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YJGr 5I'? . 5611. J 
HaY'ffioe COOCiJQ C:JiHC E<f~1-'IG ( 73) 

13. A. JOol'EAiiL'Il! 
0 i,!OMilliTAX L'EUCE.JIEllbll rJIYHKU!fri 11 11X 

11POl13BE.l(El-IM:H 

l1sJiaraerc ''l TO,l( Bbl'll!CJieH11i! llHTerpaJIOB OT 6ecceiie:sblx 

c!JYHK!.illM B llX 0611acr11 CYIJ18CTBOBSHlli!, Ilpl!BO,l(i!TCll BL!paJ1:eH1111 

,l(Jli! MOM8HTOB 6ecceJieBblX c!JYHK!.iHtl ll llX lIPOll3B8,l(8Hllll' Y,l(06Hh!e 

!(SJ( rrp11 M8JlblX, Tai( ll 60JibIDl!X 3H8'l8Hl!llX lipe,l(eJIOB l!HTerpaJIOB. 

qaCTb rry6JillJ(Y8MblX Bblpa~eHl!W lIOJIY'l6Ha [I]B I96I-I962 r.r. 

Tp11 113 HllX ,l(Jii! 'lBCTHOro Bll,l(a .('" i~ bv { t) df , Y.l(06Hh!e 

rrp11 M8Jlh!X a • flO'lTl! 0.l(HOBpeJJ8~HO Il0J!Y'l8Hbl JIJOKOJ.! r21 • 
L1M8IOIJ1118Ci! D Jll!T~ paType i(Jop11yJ!hl COBil8,l(8IOT c 'l8CTHblllll 

CJIY'l811MI! pacCJ.!0Tp6HHblX. 

EpeBaHCJ{Jl}i 0 MsH'!e cmtii llHCTHTYT 

Epenan 1973 

Scientific Report E<Nl-46 ( 73) 

V,A, DJRBASHIAN 

ON THE MOMENTS OF BESSEL FUNCTIONS 

AND THEIR PRODUCTS 

A method of calculation of the integrals of the Bessel 

functions in their domain of convergence is proposed, The expres­

sions for the moments of Bessel functions and their products, 

convenient for both small and large values of integration limits, 

are given. Some of these expressions have been obtained[1 lin 1961 

S
ro A 

1962 yet. For the special case of f G(t)Jl,three of them con-

venient for small a were indepente•~ly obtained by Lukel 21 , 

The formulae availa~le in literature coincide with 

proposed ones in particular casee. 

Yerevan Physics Institute 

Yerevan 1973 
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I. BB6,l\6Hl16 

ilpl1 pelll6Hl1l1 pH,118 <lJ!!3>1'!6CKllX 38,1\84 OK83b!B8JOTCH H806XO,l\l1Mb!Ml1 

11HTerp8libl Bl1,l\8: 

r: t?. bv(fi)dt (I.I) 

~~ 
a 

t ?. '&
1 

( ft) Gv ( 6" t) d t (I. 2 ) 

II T.,11. 

3,11ec:& ~ t f ' )I -KOMilil8KCHh!8' 

11n11 MHl1Mble q11cJia - oo ~ a, .C :if. oo 

p ' G' _-,11eJ;lcTBllT8JI:&Hb!e 

b', ( {'t) & (d}-pernemrn 
I' ' v 

ypanHeHID! Becceim. lipovrsBOJI:&HOCT:& nepetlMCJieHHh!x B8Jil14MH orp8Hl14M­

naeTCH Jil1lll:& Tpe60B8HlleM cyU!eCTBOB8mrn l1HTerp8JIOB (I.I) , (I.2). 

B HeKOTOphlx 48CTHblX cnyq8flX 3H8'l8Hl1H 1111Terp8iIOB ,llaJOTCH: 

AIDI (I.I), (I.2) rrpv. a=o, l:ooqiopMynmrn Be6epa-lll8rpxeJ;lTmma; 

,llJIH(I.I)np11 A.::t:V+tm+f ,r,11e m HaTypan:&Hoeq11cno11JI11 

HyJI:& , - peKyppeHTHhlMl1 qiopMyna1.111; AID! (I.2) rrp11 A=± 1 , ~ = ·r-v + ~ , 

A= f + v + ~ <lJopMyJiaMv. J!OMMGJIH, EcTi11 A OTJI11qaeTCH OT rrp11ne,11e11Hwc 

'leTHb!M qacJIOIA, TO rrp11 <; = t.v 3H8'l8Hl1H llHTerpaJIOB BM,lla (I.2) MO­

ryT 6b!T:& H8M,l\0Hbl c lJOMOU!:&JO <lJOPMYJihl llPllB0,l\0HllH liJ8rpxeJ;lTJillH8 [ 31, 
B H8CTOHU!6M pa60T6 l13Jiar8eTCH M8TO,l\ Bhl'lMCJiefillH l1HTerp8JIOB (I.I), 

(I.2) B MX 06JI8CTll CYU!6CTBOB8Hl1H. 3H846HllH llHTerp8JiOB, K8 K II llpll 

113B8CTHb!X q8CTHWC CJIY'l8HX,,l\8JOTCH pH,11au11 , rrp111!eM, 8CJi ll rrpe,lleJI £ 
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(llllll a ) 6onLmoe q;icno, TO COOTB6TCTBYDm11M Pff,ll, ffBJili6TCff 

8Cl!MilTOTllqecKl!M. 

B npHnoJ1teH11ll np11BO,ll,HTca Ha116onee rrpKMeHl!Mhle l!F.Ierpan~ B~a 

(I.I), (I.2) ,ll,JUl BC6X B03MOXHWX 3HaqeH11M rrapaMeTpOB. Tipl!MeHae­

MblM ITO,ll,XO,ll, MOXeT 6h!TL TIOR636H ii npll Bhlq11cneHl!ll l!HTerpanon ,ll,pyr~x 

TllITOBe 

2. B1i1ql!cneHl!e l!HTerpanoB Bll.n;a (I.I),(I.2) rrpl! g = 00 

PacCMOTpl!M CHaqana l!HTerpa.ilhl (I.I) • (1.2) B cnyqae, HOr.n;a 

l = ()0. ~3.ilOJitl!M M6TO,ll Bhlql!Cil6Hl1fl T8Kl.fX l.fHTerpa:n:oB Ha KOHKP6THOM 

npHMepe l.fHTerpana 

~
00 

t/i Kv).(i) dt 
a 

r,lle K11 (t )- tPYIIKUl!ff MaMOHa:n:L.n;a (CM. rrp1moxe Hl.fe) • 

Ecm1 0 : 0 , TO paCCM3Tpi!B36MblM llHTerpan CXO,ZV!TCff rrp;i 

ReP+1) >2/Re(v)/ 
(2.I) 

EC.ill! 0 > 0, TO OH cymecTBJ6T ,ll,Ilfi Ilp01!3BOllbHWX KOUITil6KCHblX 

il • v 
AorrycT11M cHaqana, qTo ;iueeT uecTo ycnoB;ie (2.I) . 

Tor.n;a uoxeu H3ITl!CaTL 

(''" t;i Kv"-(t} Jt = i ~(oo) - ck K~(O) ~ 
.) .ii, Kv , 11 a (2.2) 

r.n;e .llllff cxo.n;amaxca llHTerpanoB BBe,ll,eHo 06oaHaqen11e 

):t:iK:(t)Jt= ~,K;(t) 
- 4 -

<?, ("';) Mhl MOJit6;.I l!U'il!C.il!liT:O Herrocpe;l\C~BeHHO, BOCi10lI:b30B8BIIHICL npe.z;.-
il ,K, [ 3] cTaBll6Hll6H Eapuca • ilpll npe.n;rroJlo<.:eH1111 (2 . I) rr0nyqaeTcH 1<3-

necTHOe f 4] n1i1pal!\eH11e 

c-.-1.1 r( f + f)r(-v+ i r f)((v + .l + l i ck ("" J = .JI ~ ~ / 
i\,K~ 4 r(J + 1) 

Ha~:,ll,6!.I '1'6Il6PL ck ' (a) • 
il,K, 

KY ( t) H6TPY.llHO noRa3aT:o, 

l!tc>:O,llH 1r1a orrpe,lleJlemrn [3] 

'lTO 

(2.3) 

WYHHUIHI 

i l)l-:zr"c -.tv c-( 1 .t -1 K.)t) =2 v)t 
1

1.2 -v+"i.;-v+1,-..tY+1;t)+:l /(11)" 

l -.tv-.t .z .< v ~ 
xr(-vJ,f)-1:;-)l+f,Y+f;f)+J. r(-J1Jt J;tv~f;Y+f,.ZY1-1,f)1 

(2.4) 

l,Jlt· P { - 000c5memrull r:me11reo.1teTDH\lec.K11¥. pa.it. Jqi1Th!Ba11 1 q'.M 

rrol!yqaJOl:(llMCff pR,ll CXO,!J,11TCR [ 5] ' !IOl.IHOW1M (2. 4) He t), A !1ll\lller.i­

HO rrponHTcrpllp,Ye~J. TaR;ll.I o6paaolJ 6JZJ:61A 1.MeT:o: 

(1) (;t) 

cf? ~(a)= ck :t (a) + <f :(a) + 
~ .K, il,K, A,K, 

r.11e .,. 

