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dccording to the treatment usually adcpted in the litera-
ture the decay and formation processes as well as the scatter-
ing process can be described by the S-matrix. The luiter con-
nects the initial amplitude at t,=- o= with the final ome at
t =oo. ihereas from the physical meazning it is clear that in
the case of decay of a bound system existed at to E =00 e
shall have zero probability for the truusition per unit time
even at finite t (since infinite time goes from t°;~ o= ),
Therelfore, unlike the wide-spreaa treatment the decay anc ifor-
mation processcs cannot be described, in principle, by the
usual S-matrix theory. The probability ampliivudes must satisiy
other real initial conditions resulting in certain modifica-
tion of the J-matrix theory equations U]. The latter ones are
solved and the integral representation of the trensition pro-
bability amplitude in an arbitrery time interval is found in
the present paper, being the generalization and development of
works [2]. Following the nature of some physical effects, it
is assumed that in states under consideration (non-obligatory
stationary states) the energy may have no definite value be-
cause of external effect. For the stationary states, which are

the particular case of those under consideration, all the re-
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sults following from the general ones tule place. Hovever,
owing to the fact that stationary states embruce a narrowe:
renge of siates, we cuan formulete a stronger slutcment con-
cerning the probubilities of transitions between then in the
time intervals [O;t] end [4, tfdf]. Reasonable probabilities
of iransitions beiween *wo sublevels are obtained for these
states. In the generul case of non-obligatory stiationary
stutes Iormulee wre derived for the probability of transition
from o sublevel of the level i, described by the wave function
'HI“ > at a mouwent t = O , {o any of sublevels 'nogOf the le-
vel?.

ihe simplest applications of the obtained formulae for
arbitrary time are the descriptions of the decay and formation
brocesses, the firsi nonvanishing approxzimation of which are
coupling constont first-order efiects. in particular, the de-
cay ol unsiable oriented particles [3] una nuclei in arbitra-
rily directed magnetic fields as well as the magnetic reso-

nance [4] can be cited as exvmples.

2. lNon-obligatory stationary staies

The quantum-mechanical behaviour of the system is describ-

ed by the amplitude

'\l/({)=§° Povs [R) b L (2.1)

which satisfies the wave equation

i
ih a;f* HYy (2.2)

where the complete Hamiltonian
W e (2.3)

is in general an external field Hamiltonian, \f is an ope-
rator of the interaction responsible for transitions we are
interested in. The wave functions \k“o(t) describe the so
called non-obligatory stationary states in which the energy
may have no definite value. These states have urisen at a io-
ment t , as a result of evolution, from the states|m, > at
4 =0 . The functions 11“°(t) are the linear combinations of

the functions

\+} :Z<mlulm,>+m, ,2'4)

where

-(t/h)E

b (rj= e M B (2.5)
m

are the eigenfuanctions of ZC, « The matrix ll , determined for

each concrete probleu, is unitary. If a state described by

Y., is stationary, then <m/U/m, >=8nm, - From egs.

(2.4) and (2.5) it follows that ¢%' satisfies the wave equa-

tion

& W, _
‘Lh At e ?Eo +m° (2-6)
Representing y,  as

¥, (¥ = €

and making use of eqs. (2.4) and (2.5) we obtain

-(i/h) R, t (2.7)

|m, >

[m,>=§[m><m’U’m,> (2.8)
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3. Equations and integral representation for amplitudes

Substituting (2.1) into (2.2) and taking inio zccount
{2:c8), (2.6) and. (2.7) we -arrive to gystem of equations
which determines time variation of physicel probability ampli-

L P { + £ g ] hy the 4 -~ ;
tudes (P,,.,o(t) for the states described by the functions +m,, (t)

in the interaction representation

o G/B)H,t -Gk '
© (3.1)
x(b,(f)‘”’?"émm‘a(t)-

The inhomogeneous term in the right-hand side of eq.(3.1)
ensures the validity [1] of the equations for both + >0 and
t =0 . This term is necessary since, according to the physical
meening of the problein, the amplitudes ¢m°({) nust satisty

the conditions

.. (t)=0 it <O (3.2a)
CPmo(t} ?5momﬁ at t=+0, (3.2p)
Tk cpm (t) |undergoes a jump from zero at t-=- O up to

oi
wiity at t =+0 . Thus, in the neighbourhood +t = O

bny (=8(1) , &, (1) <6(t)=5(t)

follows from eq. (3.1). The latter taken intio account, the

[5] s gust aa 4t

expression (2.8) can be presented as

G/B)E, t

Bk e oo

Ll
m

6

St et g
xe <M/UIm°>¢m;+iﬁ5 (3.3)
To solve the system (3.3) we introduce the transformations
(1 :—-—-——1—-. ¢ :
b ol _wdEé-"f Tn (3.4)
(/A Em~Epi - E-i8)t :
Xetlﬁ)' ks )<mIG[T'><'"’dlmoi. >
(3:5)

