects of this kind, In this
connection it seems valuable to investigate in detail the
spectra of these gamma bursts, which have a spectrel feature
within 300-500 keV P4] and are presumsbly mssociated with
neutron sters (at leest the gamma burst of March 5, 1979 [35‘3%

Recently, the communications of unusuel gemma-ray lines
detections @9'40] in two gamma ray transients have been re-
ported. The difficulties of these lines interpretation are
connected with the different kind shifts both red and ultra-
violet from expected nuclear gamme-roy lines (0.511 HeV,
0.85 MeV, 2.2 MeV, 4.4 MeV, 6.1 MeV, etc.). It seems tempting
to relate some of these lines to the annihilation of nonthermel.
electron-positron pairs. 0f course, this hypothesis needs addi-
tional information, and first of all about the shape of the
1ines.

In connection with the possibility of electron-positror
pair acceleration by radiation pressure in accreting disks [“l

[

here arises an interesting situation of annihilation in rela-
tivistic directed (e*e™) beem with temperrture KT € mc®. In
this case one may expect a re.t?xer nexrow and shifted gamma-ray
line, depending on the inclination angle of the disk.



APPENDIX

The integration ‘iI(LIA- QAa+ B) d@ in cross section (10)
is convenient to perform by the contour irtegration method
after substitution of Y = {3 .%’- for Y . The functions A
and B are written as

A= Eal{ {+y® + 1-4° } (A1
2| [Rx)-u]y* [t x)+u ] [4(-x) -uly® [t (-x)eu] |

o [E0-uly™ t)ew) | O0) -uly's [Hex)e]
[1ex) - uJy®+ [+ (-x) + u] [t(X)-u]lja'f [+ (x)+u]
17§ oo

Jdg... ~2 {4

o

Thus we should consider the poles Y =i andy =i t_’% it
integrating the functiona (A1) over the contour in the upper

halfplane Um'd > 0 of‘complex veriable H

25
SGAO“P 4g%? ['R—(;) + 72_(-_::)
.3"7 | . (A2)

L.—-ﬂ-\

tomogE it M 2 r4 . 4
LAdy eqt {—i—) R-x) f,mﬁ(— [R(X) R("")]}

Q%o

Q Ccmnnny

1
qua-er{[t(xm ”][Rm w2}
R(*)’-‘Jt(x)-u'. o
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Using the expressions (15) of t(x) rnd W . one obtains

{(")“t("‘)=ef>e (43)

Z.

R(x)= Ry ()= P(8 0% £25,

The formulee (16) =2nd (17) for cross section d6(€,,£-,w)dw

ere obtained efter substituting the exoressions (A2) into (10)

end us.as varieble 2 = Pe
Coinsgider now nor the integretion of
b (A4)

T Z’Jff (b (x,2)+ b (-x,2)] d2

in cross section (16) cen be performed. The integrel (A4) cen

be reduced to the series of the simpler components

Ix)= & [I (x)+ I (- X)]

i= 1
b
- { Ea+2 2
Ia(‘x) L !Rz(x) E2- 2 oz, (AS)
Q-bz
I(x) EA"'I
J@e IR, ) %
b‘
I X)z - Eav . {
3( ) aja 2 Rz(x) (Ez_ 2)2 dl:
bt

I (xye- [ Eas2)(2+xa)
‘l(xj: I‘ (EE_E)?- R: (x) 'dz)
q _
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Is(x)=-&’-€i?———dz- Se (b)- ss(a) ss(x)
a?
The functions 55 (Z) anad Rz (X) are defined from (19a)
and (A3). respectively. The integrals I, . I, ., I, end

T 4 8re convenient to be expressed through 3,'.‘ .
. ba b?.
g (_)( = dz ; g I\x = __..d.g._-,-- ;
09 2 2R3z (%) o:[ Ry (x) (A6)
b? b2
Si)= (942 . 5“5 dz
3 ) M ZQRE(K) ] ‘c( ) 2 (EEZ)RE(X)

While the integrals I,(x) rnd Ia(x) crn be directly bro:ght
to S, (x) S (x) end S (x) for expressions [, (x
1 * -4 - l‘ . o . 5 )
and L,(K) through 5S¢ (x) it is necessrry to preliminsr ly
integrate them by perts taking into acecount that rt 2=(a’ ba)

the function

Re(x) = t(x) = P+xa

This results in

(4ér)

E& 4~ +x)°%
S I0= Flxs[2Earad - B8, Lrfanar],

=1 (A7)

.S (x)+(2~———- )5 (><)+E2 a[ x,(.é_f_’fl;E_z'_ﬁ].

o E+a E+ 3A
°S, (%) + (=% - ) S, x)+ g ¢x) -
To obtain the final expresston for differentinal cross:

section of two-photon eannihilation of electron-positron prir

25
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one should integrete the functions (46). The absolute eccurate

analytical integration is impossible to be performed because

of irretional fuunction
(A8)

2

R, (x)= (2[(a+x)% 2.