~n er, ,(ll) 
;,, KV (2.5) 

.%v-.% J -1v.J+1 ~ 

~tJ ,(a)=).. {(Y)Q [{-11+i1-v•}•J;·v~J•J,-••1,-~v+f;C1), 
;\I< -~v+.J+f :IJ 

I• • 

caJ 111 4! i(G)= '-t::. ~(a) 7 
il , K, il,K_, 
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.<J> ((vJ((-vJa;i+
1 

f(!. , a.+.t;.i!.+.:!!.,-Y+1 , v+1;ai) 
4> (a)= ~{;, 1) :l3 2 i :z :l i 
';l , K: .. 

PaBeHCTBa (2.2) , (2.3) H (2.5) .ztaIOT pelllemie nocTaB11eHHoJ.l 3a.zta­

q11:. AetlcTBHTe111Ho, peaynbTaT (2.2) Mbl no11yqH1IH np11: npe.zi;no11ol!teHHH 

(2,1; • 1mr.zi;a ck ,.<"'JM 4? ~(a) CXO,l.lJITCH .II .ll3!0TCH cIJopuy11a:i.rn (2,3) 
~, Kv ~. K-

11 (2.5) • 0.zi;HS!W, I •• _aff il lleJlaH qacTl1: paBeHCTBa (2.2) , r,lle 110.ll 

~ .J00Jl! cf: ~ (l1Jno;n;pa3yMeBaIOTC/f rrpa:s1i1e q acT11: (2 . 3) l1 (2.5), RB-.ll,t<, J,K,, 
IIH!OTCH 81!31Il1:TfiqecK11MV1 '1lYHK!UIHMl1 OT )I ' ii • a rrp11 JIIOC5hlx 

IWMIIJie KCHbfX )I , /l l1: ITOJIOJiU!TeJilJHOM a • IlO::lTOMY corJiaCHO 

rrpHmvrny aHa1I11T11qecKoro rrpo;n;oJixceH11H (I .2) cnpaBe.ztJIHBO .ztJIH yKa-

3a!il!Ol1 llll1pOKOtl 061IaCTl1 V /l a 
Oco6o CllelJ,yeT OCT3H0Bl1T1C/! Ha cnyq aax, KOr .zi;a Cpe.ztH - ~ - t ' 

\/- a - :!.. , -V- ~ - f 6 CTb HYJI1 liJIH HaTypaJilJHOe qHCJIO, a - a -1 OT-,( .t " " ii 
lll1qHo OT TaKHX qHc eJI. B 3 THX CJiyqa HX rrepBhltl l1 BTOpot! qJieH!i! npa-

BOtl qacTH (2.2 ) B OT.ll61I1HO CTH o C5pa maJOTCH B 6 e cK011e qHOCTI,, 0.ztHaKO 

IlOCl!e YCTpaHeHHH Heonpe.zi;eneHHOCTH IlOJiyqa eM KOHeqHoe Bblpal!teHHe • 

IlpHBe.zte M 3HaqeHl1H (2.2) ,l.lllfl HaH601Ie e npOCTbfX TSKHX c11yqae:s, KOI­

.zta TOIIbKO 0,l.lHO 113 YITOMl!HYTblX Tpex Bblpal!teHHtl ecT1 HYJI1 HJIH HaTy ­

pan1ttoe qHcJio *) 
Ilycn n, n ', n ", n"' = O, 1 , ~ , ... 
Kor.zta ')._l=n, - I .t 

r""/"K).{tJdt = 
ja Y 

ii 1 ' v-7-I*n ) _y_3__1 " 
..i 'I* n 

n+1 t/~ }{( ) (-1) ff /(-v-n · v-n 
)( 

4n.1 1(-n+J) 

*) Bee cJiyqa;t 6011ee o6mero HHTerpaJia np1rne.zteHhl B npHJ!Ol!teHHH 

- 6 -

n+rt'+tn , n•n'•.tn" n ... n'+a.n 11 

1 -84(3J+SL. ..:... +.%L°: .i +~L. - + 
K: 1 K

3 
K=n"+1 K3 K:n.n '+n".1 K3 

n + rf. 2n" ~ n + 11+ !l n" i } ' 
+ZL - 3 + 2L - - (a) -

K= n+n"+ 1 K 1<=n'+n"+ 1 K
3 ~,A'n ,.Kn. 

(Jl , 7K) 

~;.,t~~(OA":(t J dt ~G,~,.K. i e J · 
( II. 7JI) 

IJpH ~ : n 

' ~ ±n.JY;(t)J1<(f)Jf rv 

a 

(-1}n~n-i[{j•f1-J• f) x 

n ! r(J: + 1. _ .!!.. + i.) r(i . .!:'. _ !!. • i)rL!. ! . 1 • iJ 
I I :z ,1 :l .z I 1 :z ,: :z :z I \~ ~ :z ~ 

• [2!11 1 - · '( !:. + .t. + '1 + iJ - f(! ... )!. - !l .1) - +(! - _)!._ • !!. + i) -:l f:l:IZ,2 ~~,::z ~ i :z~ 

t 'jj +( J' v n f) f J. JT j(r.v -n)-;;: j-- · -+ - - - + - +:< ( n -1-1) + ~ 
Z Z :t ~ (,l)j~( J' · V•n) I 

I I 

- f, (a ) - F_ (l) · (Il. 71.1) 
n,.K,.,Y, n,Aj.,K, 

IlpH ll=n, -.r-11 -n - f = J.n ' , )'1- p' 

(e t"Jl (t)){ (t} Jf IV '~?1'.7i dJ~" ~ n.; (n+n'; 1 {1ttn !. .,:. 
J0 ~ 11 

n . n .' {(J'+n". 1)f(v+n'+ t) a 

+ [-1 + ti..L_Jr D i , , 
c.01.l'fT "o 1v7i L'2t.n 'i' + ~ + ( nt-1)- +(n +f} - fCn+n+1) _ 

- fif'+n'+ 1) - f( Y+n ~ 1Jl} - cf.. (a) - Fn' K'. .N'.le)· 
'J n , ~ , J(, , "' • 

-37- (II. 7H) 
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IlpH II = n , - J' + v - n - 1 = ~fl', J' t- p 

~ g. t n }/.J t) %. ( t) dt rv (-1) n'+4 d~J'5T ( n tn°)' n Y- n') [4In1. -
J' v 'ff n ! n ! / (J' + n'+ 1) a 

a 

-.2[.2lnf +.Z+(n+1)-f(n'+1)-,Hn+n'H)-flJ'+n'+1)-

- ~H n +1 ) + :l + ( -A) - + ( n '+ i) - + ( r -n) - .Yt )I+ n +'f) - ~ [ dv'iT + 

.2 Jr2 _ 4: (a) . 
+ 5 ;\,~,)". (II.7e) 

II pH f * p , Y = n , -J' - n - ii - ~ = ~ n' 

[ 

• ~ , (II.?o) 

- +(v-n')l + J.1',,,. 1 + col'vri-]1--,.l (aJ-F W· J jt n1f"JI ) /;;A': .If. n,4 ,Y, 
) )'J y 

~? _,v; 1tJJI. 1 tJ Jt • _ H>"" 2'·' rHl • 

IlpH /\::::n, y·rv-n--t=~n·, J'*-P 

x { c;ajfri [[~ln ~ - +(n-1-n'+1)- +(n'+1)+.2f(-ll) -fH-n')-

(gtnJl(f)}f.(t}df;v 1n-1(nt-n')!flJ'·n')r<v-n')[1.n g j J' y 'ff~ n i n'.1 '-1 ln a +-

a 

+ [-·f + (-i) ncojy~c.oJYJr][itnf + ~ +( nH) -f (n'-1-1) -

~,t I I I , - f (-A -n-n'Jj - f ( n+ n'+1)- +(n'+t) + 4 f{-Ji)- f H-n')-

2 J I , ""} ( 1)n1Jico~~,,- _,.J... (a).(II.?x) - f (-A-n-n') - 3 + - Jin~;i~ ~,~,.K'n 
Ilp!.i f'l:p, Y:n, )'-n-ll-1a:l.n' 

- +(n+n'+1) - +(J•-n')- f(v-n'Jl1-cf' K. (a1-(;,;.,x.w(Il.?n) J n, ,,K, 
"° A - (-1) n'+f J ~-1 {(-;) " ~ t .#y(t}~{t)dt - Ji ~inr'JT' n'! (n+n'}!((-;i-n')[(-ll-n-nJ 
a 

IlpH )i=n, Y=n', }'+n'-n-1='-n", y~n'> n" 

~
it n Al {t}/((tldt "' - ~n (n+n'')'(n-n'+n")!(n'-n"-1)!" 

J~ ~ ' :ff% n! n"' 
a 

[ 

n" 
1 

n'-n"--1
1 

n+n" 1 n 
" :<. ( ln !!.. + C) - 2::= - - .L - - 2::. - + r=. i.J -:I K=1 K K=1 K K=n+1K K:n-n'+n"+1 K 

{ 
{-f)n+1 ~gr:J.c,ojJ'~UJJAfiT _[{Un I_ f(n+n'+f) -f(n'+ 1) + 

x ~i n~;11 . 

i ' I 

+~f(-ll)- f(-ll-n')- +(-ll-n-n'~ - f(n+n'+1) - f(n'+~)+ 

I +' I -~z~ I + 4f(-A) - (-A-n'} - f(-il-n-n') - ~ J - cJ? (Q). (II.78) 
A,4,K,, 

-<f. (a) -f.
1 

(t) · 
n,~,Y,, n,~,K., 

(II. 7p) 

II ' • \ "' II • " p.11 f = n , Y : n , n - n - ,. - 1 = "' n , n - n > n 

H) A+n"tll+l ( n-n"-1)! (;>, + n")! (-;l-1) ! 
... 