> o 1 i T TR
thémem, §(t)2 -z fim [ dEZ <m,|U)m>
Ke(i/n)(s,,,-af,,.- E-ig)t ;

6,..,,‘.< m"u;moi )

the last of which holds in virtue of matrix U unitarity.
Using this property after substituting (3.4) and (3.5) into
(3.3) we obtain

S r""E 2 . G/B)(En-E0rE-ie)t
gt i

-co

‘[(E*Em.—£m+i6)<m](}lm'>-ZT' <m|V[m">

"<’""’G’m'>‘5mm.]<m'[lilm°t> &)

whence it follows that the matrix G must satisfy the fela-
tion
FEAE..4 E tid)<m ,QIm'> = E"< m/\/]mn><m"lCIm'>+6mm. (379

‘ Introducing a matrix W/ we shall look for the solution
of this equation in the form

.

! 5 .8
<mlG,m'> T <m ,G,m >[6mM"(1-6mm.)<m,wlml>(s‘em.‘Em«l»(?e).)'].




lMaking use of this expression et m=m' from eq. (3.7)
we have

<m|Glm'> = [Esi(&+hMm/2)] (3.9)

t.r,,,./e=~;<m'[V/m'>+L>: <m',V{m"> (3.10)

m'em’
c<m"[W|m'> (E+Epi- Epqut i) -

At m# m' we shall have in a similar way

<m |[W]m'>c<cm|V|m'>+Z <m|V|[m" > (3.11)
I e
" i -4
x<m'|W|m'> (E+E,,-E,.+ie) .
Substituting (3.8) and (3.9) into (3.4) end going to the limit
wherever this gives rise to no singularities, we obtain the

integral representation of the amplitude

- 1 im # < b w12
(Prno(t)-‘ 201 62-0 __de %m“ rn“,u ,m> [.6"‘""' (3 )

H1-Gpm) <m (W' (E €0 16) ']

WAYE e - 6yt i
@ /%) ) (EHBF,,,-/&) <m'{u,moi > .

Formula (3.2) is the generalization of the well-knowm expres-

sion ﬁ] at (=1 , for the case when non-stationary states

are also possible.

o

4. Explicit form of the first approximation awplitude

Congider now the processes the first non-vanishing appro
ximations of which are coupling constant first-order effect.
For these processes the matrix element =< na/uyjm'> in (3.12)
in the first epproximation of the perturbation theory is de-

termined by the first-hand term of eq. (3.11):

<meIm‘>=<m]V[m'>. skl

The imaginary part of [+ is responsible ﬁ] for the

shift of the level m', i.e. the proper energy indebted for

its existence to the virtual field accompanying the particle.
As far as we restrict ourselves to the first non-vanishing ap-
proximation, we must teke Jm [mi = O and regard [m* din
(3.12) a8 a real part of [ describing the level's width.
Prom (3.10) taking into account (4.1) and using the hermitici-
ty of the operator V we obtain for the real part of [,
Relele)e-§3 [mi|V]wsl'In B (g cepeiey. 4%
Here, according to (3.12), the value of [ (E) is required
only et F =-ik E“‘/a . As far as we must restrict ourselves to
the first non-vanishing approximation in coupling constant, in
the E-expansion we shall take into account only the zeroth
approximation taking [.(E)= [m. (0) (the next approxi-
maetion, as is seen from (4.2), will be two orders as high in

coupling constant):
(4.3)

’

2ﬁ w 1
Re r,,,. = Tmz"*m'l<m lV,m >Ia5(5m- Em.,)



where
1 . TN S el (4.4)
o ) R A b = B Lo .