However, it is possible to perform this integration epproxi-

metely. Note, that the function (A8) strongly depends. first

of all, on the veriations of ( ) mnd (2- X% ) and in

n less degree on the (Ez‘ Z) , when 2 chenges in the
limite q ‘and b  (10a).

Therefore, one can hope to get good approximations fecr §
if meking the substitution of some average quantity Q for
(E°- 2 ). The functions §1 , ga and §3 thus trens-
formed are reduced to rational functiong by substitution

T=2 - X%+ J;[z-xl+(a+x)a Q* . Then we obtain

S, ()= Q[s,(B)-5, ()],
(A9)

~

= Q[s,.(8)-38. (9],

~n
o~
>
* —r
J

$Q[S,(b)-S,(aM],

n
v
”~
x
So—
n

where 51 (x) » Sz(x) end S,(x) ere defined by formulee
(193). The quentity Q is chosen as the average velue of

JEi- 2 in the limits o® < z = b"'
a (E"- b)% (E o.‘) (A10)

Q- 2

26
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for §“ it is more convenient to make a slightly different

averaging, viz.
(A11)

_JElaraiES ey rz-x? WA :
Rz(")‘ 2 Qﬁ{(d*‘x) E-x+[1-(8+x) ]2}
After substitution
N2 f(arxrer-xn - (ae?2] = 2t

and integration over +_' we come to the expression

3, (x)= QS, (5 - S, (a)] e

where the function Sq(zj is given in (19a). To find the
variation limits of +  we used (A6n).

Thus, using relations (16), (A4), (A7), (A9). (A10) end
(A12) we come to (18), (29) for differential cross section
deé /dfd . If should be also noted thet the comprrison of
the numericel iniegration of the expression (A7) with the
formulae (A9, A12) shows that the method of approximate in-

tegration employed' above ensures the accuracy of ~ 3%.

After this paper wes cbmpletéd we learnt eabout lonte-Carlo
calculations of annihilation spectrum in hot Mexwellien (ete”;

plesme, performed by A.A.Zdziarski (private communication).
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PIGURE CAPTIONS

The sngles and momexta of narticles perticipating in
the reection @'+e” —= 4y

The kinematic range of veriation of P &and X
Differential spectrum of two-photon ennihiletion. ave-
rrged over the directions of electron and positron

with kinetic energies

1 - kT. = 0.01 me2, kT. = 0.005 me
2 - kT, =0.1me? . KT = 0.01 mc?

2

1 - kT, 2 2 me?, KT_-1mJ

2 - KT}' KT_.?HICz

KT, = 10 me?, K[, = 0.1 me?

2
2

-h
1

2 - kT, =10 me?, KT. = 1 me
3 KT* = 10 mcz. KT.. s 2 me

Pleame redintion spectrum due to annihilation (solid
curves) end bremsstrshlung (dashed curves) for
temperatures |

0.01 me2, 0.02 mc?, 0.05 me2, 0,1mc®

0.2 mce. 0.5 mcz, 1 m02

1 mcz. 2 mce. 5 mcz

10 mcz, 20 mcz. 50 mca

Cooling rates of (e*e”) plasma due to electron-proton -
bremastrahlung (curve 1). (a*e”) annihilntion (curve 2?)

end annihilation rate (curve 3).
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?ig.6

Fig.7

Fig.8

Production functions of photons due.to suprathermal
ﬁositroﬁ annihilation on rest electron (solid curves)
and bremsstrahlung (dashed curves). Energy distribu-
tion of positrons is (30a) with parameters:

A =3, KT, = 0.5 me? (curve 1); o = 2, kT, = 0.5 mcP
(curve 2); o = 1.5, kTo = 0.02 mc?.

Production functionas of photons due to suprathermal

positron annihilation on rest electrons. Energy dis-

tribution of positrons is (30b) with parameters:

KT, = 0.5 mc?, o » 2.5 (—) , o = 3 (---).

The high energetical tail of annihilation (80lid curveg

"and bremsstrahlung (dashed curves) spectrs. Energy

distribution of positrons is (30a) with parameters

T, = 0.5 me?, & = 1.5 (curve 1), of =3 (curve 2)
od = 3.5 (curve 3), ol = 4 (curve 4).
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