,,.~ n"! ( n'+ n")! 
~a>f A},j: (t) ~(f}dt: 
a 

-38-
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A+n• 1 n·n"'·t <f n'+ n• 
1 

n" 

J2(ln 2.. +C)- .L. - -L - - L: - - L: .iJ-L' .:., K•1 K 1<. =1 I< 1<:.·n~n'+ jn''+ 1 K 1<=- n+n' ... .::n~1 K 

- +~,.Kn ,Kn' (a) 

ilpH J=n, V:n', -n+n'-::i-1:J.n", n"'n'>n" 

(""(JY.'. (t)}(,(t}dt = 2J (n-n'd n'}! (n'-n "-1).' " 

\ 'J' Y :Jr~ n"! (n+n").' ( n-n'+n")! 

{[ 

n'-n'~1 n" 
1 

n .. n" 
1 x 2(ln£I.+C )-L. j_ -L-- -L: - + 

,i K=-f K K= 1 K K=n-n'+!n"+1 K 

n-n' .. :1n" ~ , 
~ 11 n-n+~n" 
+~ - -L: J_ 

K=n-n'+n"+1 K K=f K• 

n'-n'~1 n-n'+~n· 
2:: i._L_ .i+ 
K=f K~ x•n"+ f K• 

n+n" 1 11-n'+:in" 1 J ,.l,' 
+ 2:. KA - L /(• - T'. (a J . 

K= n-n' .. 2n"+1 K=n -n'+n"+1 A,Kn,.K'11 

' ' - - n'- :i -1 = :!. n", n > n 
llP• J'"'' '"n, n (-!)'"« 2'(-A-1)! , 

~0
00

(~ ~ (t))(JtJdt = 3 n"! (n+n") ' (n'+n'') .' (n• n'+n")! 

(Il. 7H) 

(II. 7t!) 

x ~ Inf!.+ C - L:: - - 2:= i + L .i + L i ~ { r 
n" 

1 
n+n'+n" n+n'+.:in" n+n'+:tn" ] 

. ._ ( ~ ) 1<=1 K K=1 K 1<an+n" .. 1 K x=n'+n'~1 K 

{[ (

I .. a C) n" 1 n+n'+n" 1 n +n'+:tn" 1 n+n'+:n" 11~ x 2.w 2 + -.L.--2= -+L -+L. -+ 
1<=1 K K=f K K=n+n''+1 K x=n'+n'~1 K 

[ 
,;:! n" 1 n+n'+n" 1 n+n'+:!n' 1 

+3 --+L.- +~ - -= -3 1<=1 K.t 1<=1 Kl 1<=n .. n"+1 KA 
- L -A -

n+n'+~n" 1 J~ 
K=n'+n"+1 K 

-36-

r;11e ck, ~ (00 ) - <k ,(.:i).llaerca \jlop1.1.yna1rn (2.3), (2.5), (2.2a), 
A, K, il ,K, 

(2.26) , a iiepes F;, K,(8)06ostta 1rntta rrpa:saa 1iacr:o (3.I) , npe.z1-
, ' 

CT8Blill!Oll18ff co6ol1 8CHMITTOTWleCJ\11l1 pa.11. ~OpMyJia ( 4.I) npllI'O):tHa 

KUK AJifl IlOlIO~HT8JlbHhlX, TaK H OTp11~aTelibH~X a, ~ • 0)'.IHBKO • 

(CM. j 3) B He KOTOpb!X ClIY48HX T8KHe <lJO PMYllb! Herrocpe;11CTB6HHO ):ta-

IOT 3Ha t1 eHHff 1rnrerpa110D .7-iJL'l a mo6oro 3HaKa, HO rrp;i t > o • 

3Hat/eHHff llH'rerpaJIOB H ;!X rna.BHb!X 3Ha'leH!liil npH e < 0 ;l\BIOTCH 8Ha­

lIHTHt/6C KHM npO;l\OlI~6Hll6M (CM. 0 3 , ITpHJl0~8HHe) rrpHBO):tl!MhlX WOpMyJI. 

B np11Be):teHHOM npm.1epe llHTerpaJlhl ("' S'" CXO;l\HlillCb BO Beel! 
Ja ' e ~ 

o6naCTH cymecTBOB8HHH HCKOMOI'O HHTerpana J . 0,l1HaKO, B03MOX-
4 

fill 6onee cnozH~e npHMep~. 

5' ~ PacCMOTpHM HHTerpan t Jy(t)Jt ~Jiff Hero HeTPYl:tHO no-
Q 

JIYllHTb (cM.(Il.I)-(II.16) 

('° /lj ( i) dt : ,2.l {(f ~ ~ + ~) 
J 11 r(X--+-) 11 I, :I. :I. :i. 

Q V+A+1 00 (-'f )m ( f ym 
--- L: ---'----"-__.;..-=::._ 

;, Y m:O (Y+),+.:l.m+1)m.'{(•,;;m+f) 

( 4.2a) 

t J {t)Jt =- ~ f -.: "£.. Jtn(t- v;_ r - mJT) ({->.+1r1+i) ~ "' ~ ( )t/:i. ;i i [ P·t 

'£ )I J( m:O "" ~ :I. l"' • 

m 
x.L: 

tn':() 

[(J1+m~Dn-v+m'+i} + O(t"PJ] . 
/(-'A+m'+j.J;.""m'! {(v+ J)f(-v+ t) ( 4.26) 

PaBeHCTBa ( 4.2a) H ( 4.26) ID(eJOT M8CTO J!Hfilb rrp11 /? e (ii) < i 
IlpH Re (/I)> f HHTerpanbl B JiellIDC t1acrax ( 4.2a) , ( 4.26) pacxo­

.llffTCll. 0)'.IHBKO pa3HOCTb ll~paxeHaiil (4.2a), (4.26), Hllllil!OIJ1eHCH 

8H8JillTHt1ecKoiil WYHKUHeiil, cnrnacHo rrp11ttwury aHalIHTl!'IecKoro rrpo~ox-
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JKeHim rrpe,l{CT8BJ!lleT coo oil f! HT~ pe CYJOl!lflt! Hae flH TerpaJI' BO BC eM 06-

Ji aCTI! er o cyII1eCTBOBa11f!ff . 

AJ!ff Bhl\JflCJieHHH f!HTe r pana S
e ,J 

t ). ( f )j (f )Jf HaXO,lli!M 
a 'J' v 

~'°t >. ~ (t JJ)tJ Jt = 
a 

:/ {{-;i){(f + ~ + i·f) 
- -

r ( L + ~ _ d ,. i)/(,L L ~ • 1) n_ t + ~ _ a + .i) 
:l :l ~ :l ..2 .i z .it r z i z ..2 

aJ'•ll+'A+ 1 

:l f +II 

00 

L. 
m : O 

H)m ((f+ v+~m +1) (ifm 
(f"+ v +A +:lm+1) m.'{( )I+ 11+m+1}({.r+m+t)f(v+m+ 1) 

(4.3a) 

a 110\JJ!eHHOe flHTerpflpOBaHf!e 8Cf!MITTOTH\JSCKoro paanoxeHl!H IlOAWiTe­
rpam;noro BhlpaJKeHHH ,llaer 

~
co i1 ~-f . 

t J { t )j ( f} JI = J_ £ co:J(~l-flI- v1T _ '!!!") {{-;J+m+ ~) )( e f v :<.5T m=" i ..: : (,Ur 

m i £ [(J' + m"+ j}f{-rm"+ f)({v+m'- m'~ f}[(-v+m'-m"+ f) _ 

"'£o {{-li+m'+1) m".o m"! (m'- m").1 ({}'+ r J({-y.+ f)[{v+ f ){(-v+f) 

l). p co:J()'-V- m) ¥ f!:_ (-1 )m {{r+m'+ 1 )[(-rm'+f)((v+m-m'+i){(-v+m-m~ j) + 

- :;T" ~o (~-m)(~lr m':o m'!(m-m')! [(J'+r){(-J'+f)({v+JJ((-v+f) 

+O{C:i-p-1) . 
( 4.36) 

-12-

ITp111JeM npH uerioM 11eoTpM~aTenhHOM ~ 

p +1 > ..l 

B (4,36) ITOJIOJKSHO 

( 4.3a) fl ( 4.36) liM~IOT 1o1ecTo np11 Re ( .1 ) < 0 a ecn11 ;i ue noe 

0Tpm.1aTeJ1hHoe qJt1c110, TO pacxo,llHTCH o6e qacTn paBeHcT:a ( 4 • .5a) ;i 

(4.36) . 

Teneph Y\JTeM, qTo 110C1!6,llHilli KOH6l.Jiill i! pa;z.r B( 4.36) MO;iteT 6blTh npo­

cy1u.rnpOBl;Hl • 

.Z!ellcTBl!T6JihHO 

m 
.L 
m':O 

(- 1 ) m'[(f + m'+f }((-.f +m'+f)[{v+m-m'+ f ){(-v+m-m'+ iJ. . 
m'! (m-m').1 ((J'+}){{-y.+f){(v+±Jf(-v+t) 

((v+f)f{-v+f) f { J'+i' -r+ j- • - m;] 
m'((v-m+f]{(-v-m+J)n v-m+.f, -11-m+f 

( 4.4) 

r~e qepea):;,{J'+f,·r+f , -m]· o6oaHa~ea o6odll(eHHh!t1 rHnepreoue-
v-m+J , -Y-m+f 

TPH\JeCKHM pH~ o apryweaToM, paBHliM e,llHHHUe. Bocrro~naoBaBw11ch 

(4.4) H WOP.11Ynoll (2) pa60Tli [ 6] BTopoM qneH B (4.36) co CBOHM 

3H8KOIL npH p .... 00 MOJ!tel.I rrpe~cTaBHTh B Bl!~e 

0 
~ "" HJ m-< m rm (( f + f + T + f) 

- b ~ ( > } m 1 f(" v m 1)f(" 11 m i )/( r Y m · i ) ,.,,o n - m · x • :z- T" I t- I -:r+ I -1 + :z -:i' + :i' 

TaKHM 06paao1.1, BoaHf! Ka IOmHe npH A uenoM 11eoTp1t1uaTel1bao1.1 pac-

s.
~ ~ 

XO,llHIJIHSCH \JJISHhl B H r COKp8THTCHo STa pa3HOCTb H B ,llBH-
q e 

HOK cnyqae HBnHeTcH a11an11TH\JecKoll WYHKUHeM H rrpe,llcTaBJIH6T HHTe-

-13-



l 
rpaJI ~ (OM.(Il.5)-(IT.5r)). 