6 (=) J ¢~0 x2ie2 23 _“6 d
In (4.3) integrating over E,. and replacing Re [ by [
we obtain

29 4
':nl-’- l(mlv!m>l (4‘5)
m#m‘

Here (). is the number of final states m' per energy

interval dE_,

If not final, but initial state belongs to the continu
ous spectrum, we should integrate over Em. and in this ca :
in (4.5) P will be the number of initial states m' per
energy interval dE_

Note, that from the general consideration [6] of the ra-
diation angular distributions it follows that in the absence
of external field the level total width (4.5) is independent
of its magnetic quantum numbers, i.e. it is the same for dif-
ferent sublevelss

Since [ in the approx:.mablon under consideration, ac-
cordJ.ng, to (4.3) is E-lndependent, it is easy to integrate in
the expression (3.12). At t<Q), closing the integration con-
tour in the upper complex half-plane E, we obtain (Eno({) =

i.e. the condition (3.2a) holds. g
At t >0, closing the integration contour in the lower .
half-plene, according to Cauchy theorem on residues we have

4) J") Z <m |U |m>[ i exp(-rm:{/a)+(1-6m”,.) (4.6)

exP[i(Em'Em’*‘iﬁ rm'/a)t /'h] % 1
R A ]<rn |Ujm,, >

x<m[Vlm'>

' [t is seen from (4.6) that the initial comdition (3.2b) holds,

too.
5 Transition probability for stationary states

Consider stationary states of a quantum-mechanical system
generally, in external field, that are characterized by a set
of quantum numbers m ,

From formula (4.6) for a first-order amplitude of pertur-

bation theory we have

P (t) 26, €xp (-Tmit [2) ¢ (1-8ppm. 3 (5.1)

x<’"lvlm >ea:p[1(E (B i Ime f2 LN ]
E “ E R rm /2
i.e. Wigner-Weisskopf solution [1,7] 5

2

At.the moment t = 0 the system is in the state m, with
a totel width [, . Taking I(P,,,,(’c)la we calculate the probabi-
1lity of being the system in the state me " at the moment 1 ;
this probability in virtue of the state stationarity is the
probability of the transition m = m, in the time intervello;t]

For m = m, - from (5.1) one obtains the following probabi-

lity that the system remains in the initial state

Wmi*rn.‘ (Oit) T exP (' rmit) ) (5.2)

#hich is the radioactive decay law.
For My m, in the case of almost monochromatic beam with
AE << r,,,i taking into account the fact that the final state

belongs to continuous spectrum (emission) we have
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W (O;t)=,<m{|\/jmi>la

i—mp

CXP[".(E mp~ Emy tifh [y /2 )1 /B -1 l o AE
Emg~ Emy * b Ting /2 ¥

For the total spectrum the integration over dE'"# is ne-
cessary. In order to separate the coupling constant lowest
approximation we are interested in, let us write this expres-

sion in the form :
W (03 4)= (IS V] m > [*Play [ AdEmy, (5.4)
i (-]

A 1+exp(-m; t) Rexp (-Imit[a)cos (Emg - Em)t/h JE;
(Emp Em; )"t (Blmif2)°
Taking into account that aEmi/ﬁ foi > 1 and

. .
eabn | 1o 8 -t (5.5)
:LQ 2%+ 0.° dx= ‘q‘ ¢ )
we obtain
xp(-rm‘t)

o 08 B (< V] %P oy, & (5.6)

The normelization condition is that the sum of transition
probabilities and the probability of remaining in the initieal
state during the time interval [0; t] must be equal to the
initial state probability at t= 0 . With (5.2) kept in mind

we have
E W n{0it) s exp (-Fmt) = 1. (5.7
nekmy

Hence for the states with rml: QO we obtain \W/ =0,

m. -bmi

mg #mi , i.e. they are stable.

.12,

At Fmi # ¢ from condition (5.7) it follows
tim (
: Loide 5.8)
4 =00 mz*m \X/m ——m (o't) 1
g L
Considering the expression
g P (I <me|V|m >|% S0
proceeding from the condition (5.7), we have to restrict our-
selves to the tirst non-vanishing approximation and let [ mi

tend to zero since it is proportional to the square of the

coupling constant:
(I<m | V]m > 1*P)ay, = (5.9)

Nt

= tim [j |<m V] m > "PAdE, (2L '—"%r""i—)]'

From (5 9) it follows that at { >> 'h/E

(I<mg V]m>1%P), =) 1<m;lwm-t>ff>6(sm¥- e, JdEp: (510)

Thus, according to (5.6) and (5.10), for the transition
probability in the interval [0;t] we have

ey 2 f-exp(-lmt) (5.11)
Wmi__m{(o,t)-?i<m¥‘\{'m-‘>| P"‘# 0 |
Formula (5.11) gives a generalization of the known exp-

ression [1] for the transition probability per time unit in

average

O,t

which is applicable only at { << 1 /l",,._L : One can understand

the time dependence (5.11) (with definition (4.5) for [m, ),
gince if rmi% 0O , the system after all must leave the state

m. .