" ' " Ha1wtteu, paccwoTpklM MHTerpaJI Lt ! y (t)dt 

BocrroJib30BaBlliHCh (4.2a), (4.26) H no,llcTaB11B I, (t) = 
tv3T + ~" ) = e:; T J,, ( e- 1f t ITOJiy•rnu: 

(/ ;i j t Jy(t)Jf ,.,,.e+(Y-tA+ 1J";' -2"({f+j+f) 
" 1(1-~+f) 

a v+A+1 

:< y 
x 

.,, 
)( L. 

(
0 P.m 1 :f) eA·y <» {(-ii+m+j) 

I f -( ) 'h L Dm • )( 
m:o (v+A+lm+f)m· [(v+rn+1) ).j/ m:o f> 

m 
x:;L 

m':O 

( • -4 I f .-1-i - · r v+m+-x)[(-v+m+'Jf) - ~ e-(;(ll+ f) :i1t 
m' { } 1/,4 )( [{-ii+m'+J):l m'.'[{v+fi)r(-)1+1) ~$ 

co Htf{-il+m+J:) m ({v+m 't}}[{--,itm'+ j) 
x:Z::. tm X:. r(' · 1 · ·"!m ' ''{( t f ( 4.5) 

m:O m':O 11-n+mt:£}A. m. v+i}{(-Y+~} 

BoaH11KaromaH 3.n;ech Ka~ylliaflcfl Heo.n;H03HaqHoCTh npe.n;cTaBJifleT co6oro 

npoffBJiemi:e ffBJiemrn CToKca [ 3 J • !Ip11 v +A + f = -A.n , I'.lle n 

LteJIOfl HeOTpl11..(8T8JlhHOe q11cJIO' BMU CTO rrepBb!X .n;Byx !JJIBHOB B ( 4. 5) 

CJlB.llYBT ITO.D;CT8Bl1Th 

;i 

i [;, e a J 
n.' [(Y+n+1) n :l - 't'(n+-t)- f(v+n+1J} -

0 YrA+1 

1. JI 

00 ' 

E 
tn=tJ 

(g}~m 

(Y+A+).m+f) m' [(Y+m11) 

-14-

B 38KJI!Oqemrn 38!.leTl1M CJIB.llYJOlliee. 

EecceJieB1rn ilJYHKUlill 1 Boo6me ronopfl, flBJiflIO'l'Cfl MHOroaaa·<;1m;M ij;y1m­

L\liffMl1. B Hae TOfflJl8ti CT8T he ITpliBB,l\BHhl cPOPMYJJbl' KOTOpble cnpaBC,llJIJII­

Bl:I Jli!!Hh Ha nepBOM Jll1CTe PllM8HOBOtl rronepXHOCTl1 ( T. e < paCCMOTpeHa 

peryllflpHafl BeTBh; apryMewm npe.n;e.JIOB paBHhl HYJIIO mm 'ii) • .L\Jrn no-

nyqeHllH 3H84emrn llHTerpaJIOB Ha i'.IP.YI'llX JIMCT8X HSOOXO,~llMO ITOJih30-

B8ThCH auaJiliTl!qecKi<!M rrpo.l(OJili\eHl1eM (CM. rrp11J!OlKBHl1e). 

5. Aca1JnToT11qecKoe paaJioJKeHliC np11 6oJinlll>iX l1H.l(e1wax 

Ha~.l(eM ac>iMITTOT11qecKoe n0Be.l(en11e 1rn·rerpaJia t K (t) J t i"' ~ ~ 

a v 

ITpli Y = { a , o >> 1 , 

Bocrron:;,aoBaBlliHCh [ 3] 1rnTerpaJinHblll. rrpe.l(O'ran.Jie1rneM 1< 10 (at) 

;iw:eew 

~"" tA K,:(t)Jt = a"A•f e_.,,, {t ;i dt R/ C"'e·a(f-tjh!)d5 . 
a 1 Jo 

PaccuoTpHM Kpa~HHe cJiyqaM: 

I) /Ill<< a~/3 

11HTerplipyeM (5.I) no 'l8CTffM: 

( 5.I) 

(5 .2) 

(1 '(.It Jdl =a"' e-·~ «I' j1Jt'r\; re <•IH''''~rr 
( IX)dt t A - t r tdt IR ~ ( ale ' Q (5 - t. 3/, f ) J } . 

- ll J. J e ) 5 ( 5.3) 
i 0 
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IlOBTOpHH STY rrpoue.nypy c HHTerpanoM no t B npaBoM 48CTH (5.3) 

m pas, m >> Re (J-1) , HaplI.zzy c HHTerpHpOBBHH!iM.11 4neHaM.11, 

rrony4.11M HHTerpan TaKoro :se T.1ma r.ne, O,llHaKo,pean:&HalI 

4aCT:& IlOKa3aTenlI t 6y.neT He 6on:&llle HYHlI. Ho TaK KaK B ITO,llliH-

t ~- f- m 
Terpan:&HOM B!ipaxeH.11.11 YMHOJlCBeTClI Ha cymecTB6HHO no-

:i-1- m 
HOJICHTen:&HylO B6llH41' .. Y' TO npH saueHe t Ha 1 a6COlllOTHOe 

3Ha4eH.11e nocne.nHel·u l'!HTerpana He yMeH:&lllllTClI. 

Tenep:o Y4TeM, 4To: 

LrRe;.~llOeia(J-t'.$/, f)J5 = S"" ~"" eia[f+f-t'(.:1/,j+$hJ'JLJ'. 

-"" -co } f(5.4) 

Bocrron:osoBaBm.11c:o Teu , 4TO HHTerpan (5. 4) no j , (HnH 5' ) 
Ha .neMCTB.11T6ll:&HOM OC.11 ae .11M66T oco6eHHOCT6M, MbI MOX6M CM6CTHT:& 

ITYT:& .l1HTerp.11poBaHHlI B HHJICHJOJO nonynnoCKOCT:& . 

t 1J1J , oo co <aH+{-i(sA!oJ.i-it)j ( , .tJ <aU-t,sh_s)d :f:m ( ( € +Jj-J dt 4Re 
0 
e ~ t~ot_ t_, -t.a(.$liJ+1/,/-itJ 

(5.5) 

Y4HT!iBalI CKa 38HHOe B!illl6 H (5.5) , nerKO y66,llHT:&ClI, 4TO npH 

y cnoB.11.11 (5.2) B (5.3) MOJKHo orpaH.114HT:&ClI nepB!iM 4neHou. 
Ta KHM ol5 pll 30M: 

ro ail -a'ii oo f"' iaa•f-11.1-Jl.l) e'"<M~'~J.,AJ~ 
~ ;. t dt ~ - e t<m Jm e ' + • . 4Jf I t K, 0 ( ) J. E•o f [ 1!.J+s!.J-•E $hs-1l.t-•e} 

)a 0 0 
( 5.6) . 

- 1 6-

ABalK,I(li npHMeHHB ueTO.ll nepeBana, noc~e pH,lla nepe 08 pasoBaHHH tt 

Bli4.11Cll6H.11M H6KOTOp!iX KOHTYPHliX 'HHTerpallOB .113 (5.6) OKOH4aT8ll:&HO 
. *) 

IlOJIY4aeM ,lllllI nepBoro 4ll8Ha ac.11MnTOTH46CKOrO pa3l10JIC8HHH 

('"' " J, 1 'K,,itJ dt "' + r'w 1ti'''•' e-·~ 
2) llycT:& Tenep:& 

Ec11.11 Re .rl > 0 

Ii\ I » a'-11 
. 

, TO noTpe6yeu eme, 4T06li 

.t/.J 
Re~« a 

~HTerpHpyH CHOBa ITO 48CTHM, .11MeeM: 

"" [tA+~K~ltJJ"" ).+1f"° ~ 

~ t;iK~(t)Jt= '" __ a_ tHfi_K. (at)Jt. 
' ,a il + f il + 1 df "' a a 1 

CornacHo cne.ncTBHID ypaBHeHHH Eeccenn 

(5.7) 

(5.8) 

( 5.8a) 

( 5.9) 

: ' !l ( oo [ ' n" [ QA] A 11 :!..K.)at)=iaK;a(at}/{,
0
(at)=-7J, Z [K,0 (l)J + 1- IA K,,(l)J dz 

dt . at (5.IO) 

TaK K8K K~a (.i) H K,/.i!) .nel1cTBHT6l1bllbl, TO, YQHTblBaH rrpe.nenH 

HHTerp.11pOB8HHH, Blipa~eHl'!e B ~arypHliX CK06KaX - rronOJKHTen:&HO. 

AHanorH4HO, Bocnon:osoBaBmac:& ypaBHettaeM Eeccena, nerKO y6eA~T:&-

CH, qTo 

*) B cnpaBe.nnHBOCTH (5.7) nerKo y6e,llHTDClI nepeXO'AH B neBo~ 
QBCTH (5.6) OT nepeMeHHO~ HHTerpl'!pOBBHWI t K at • 
Tor'Aa 'Al1H rrony4aID~erocH HHTerpana npaBaH qacT:& He 6y'AeT sa-
BHC6TD OT A H MOEHO BOCITOnD30BaTDClI H3B6CTHOM ~pllynoM 

'AJilI i' = 1 ~ c.11. CHOCKY Ha CTp. 6 ) • 
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(-f)n £. K.-t(ai} >0. 
d f" tu , 

n = o, f, l . 

Cne,lloBaTeJIDHo, ecnH HHTerpan B rrpaBoa qacTH (5.9) eme rrpoHHTe­

rpHpoBaTb rro qacTJIM, TO .llIDI ocTaromerocn HHTerpana rronyq11M cne­

JIYIDD1ee HepaBeHCTBO: 

I ('~r~·z d% K~ (at)dt{ < r'"'tKe:i+~ 
)1 dtJI. lO ..,.. )1 d~ K" (at Jdt ~ 

dt~ tO 

{ 

00 d" !I. [ d !I. .. 
.$ - K (af}Jt = - K. (atJ] 

1 dt% ' 0 dt "' 1 
( 5.II) 

Ilocne,llHee HepaBeHCTBO B ( 5. II) B cny1Jae Re ;i + .z > D >iMeeT 

MBCTO 6naro,llapn *) (5.Ba) 

TaKHM o6paaou, B rro.nylJBHHOM H3 (5.9) Blilpa~BHHH ITOC.718,llHH~ qneH 

MeHl>me H.7IH rropn,llxa rrpe,llrrocne,llHero. Ho Ha (5.4) cne,llyeT, IJTO rrp11 

ycnOBl!H (5.8) o6a OHH HBMHoro MBHblliB rrpe.llH.l{yD1ero. 

OxoHqaTenhHO rro.nyqaeM: 

~ ""tJK:t.(tJdt ~- 1 /:t.(l..)(.E..) 113 
Ae- 0

:JT 
tol ~'A+!) 1 G a . a < (5.12) 

~) 
B 3TOM nerxo y6e:ztHTbCH,HHTerpHpYH ITO qacTJIM. 

-18- .,. 

IlPl1JIOl'.EHl1E 

MOMEHTbl BECCEJIEBblX ~YHKUl1k1 Ill l1X IlPOl13BE.lLEH11Vi 

Hllllt6 npHB6,llBHbl 3HaqeHl!fl HHTerpanoB BH,ll8 (I.I), (1,2), BO 

BceM 06.naCTH CYDIBCTBOBSHHfl, BbllJHCneHHHX MBTO,llOM §§ 2,3,4. 

L"' ' Y.ll06HblB ,llnH Mami:x a H s;· 
Ilo 3TH~ 3HaqeHHflM 0Ilp8,ll6HH6~CH Si 

0 
t H606XO,lll!MOro B HBKOTOpHX cnyqanx 

CHa1Jana .ll8Hbl HHTerpami: 

Y.ll06HHe .llnH 6onhmHx l 
(6e3 orpaHH'IBHWI Ha Re A ... 
,llRfl CYDl6CTBOBB HHJi f ) 

r' =" ) "" _ r "° 
jQ a jt 

3aTeM rrp.i!B8,ll6Hbl 3HB116HHH s: ,llHfl Tex CJIYIJ88B, KOr,lla Bb1Pallt8HHH 

'ARH s: t r• paCXO,llflTCH. 

Bb1p8llt6HHH .llnfl r· cnpaBe,llH.llBiil 'AJIH ,ll6MCTBHTBH:&HHX a .. 
O;itHaxo np11 0$ o HHTerpa.n l CYDIBCTByeT np11 ,llono.na11Te;nhHOM 

a .., 
YC.7IOBl!I! CXO'AIWOCTI! HHT6rpa~a 50 

IlpH ere HapymeHHH, HO npl! C00.7IIO,ll6HHH ,llpyrHX ycnoB!Ul, KOTO­

pue npl!BO,llHTCH , CYDIBCTBYBT rnaBHOe SHaqeHl!6 l!HTerpana f .. .. 
OHO ,ll8BTCH Blilpallt6HH6M ,ll.7IH ~o (11.711! st ) B Ilp6,llITOHOllt8HH1! 1 

'ITO a ITO.ll .norapl!WMOM (ecnl! OH BXO,lll!T B OTBBT) ITOHl!M86TCH B 

CMHC.718 aOconroTHOro 3H8116H.i!H. 

OCHOBHOe BiiipallteHl!e 'AHH fa00 

t npH H6KOTOpb1X 3H81J8Hl!i!X na-

paMeTpOB ii t J' • y ' o0pali(8BTCfl B H60Ilpe,lle.neHHOCTh. 

,1!.nH aTHX cnyqaeB f'' IlPID!O,lll!TCH 0T;z(8.7IhHO t IlpH'IBM 1Jepe3 

,p' ~ ( ,llIDI s,"° ) ;or;ita 0603HaqaeTCll + ( F) 38 BblqeTOM 

oOpaD1aJOD1HXCfl B 6eCKOH61lHOCTh 'IJ!BHOB. 11HTerpaJihl S:"' npe,llCTaB-
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JieHhl 8CJllMITTOTJ11qecKl1Ml1 pH,ZtaMJll. B cnyqaHx , KOr,Zta B ITO,ZtHHTerpaJib­

HYlO !JiYHKUJllJO He BXO.ztHT J, (t ) J11JIJ11 ~ ( t) , ::>TH !JiopMynhl crrpaBe.ztm1-

Bhl ITPJll ,Zl8HCTBHT8JibHblX e • B ITpOTl1BHOM CJiy'lae OHJll H8ITOCpe.zt-

CTB81!HO crrpaBe,ZtJil1Bhl T01Il>KO ITpJll e > 0 , a rrpa f < 0 11HTerpa-

1Ihl 5e= ,Zl8lOTCH aH81IHTY.qecKHM rrpo,ZtOJili8HH8M, KOTopoe rrpoCTO 

(CM. § 3 ) 11011yqw c rroMOllll>JO rrpHBe.zteHHhlX !JIOPMYJI 11 aHaJIJ11TJ11qec­

Roro rrpo.zton~eHHH L'J 6ecceneBhlX WYHI(J:lH~. 
Ilocne.ztHee .ztaeTcH wopuynaMz: 

j (z e<mSi) = e<m•$" j (:l) 
y y 

K. (Z e<m9i): e-imyfi)( ( 2) + J,i Jtl1':'Y5T (,O.JY:J7 J (2) 
y v &-tnY5i ;. 

J< ( .i e im'T) = e-imYST K (:l) - di .finmYSi I ( ;z) 
v v j(/1115! " 

I (Z e•m:;r) = e ,,,,,,s; I (l) 
" y 

3;ziec:& m - 11enoe. 

C noMOllll>JO aTHX xe !JiOPMYJI paccuoTpeHHaH a.ztec:& (cM. § 4) pery­

JIHpHaH B8TB:b MO~eT npo.ztOJIJKaTl>CH Ha .ztpyrHe 1111CThl ITOBepXHOCTJll 

PHMaHa. 

HKl!Ce BBe,ZteHhl CJI8,ZtYlOlllJ118 OOOSHaqeHJllH 

n , n ·, . . . :: 0, 1, .t , . . . 

P=O , t1,t ' . . . 

-20-

l 

D 

~ - ITOCTOHHH8H Sttnepa: 

~ - .ztBe Ta WYHKUllH PmrnHa: 

f('JJ- uenaH qacT:& qacna i 

c = 0.577 215 6649 ••••• 

' 't,(J) = I.202 056 9032 ••• • ' 

ECJIJll n < n'- 1 f1m 
Y+-n ' 

f(vrn,.1) = (-1('-n(n'-n-1)! 
nv+n+1) 

t v "" ) (t) = 11) E. 
Y \ m:O 

(- f)m(ft" 
m _4 F( v+m+ 1) 

(-1)m (1J'!m V+A+1 00 a __ L: 
- .2"' m:o 

cf: (0) 
ll,J, (Y1-A+Jlm+11 !""~ ((1•+m+1) 

~.., t 'A J) t) d t = 
a 

,, 11 {(f+i+f) 

I( f- ~ + f) 
-"::> , 
• ;1 

, J' ( rr . :i:) 

Ilpii a < 0 ("" cyll(eCTDye'l' t eCJIH 'AOIT01IHHT8Jll>HO i\.: + d )> 0; 
)a ~ 

npH Re ( v + ii + 1) ~ o cy~ecTBye1! ( • ecnu v r .1 ~ 1 .zte*cn. 
a 

'lleTH. 