t

For transition probability in the time intervallt,t+dt] .
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from (5.11), we have

W, (f)d“%j'r!“"ffvl"‘ﬁfzﬁ{Q’CP(-Fm‘t)dt.

m‘-.m#

(5.125

Hence it is seen that the transition probability per unit time
at an arbitrary moment 1 Wmi__m‘ (t) differs from the "tra-
ditional" one by the factor exp (-rmif) ‘ /
At t- oo according to formula (5.‘!1)(2£/h)l<m‘;/V/mi>;ap’;4
i1s the transition probability divided by the mean lifetime
®ML=1/FML .whir:.h follows from (5.2). Oply in this meaning one

should understand the adopted in literature itreatment of .this

expression as a transition probability per unit time att »me.,

6. Trangition probability for non-obligatory stationary

states

In general case of non-obligatory stationary states, in-
cluding non-stationary ones, using (4.6), we can answer only
the followin& correctly formulated question. What is the pro=~
bability of tramsition from a sublevel, described by the func-
tion |m_ > at t =0, to any of sublevels mg, of the level.

in the time interval [0; t ] ° Taking “'q>m3 (t) 'a we calculate
the probability of finding the systemin the state described by

i \Ilrno{(t) = rnL:,mé‘tm‘:f>< mo“ | u_"lm‘> exp(—i— Em‘t)<;fw# , L[]mo; >
and arising at the moment { a3 a result of evolution from
the state described by )m°*> at t =0 . However, this expres~
sion is not generally the probebility of the transition to tha
state m,, ia the interval [0; ] , since in the" case of nor-
stationary states (due to the operator U ) at various moments
LSt by by viliehh amsiuihics abths Weve funca.

¥

i

tions lm’u > of the subleveis of the level ¢ . Swaming the

obtained modulus square over m_, , we obitain the probability

°f
3 21 A~ R | oY -

of transition from the sublevel, described by "m°£ S i i 0

to the level § :

i Tk G
e (=2 |z ?moflu}'mﬂm{!wmﬂ (6.1)

op ot °f
exp [i (Epy-Emg +ihlm [2)t/h -4
Fois Emg'iﬁ rn1il/2

<m.Ll u,mwL >’ a)

o fi o i . = %
since for f differing from ¢ om‘ W oy
The expression obtained from the right-hend side of (6.1)
aiter swamation over m"f by using the unitariiy of the matrix

U neeads integration over E"",c taking into account thet ihe

final svate belongs to continuous specirum. For this purpose

G
w
s
@
o
r
=
&
12

we represent the probability we are Interested

W ¥{O;t)=dem¥Z ,’4>m @) Fpda (6.2
A ey e

* fi% 1 »*
=> :SdEm£<m‘i\(l‘imi><m;;\'lmi><mi1§u‘m°i>

! { ¥ . : i el
x<m' ‘u‘lmo_> —;'S ex/’[’”ﬁm -E_-ih r’“i.'a) t‘/?’]dt
i L % 4

t
; t +'/41dt e
L ¢ ! +ihlm /2 ) )
x(-;)ferp[x(Em‘ E'"L m‘/ ) / ] /O
: o
Here, unlike the case of the stationary states (5.3), the so-
1id angle is sepuraled from P .
Taking into account the fact that according to (6.1) by
the order of maznitude the difference between ihe el}eruies of
the final and initial states i8 no more than the level width,
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let us integrate (6.2) over Emf in the interv&l]-oo; o[

Since

B 2 i (6.3)
Ldem{exp[g(e-f)g,y/,i]=aJ;tJ(e L

aiter the integration over Emf , it is easy to integrate over

{‘ . Thus, for (6.2) we obtain

f
Wt foibe Wori ot (6.4)
where
\X/mo»#({)dt:iﬁz l<'”;|Vl'"a ” (6.5)
b4 / mr,mi

ozp[-i (Eq-ih Iy f2) /K] <m, [U|m, =], dRdt

is the probability of transition from sublevel of { describ-
ed by ]rn':'; at t= 0, to an arbitrery sublevel of the level §
in the lime intervel [t,t + dt] .

The value belween E"‘l and E"‘i.' must be substituted as
Em‘ to the right-hand side of (6.5).
: The solution of the problem to find the transition pro-
bability in an arbitrary time interval can be readily derived
from formule (6.5) by integrabing over t .