IlpH - V - ~ - 1 = % n , n r J 1: n' 

"' ( (+1 ~:i [ ~ • 

~ f~J (t)Jf= -f /.fnE.-f (n+1)-f ( v+n+f)-.J. (aJ. 
v n! r<v+n+1J .z IA J a • w 

(ll.Ia) 
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~ "° ii (:z)1/.t -1- J 00 t J ( t) Jt ,.., - if f E ~111 ( 1- Yf -!L ~).,, 
'l ,, Mal) i< ~ 

(l1.I6) f(-~ + m+ t) m n)l•m'+J)((·r+m',.;J 
.. Im £ r(-A•m'+f)J."''m•.1r(11+1){(-Y+J) 

%. r 1 J = -. ,,_ r CQJ 11$" JJ t J -J u J 1 
11 .ftnYff L' -II j 

}(qt (t) = {-1) P+ 1 j 4 (t) 
f l -p- l 

K..n ( t) = (-fr.%,, { t) 

cf? (O): -!-- {e.0~11~ +., (a) - ~ (a)]. 
71,K, dtn11JT 71,J~ 71,J_, 

~ .lf.(a): ~ {~f. (a)(ln* +Cj-
.il • n JI A,)11 

a n+i .. 1 

! n-t >< 

. ,,, (a).i"' (a}~'" · 
00 (-1) I a-n+A+f ,,_, l' (n-m-f)! 

K£. _i - L -
m:O (n+A+~m+1) m'(n+m)! i·n ,,,., (-n+li+4m+1) m! 

- r:. L..- + L.-
a n+A+f 00 {·f)"' {-f)'''" [ n+m 1 .., 1 ]~ 

:.." m:o (n+A+:.m+t)m! (n+m)! 1<=1 K K:t I< 

( 

00 

l ~'1 A t ,.L 
j t ~(t)Jt = F'' 11

(-
11+AJf{(f•1·1Jn·f•i .. i)-'1A,x}0J(n.2) 

0 

-22-

1 Re(A) < :r 

"' 
IlpH a< O { cy111ecu1yeT ( 11 * p + i) , ecrut ;ztOnOJilil'!Tem.Ho 

Q ~ 

Re(J+f)>/KeMI; np.11 Re(A+1) ~ /RelY)/cyiqecT,jjyeT :£ ,ecJIH 

;.v+A+1 .zte.ltcT.lleTH. npH Re(:t Y) ~ O, /Re0+1)/: /f?eM/ 

. HJIH, ecu y H ii.,. f .zte.ltcT:e.~eJWe llHCJia 0,ltl!H8l<O:BO.lt 116T-

HOCTH npH /Re (A+1)/ > /Re(v)/. 

IlpH v :/: p , - v - J - 1 = ,t n 

("°t A%.. {t)Jt = (-1rHJAd111"''2"19.. -f(n+tJ-f(Y+n+f)- ~"11]-+.' (a). 
) v n! f{Y+n+t)l' ~ .SttU~ A,K, 

a (Il.2a) 

Ilp.H v- A - f = 1-n , - y + n ¢ n' 

~ QOtA.H.'.'{t)Jf= 2~{(Y-nJr,u,,!!..-f(n+1)-f{y-n)1- c/i (OJ. 
v n!ff L' ~ 'J A,Kv 

4 (IT.26) 

Ilp.11 'l=n , -n-A-1=~n· 

~
IX! ')n'+till-f{ • · • .2 t A JY ( t) dt = i-1 [l ( ln fl. +-Cr- r. J... - f::. .i.J +-

v n'! (n+n')!5i ~ K•1 K "*f K 
a . . 

un' 1 n' '1 :~'-} .. J..' 
+ E: -Ki + ~ /(.t - T - I.. (0) 

1<=t x. 4 ~,Kn 

( Il.2:e) 

~ ""t;iJ".'. (t)Jt ~ (.!)1/~ g:A-J i!!:_ UJ(/- ¥![ - Jr. - !!!!!) {(-A+m+j) 
II ff M•I " ~ .2 t"' )( 

' m (( Y+m'+f}((-Y+m'+J} 
x I: . 

m':O {{-;/ t m'+ !. } l m'm'.1 T(Y+ .1. )(i(-Y+:!) 
..i .: ~ (Il.2r) 
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K 1t1=-E-[e¥J (dJ - e-1¥J (ctJl 
Y ~jtMff - )I ii j 

K_" (t J = K)t) 

[ 

i(-Y+~+ IJ:Z! 5i e· ,(v+ll+l}ff 
- ~ {Q - - "' J. .fill !IJi * J ( ) e ..t +(la)/ , •*' A,J~, J cf. (a)= 

~,K, 

t(n+ A+1)JT ) n a"+:l+f 
cf. (a): (-tt+'e· ~ cf, (iaJ(Rnf+C + (-1) . " )( 

lt,K.
11 

A1 J11 2 

(a).%"' m (a)~m co T a-n+il+I n-~ (-1) (n-m-t)! T 
" ;L_ --2::: + 

nr:D (n+il+:lm+1).:m!(n+ m)! ;,·11
•' m:o (-n+At-:l.m+1) r7! 

(a)'-m 
n an•il+1 00 "I" [n+ 1 1 m 1] 

+ -f -- 2:: L:: - + Z::. - . 
( ) },"•' m:o (n +::l+:Zm+1)m!(n+m)! 1<=1 K 1<=1 K 

( 00 ~ K cit - &) II - 1 {( v ii 1 ) /( y ii 1 ,.L lat )tJ -~..<. "itI+t: -1 +r+I)- 't;,K,(a). (Il.3) 

IlpH O<O ( cyutecTByeT, ecJrn Re(il+1) >/Re(J1)/; npH 
.)a f oo Re(/l+f)~ /Re(YJ/ cymecTByeT , ecJ!llI o:v+.il+1 ,llelACTB . 

qeTH. npH Re(:tv) ~O , 
0

//?e(/1+1)/~ /Re(vJ/ ~!Jrn, ecJIH 

y H ii+ f ,llBlACTB. ueJWe O,llHHSKOBolA TJBTHOCTH npH IRe(il+fX >/Re(Y)/· 

IlpH - v - ii - 1 = :l n , v + n * n' 

(°otJK (t}dt=(-f)n''2~-T(-J1-n)[:zln!!. - f(n+1)-f <- Y-nff (a) . . 
) y n. t i!,K,(IT.3a) 
a 
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IlpH v - /I - 1 = ~ n , - JI + n 1 n ' 

~ oat ii K {tJJf =(-1(•'.zil ·:{(v-n) [.zln!L f(n+tJ- fiv-n)- +,'(a) . 
V n. ~ 'J ~.K, 

a (II 36) 

IlpH v = n , - n - ;i - 1 = ~ n' 

(oo n:;,J·J. { . . .z 
) t~Kv(t)dt=(~~.!(n+n'}! {2(ln~:CJ-f;: -#; f) + 

a 
(Il.3B) 

n+n' 1 n' ~ fii".t] J .. .' .,. .L:. -.i + 2:. l(.i + 3 - 't: (a) . 
K= 1 I< K:f A,K, 

~ "" t ~ K (t)dt,.., (tf)112.t:i-l. e-e .!2- <-1im((·i1+111• H. 
v :l. ~ p- " g m:O b 

m ((v +m'+t)f<-11+m·.,. t) 
~ ~ ,,,. 

m':O ({-il+m·,.f)J m'1{(v+f){(- v+1) (Il,3r) 

i>'Sf 

I)tJ , = e· T )y(d} 

- ,;i-1 ' "" n-il+m+1] ,,, _1(111-m'+t)~(-v+m'+j) + 

~.1.l') = - (:l:n}"" e E ' m ~ {(-il+m'+ f).r m"! {(Y .. j){{-Yrf) 

.g~ - i e-1- ef••Jl'I ""(-fJT(-il+m+J.)f: r<~·,.,··1)((-v•m'•i) 
.. (J,51")1/J. E r m·,onA•m'+1Jrm·!n··Drr-, .. 1J 

~: t il Iv ( tJ dt 
/V e·,(>'+-;i .. 1Jf :zYrt~t+fJ av ... ~·1 

r(! - f+f) - :<." ~ 
( a).i'" x f!:_ I" (II.4) 

m: O (v+il+:,m+'f)m!f(v+m+1) - G,Iy(B) . 

-25-



IilHTerpaJI S
0
"" He cyll{eCTBJ'.8T. 

Ilp.11 0< 0 ' 0 < e < ao s' cyll(ecuye:r , ecn11 Re ( v+..l+ 
0 

H) > 0 ; npa Re (v+/1+1} $ O t 
CYIIl6CTBY6T 1 

ecJIH v +A+., .11eMcT:B.'leTH. a 

II pa - 11 - J - f = ~ n 

~g t
11 J {f)Jf ~ - ~;i {~ln~-.f(n+fJ-f(v+n+1)1_ 

11 n!{(v+n+1) 1 a 

( O)~"' 0 11+J+-1 "" , T 
- ---2:: f - ~I (l]. 1, ~ m:D (v+it+t:m+f) m! {v+m+1) • 11 

(I1.4a) 

"' (O)~"' - aJ'+l'+A+f ... HJ {(r+11+.%m+1) T 
ck,J.,,J}aJ= 2,1•• E (f+ll+~ .. 2m+1)m!((J"11+m+1)((J'+M+')((v+m+1) 

F. (l)= e."1-f 'f:_ (;():1(:.1-e"- J!![_ ~) {(-it+m+1}£ 1 • 
A1 Jl',J., - a~ m:I .,i .:& ~ (!l)"' 1tt'so f{-Jun'+1) 

" ., f' • 4)fi( o • f fil I • .f ,,.. f(J'+m+z) l-f+"'•:t v+m-m+i) 1-11+m-mt-z} _ 
•E m"! (m' .. m"J! {(J'+fJ({-J'+f)f(v+fJ((-v+f) 

) m m o-mrr)' y m 1-) "00 (-1 J, 6 -rt--;:t-y+ .i 

-l ~o (Ji-m)m!((I+f-pt-f)f(f-!-!f•f)((-f+!·!f-+f} 

co ;\ ,2A({ .. Ji) ({f +I+ J+ I) -ck (a). ~CJ t Jl' ( t))_)t)Jt =n~,.z-~•1)((~-1-f•t){{-f +j-~+j) A,~,J, 
Re{..l)< 0 (II.5) 
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lIPJ! Q< D ~"" CYII!6 CTByeT, ecJilf ,11onoJI1111TeJII>HoRe<r••+A+1)~0;~ 
a co 

~II Re (J'+ >:+ 11+1) ~ o cyw,ecTByeT .f , ecJ111 ! + v.,. ::! -r 1 ,l!;ei!cTB. 
0 

'l62H. 

IIpH - f - v - A -1 = :t.n> -j'-V+A-H:t.n; -j'H+A -Un·; y-11+ 4-f f. ~n·· 

f'"t ~) (i) I (f) Jf = (- 1)"'
1
,t:A((-;j) &in!- ·'·(n+1 +~.LL~ 

..)
0 

f J11 n !f{f•~~n +f}r(f+n+1)T(v+n+1yl :l 't' ) i' · 

-f(JHV+n-r1)- f(f-rn+1)-+(11•n+1}-<P,
1 

(a). 1 A,JJ',J• 

(II.Sa) 

~~ t ~~ (t)J.., (t} dt ""r;,JJ',)JeJ. (II.56) 

!Ipa ,;, = n 

r' . } tn~(t)~(t)Jtrv ... (-1)n2.n-1((!-rf+r•f) 
Q . .• If 

X 
[

.,on i f (!. + :!!. + !1+1.)- ./. (!.,. !. _ !!. + !)- ,/,(.!.-:£_a.. 1J _ 
,(. c,, 7 - .t t t z T z .t .t .t T ' ..i .i ..i 

-f(-f +f-q-rt} •:tf(n+1)L f. (a)-(J ,J(t). 
'j ~,)",)' " • (IT.SB) 
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"\ 4 ' " " "' ilpll .11:n, ·f·'ll-n-1:,.n 1 ·J'+V+n-1¢.<.n 1 f•ll+n-1#2n 

n 2 n + n )! ~ e,, :ZI ~ (n 1 

t ~(t)j)tJdt/V n!n'!r(f+n'+-t)r(v+n'+1} a~-+·~· ~
e n-1( ' 

a . 

+ f(n'+1)+ fln+n'+1)+ flr+n'+1)+ f(v•n~1}-f_' (aJ-( (t)· j n,J,,l; 11rJ,.,J; 

.J.. (a)= _i._[co3115r ck (a) - ~ (a)l 
~ J Jf. - Jinvri :11,J",J, ),J" 1J • ., J 

, J'' • 

ck (a) 0: -1 {2ck (OJ (fnfl + c)-
~,JJ' , Hn ~ ~,J,,J. :Z 

(II.Sr) 

al'•n•~·' ... (-1 )m f(J' +n .. :i.m+1) (f} ~m - 5c -,-.-n-. ~-• ..!.Jim--'-+ 1-;t.:.....m.o.:.! (-n-.. m-)-! r-l-'J''-+ n""-'+""'m'""".-,) ((J' + m+ 1} 

(a)'""' a"·n+~•' n-t (n-m-1}!r(J'-n+).m+f) :r 
- .. - £ <r-n+7i-t-:Zm+1) m! nr-n+m+-l}f(y.+m•1) 

(Qjl"' 
a.JHn+A+f 00 (-1 )m ((J'+n~:Zm+1) T x 

· ·· · - F.-o (f'• n+A+:tm+1) m1(n+m)! ((J'+n+m+1){(J'+m+1) 

::£-+)::-- 2: - - ~ -
[

n.," 1 m 1 n+.tm { n+2m 1 ]} 

• K=f K 1<.:1 K K:n>m•f Jl+K K:m+1 J'+K 

A-1 f, { l) = J__ f_ .!iii ( 2/- J'!r _ K1! _ !!:ZJ f(-A+m+f} "" 1 

A,J,. ,,t', - ~!T l"l•D .t :Z A (:_/)"' f"o (f~+m'.t/' 
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m' ((rm'+f J({-J'+m'+ i )/(11+m'-m"+ f){(-Y+ m'- m"+ t) 
x ~o m"! (m'-m")! ((J'+:f Jr(-J'+1Jr(v+1J((-v+1J -

l;i .., 
- - :E: $inf)'-11-m; f 1'" rm{(~• l • P•iJ((f-1 •!f • iJ 

5i m:O (A-m) m! f(f •J-!j-•Ij[{f-f-f•i) 

\"'t 11 ~ ( tJ Jr; {t} Jt = .Jtnf)l-v+JJ{~Ar(-;i)[(~ • f ·~·f){ff-1 • ~. f) - caJ 

Ja q,- f{f·1-l•i)fff-I-1·fJ ~.1,..r.· 
(II.6) 

Re(A)<O 

IlpH a< 0 f 00 

CYll!eCTllYeT, (lit. P+ 1) ecJIH 'AOilOJIHHTeJI:&HO Re(J'+ 
a R ~ 

+)wt)> /Re{v)/ , npH e(J'+;i+1)~ /ReM/ cyll!eCTByeT f , 
a 

ecn11 }':;v,. J +1 .11eitcTll.t.IBTH. npl!I Re(:tv)~O 

/ Re (J'+;i+1J/ s /RelYJ/ mm: , ecm1 II H J'+ il-+- 1 .11eMcTB. 

~eJWe •rncna 0.1\HHaKoBoM qeTHOCTH rrpH IR e (r + il + 1 )/ > /Re ( 'll) / 
ilpH 11#.f, -j'·v-il-1::.n, -J'-Y+A-1#.~n', ., .... >'+A-1:#:n'' 

(' ;ij tJJ{(t - (-1)n+1 dps- ,t/r{-A) 
J t ._,J 11 }c/f- n! (()'+ll+n.,.1J{(J'+n+1){(11+n.,.1) 

a 

JC 

x {-Unj - y (n+1)+.2f(- J) - f(r1-11+n+1) - f (r+n+1J-f(11+n+t)-

( n.6a) I -~] - ck ( a). 
.1in.ZYJT "11 ,J,. ,Jf, 

ilpH -J'+ v - J-1=.t n , - 11+n;: n ~ -J'·ll+ A - 1:/'~ ll ~ • )'-+vt-A-1t:.:tn"' 

("'t~J (t))({t}Jt = :t~r<- JJ((v-n) [.U11!!. -f(n•t)+ 
j ._,, ~ 5T n ! T(J' - v t- n + 1) [{I' + n+ 1) ~ a 

+2f(- J)- f( f- Y+n-+-1)- f (.f +n+ 1) - f{v -n)L cJi (OJ· . 

~ ii,-!,.,¥, ( II.66) 
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1 m ~ n'-m-1 1 n•"' 1 n-n'•lm J 
, - .L--L:. - -L. i<+L i._ 

n-n+i>.+~m.,.-1 K=1 I( 1(:1 K K=n -n'• .tm.1 K=n-n'tm+1K 

1n-n'-1_1 m {a)..im 
a"'-n+A+1 Er-r-1 (-f) (n-m--f)!(n-n'-m-1); T x 

- ~o (n '-n .,.),+'-m+-l)m.'(n'+m)'(n-n'-1m-f)_I 

" [ ~ (Rn ~ + C) -
m 1 n'+m 1 n~n+~m 

1 ~ -.L:--i::-+2: it 
11'- n+/l+Jl.m+f 1<=1 K K=1 K 1(:-n+m ... 1 

n'-n•,:lm ; ] n-n' an'-n+A•f n-n'-1 ( 1)m( ) 
+ L ..:!.... + (-1) . 2:: . - n-m-1 . x 

1<.=11'-n+mH K :/. 11 -n- 1 m:E(n-; •1) (n '-n+/l+:l.mt-1) 

( n'- n + :t.m) ! (n-n'-m-1)' 0-n-n'til+I ~ (n-m-1)!(n~m-1)!{n+n'-m-IJ.'(*f] 
)( + ,,c_( ' I 

m' (n'.,.m)' _z-n-n• m:o -n-n+il+fo1t1)m.(n•n~'-m-1)' 

oll-i ca 1"'.(-;i+m+1) m 1 
Ii ..;:-- f., 1 )'51" v'Ji m?r) 1 ' ....- x F: (£) = - - ~ (,(Jjl"'- 7-7-7; (.!tr ~rt';>, '1) ~,J(J' 1 J(, :l.51" m:o m_q 1 \" +m+ 

m' /(f +m''+ f)f(-.J'+m''+ fJr<v+m'-m"+ ·iJr<-)l+m~m'~fJ. _ 
x ~o m"! (m'-m")! ((J'+f)f(-f+f)f(v+ f)[(-v+f) 

gA °" (-OmJ"'r""r(f+f ... 'f+f) 
- mLo (A-m)m' f(:l.+!!.-!!!.,.1..)r.(.l!.-1_'!!,!)1rft,Y.-!!!,.!.) 