With the help of the expression (6.5) writing down the
intepgral (6.4) in the form

W (0;t)=2T = <m¥l\/,ml>*<m’l\/,mi> (6.6)

m,.—> '
m,
Oy ; 4"“.‘ .ﬂl-t

¥*

{ - exp{i[Emi-E,,,iw ih(l’m;v ﬂn;')/a]{/ A3 <m.\ulm0. 3

i (E,“-, 7 EML) o ( r"”z + T, )/2

i6

x<'mi'!ufmﬁ> ﬁ’“{ ds

and voking iato account ithut for wagnetic quentum numbers we

anve [b]

K6 )
2% " * i ;
e <m (V|m ><m, [\/|m >P do=6 . % 7
h "m* 'F, I i 4} l i Pm‘ mimi.“;xii
wiiere
2 o
\(Sm.“:%gi; Jl<m¥’\/lmi>’ Pm¥d51 (6,39
is the partial wid'th‘* , ve obtain
(.97

z

fe: mol_."{cit):"}; [1‘QIP{-C“,;t)”<mi.’u’mo{‘le

PAZ M/

fat Ty e
Tor ihe intepraied over radiation angles totul probubility of
trensition from sublevel mo_t to any different from 1 level
in the iime intervsal [C'; t] . :

Let us now consider the probability of rewaining in the
i -state, with the possibility of raaiation taken into accouub.
as far os the interference terus in the squace modulus of
(4.6) after integrating over radiniion angles vanish wue to
the relation [0]

(619)

J< m. l\/lm; >ds = (;m. il ‘(< m , V,mi Sq e,

*) In the vight-haad side of (6.8) > mewis sunmiaiion over
the sublevels ol tne given level i ,mﬁu'hcre:_;s i51 She lefi-hand
side of (6.7 lhe swmaition has been curried oul over suie
levels of all the levels § (f:{: o)
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she toval probapility tui
¢ voval probapility turns out equzl to

(6.11)
v
\'x"n Citl=3 {”’\"U 0 e o O T (a7 1
g gl RxXPilzdm t )+ li]-exp (-T2 % : {
c my s S it 2 "“;t)-'{ b”mu‘_/ r'"ué

ziven by the righi-hend

u-“-e ol S o @ T AR T DR < + 3

side ol (€.8) in wnich summation over My is repleced by sw 1
: ek > L “) o Laiid=-

A s Y . !
mgvion over m, {

L5
1g inio dcecount the formwulae (6.9) and (6.11) we
\ b 384 O e H &

1
i
L

‘ ;

W Ot} 2 W (0% ‘
m.‘-p.-( + L) (0;t)= 1 (6.12)
: s S .
$ince, according to (4.5) and (6.8), the total wi
s e 1olal wli

.

to the sum of partial widtihs:

L

f = ‘Xm.t i & ) R
: fai of

l.e. the pf'OLablll 3 =] 4,6 are. r "Me. H :
i ) ty amplitudes L6 B iz

\ ( ) r'e normalized in such a

vay that for a whi tmg iy =40 intarival l() -t i S DA £ %

Y4y uhna L0 a8l arpilur ary time interv al 7 ! the sum CL he
n £ SWi vile

] 7 s b ‘es L# gl 2 o Ik G ¢ level ) s W1 thout raediating ( pre--

robabi LTL t 2T eve V1T L & QLA i

373 &8 well as to go i Y i
234 & vell as to o into the coantinuous spectrum, is

1)) P tox - P-4 Soc SN VAT O
fhe author is ihdebted to Prof. G.M.Garibian Ior useful
AVL 2 204

discussions.

18

0]
(2]
(]
(4]
(5]

(6]
(7]

REFERENCES®

W.Heitler, The Quantum Lheory of Radiation (Clarendon
Press, Oxford, 1954).

V.i.Djrbashian, Doklady Akad. Hauk 355R, 246(1979)582,
248(1979)5% .

V.A.Djrbashian, Doklady Aked. Nauk SSSR, 251(1980)595.
V.A.Djrbashiain, Doklady Akad. Hauk SS5R, 254(1980) 1116.
N.l.Bogolyubov and D.V.Shyrkov, Vvedenie v teoriyu
kvantovikh polei ("Nauka", Lioscow, 1976).
V.A.Djrbashian, Nucl. Phys. A103 (1967) 177.
V.Weisskopf and Wigner, Zs. Phys. 63 (1930), 54, 65
(1930) 18. :

The manuscript was received 3 October 1980