: . ~ 2 ~ ..i I I~ ,t 2 .t I \A .t .:t l 

\'"' ~.l-1 Ja ! ;i;t: ( tJ.H; (t)df = 5fJ [~$f!ll'Ul:i{-f+v+~)f + C<Mll!TUJ!(y.-v+AJ'f-+ 

+ ~<n11'.iT iin (-1-v+A)~] n-~ )f(~ • 1.,. 1 • f )f(~ · r + ~ •i)r(-f + f + ~ + f)• 

xr'-!-1+!+f) - ~ (a) 
\ l .i a. /J,K,.,J(, 

Re(-')< O (H.7) 
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• 

ilpa a< o ~: cymecTByeT, ( f , Y :f p + f ) ecm1 .n:ono­

Hl!TeJI:&Ho Re (llH) > /Re(.J'J/+/f?e(Y)/; npH Re (,h1) ~ /Re{l'J/ + 

+ / R e(Y)j CYUIB CTByeT f' , ecJI11 

I) /Re (A+1~~JJRe°<J'il-IRet11>I/; ;f+ll+A +1 .z;;eticTB, 

ti:eTH., Re(:!:J)~O, IRe(r)/~IRe C vJ/ , Y=p 

~)/Re (i1+1)/ >/I RelJ')/ -/Re{Y)I/ 1 f?e(il+1)~0; ;:f ;v+;\•1 

.n:ettcT:a,qeTH., Re(tl')H, /Re(J')/~/Re(Y)/, V=f. 

3) 1Relil+1)/ > /IRetn -/ReM/, Re(lt+1)~o; J, 11 ,;i..1 

.n:ettcTB .11eJible '!lfCil.9 c qe~rnott cyMuotl . 

fiplf }'1 V '/=f' J -j'-V-A-1:Jfo 1 )'+Y-::l-1#~ n' 

('o f~JY.: {t) }(. ( f} dt = :-1) n.1 d?J'ff d? y5{ ,2. ~ {(-?.) " 

J /' V n . f(J'+ Y+ fl• 1Jr(J' + n+1) f( v + n+ 1) a 

"{:2ln ~ - f {n +1) + 2 f (-?.)- f <.t' +v+ n+-1)-+(.J'+n+1)-tt~tn•fJ-( rr. ?a) 

~ 
I ~ ~ 2 _ 1 _ a. 

-:1
1 

[ !tnJ.)'5i + 4/nJ.yJT C.0$f''1cosv».-in(J'+v)i] *,
4

, .. r} ) 

Ilp11 v:;.p, )'-'il-A-1=~11 1 -)'+n'#n', -)'+v-/1-1'1':/.n" 

co ~ c.f j l/:JT ,:(A {(-ii) { (J' - n) [.2 tn !J... -~ t -4 (t)}((l}Jt = 5Tn! f(-p+11+n+1)[(Y+nr1) J. a 

- +(n+1) + 2f(-lt)- fl-J'rll+n+1)- fC.J'-n)- +(v1-n+1)-

( IT, 7C5) -ri{ UJ:fJl!r + 
UJ:l vJT nn{f-Y)JT L-1} -* (0). J ~,.+;,K,. 

Ilp.w f'l: p' -y.+11-A-1 : :Zn, -V+11,;.n', )'-ll-A-1#.211" 
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(""t ~ )( (f}}((t)df:: r..- dJfff ,til{(-"?.)f(v-n) f:</n.Q -\i . r r :11 rl! r(r-v+n+1Jr(J• 1- n+1) :l 

_ + ( n + 1) + 2 f (- il) - + (J< - v + n t-1) - f (J' +n + 1) - + ( v - n) -

CO:J¥5i ~ (a) 
} 

I 

-'Ji[ COJ}'-7i:1in(-r+v)'ff + 4tn.2frtJ - +A,.H;.,K, . 

(II. 7B) 

IIp11 J'+v-:<-1=fJ.n, -j'+n-t:n', -v+n;.n", -r-11-A-f-/:~n"' 

(cot~){. (t})( (f)Jt = (-1)n+42~r(-il)f(J<-n)((v-n) (Un!!-
J J' v jf~ n 1 n-)'-ll+n>t) L' :l 

a 

- f(n+1)+flf(-i1)-+(-.f - v+n-d)-f(J<-n)-f(v-n)-

I 

'j/CO:Jj''ifCOj y5(] _ + (0) . 

- jtn (J' • 'J'iT ~ 1 ~I./(, (II, 7r) 

' f •n u+v-il-1 =~n' Ilpl1 f' V # f ' -.f - V - n - = -< ' r 

"° (-1)n'+;:/.).f(-il) --x 
~a tA.Jr;. (t)i(_(t)dt = 1tn)'j( :Jtnv7T n! n'T(rrn+!Jf(v·:;;.t) 

J( U + co:fy~)[.2 fn f -f ( n+ 1) + 2 +(-il )- f ( n'+ 1) - fU••fl•1)-

- +(vrn+1p - +.' (a). 
'.J -r. , ~,K, 

(II. 7"11.) 

Ilp11 J,v -Ff, r-v-~-1=:i.n, -j'+ll-A-1=:ln' 

\''"tA.J{,,(t})((f)Jf = djvsr .2.i~1[{-A)f(p-n) f.ttn!!..-
J I"' v Jin! n 1 rtY+n+-!) r :t 

a 

-34-

~oo tA K .. "(t) dt = f o~·1e-.1a{1 -[-il+1+ l(f- v:iJ];Q + 

a 

+ [C-il + 1){-i) +-t) + 2(-il +:tX t-vj(f- v\ f- v~)]r;af + 0 UaJ~ · 
(3.Ia) 

B CJIY1.J8flX, KOr"/1,a ll Il0"/1,:blHTerpaJI:&HYIO cpyHK~l1!0 BX0"/1.HT )JI ( t) llJIK 

){, (t), 8Cl1MilTOTllqecKoe paanoJKeHHe orrpe"/1,eJifleTCH TOJibKO "/1,JIH 
v 

IlOJIOlitHTeJI:&HblX t . Tor;11;a np11 H8XOlit"/1,eHKll HHTerpaJia npli 603lb-

illliX OTPliU8TeJI:&Hb!X Q He06X0"/1,HMO IlOJI:&30B8T:&Cff 8H8JIHTl11.JeCKHM 

np0"/1,0rJ.l!teHHeL! "/1,Jlff OTPHUaTeR:&Hb!X t (cM.np~ROJKeHv.e). 

PaccMOTpMM, Hanp11:Mep, rrpv. oORDillHX o~pH~aTeR:&H~x a 

r· t ), J/ t) dt , 
a 

1 Re(A)< J' 

Ilpa M8iihlX li 60lI:&illHX IlOJIOlKMTeJI:&HblX a 3TOT ll!HTerpan "/1,8eTCH 

(4.2a), (4.26) COOTBeTCTBeHHO. 

0603H81.JHM lllX npa:s1:<e 1.J8CT~i nocpe;ll;CTBOLI cp, (00 )- cp (a) M F,.. J (a)-
~.1. ~,J, , ' 

.l!Jm 60JI:&m11:x OTPHUaTeJI:&HliX a aueeu: rt 1 Jy(f)dt =f~{f"'°tlJ)tJdt- ~a(1JJf)olt}· 
a E. - E 

TaK K8K jy ( ei7Tf) = e '""jy ( t) J 

l" t'J,(t)Jt: ei(H>H)ffr'i'J,(/)J/ ' 
-E E 

- 9 -



00 

~ t ~J.,,(t) dt 
a 

= -:Zi.1en(v+/1+f1~e'(Jl+A+f)t!:. I ,t ..:t .>( 

)( [ cR ( 00 ) - ! ,· m ck ( t) 1 + e i ( v + il + 1 )Ji [ (-a) . 
),,J. e~o ~,Jv J ~ J 

I y (3.2) 

TaKHM o6pa3ou, ecJI.11 Re(Y+A+1) > 0, TO fim ..l. (t)=O 
E + 0 'ti:,J, 

.II (
0

tl~(f}c// paB!IBeTcH npaBoi1 qacT.11 (3.2). EcJI.11 lite 

l<e (Y +). + fJ ~ 0' TO .llHTerpaJI He cyll(eCTByeT, 0,l(H8KO, npH V+ ii+ 1, 

paBHOMY ,l(6HCTB.llT6JibHOMY qeTHOMY q.11cny, cyll(eCTByeT ero rnaBHOe 

3HaqeH.11e, ,l(8Baewoe TIOCJie,l(HHM qJieHOM B (3.2). 

4. Bliq.11cneH.11e .llHTerpaJIOB BH,l(a (I.I), (I.2) 

Tenepb .11ccne.l(yeu HHTerpaJIH (I.I) , (1.2) .l(HH npo.113BOJihHoro 

fl 00 f."" c . !Ipe.l(CT8B.llB K8K pa3HOC'U> .KHTerpaJIOB s .ii ~ 
Q Q l ' 

MOEeM BOCilOJib30BBTbCH BlipaxeH.llHMH ,l(JIH HHX, nonyqaeMblM.11 cnoco6a-

MH, OIIHC8HHblWI B §§2,3 • Ilprtqeu, ecm1 a .11 l He6on:r.m.11e 
.,, S°" ( 6on:r.m.11e) q.11cna' TO HHTerpaJIH 5., II e ,l(810TCH 0,l(HOi1 .II TOH lie 

wopwynoi1 ' nonyqaeuoi1 cnoco6oM § 2(§ 3 ). Oco6Hi1 .llHTepec npe,l(­

CT8BnH6T CJiyqaM' KOr.l(a a -He6on:r:.moe' t -60JiblllOe. B 3TOM 

CJiyqae' KOTOpliM " TOJII>KO H 6y,l(eT B ,l(AJIJ:.Hei1llleM paCCi48Tp.llB8TI>CH, (
00 

S
~ Jo 

.l(aeTCH wopwynoi1 § 2 ' a ·- WOPMYJIOH § 3. 
er' A ~ Hanp.11uep

1
.l(JUI HHTerpaJia J. t K, (t)c/f (cM. (II.8) - (II.SB) ) 

q 
nonyqaeTClf 

~e t1. l<:(t )dt "' 
Q 

~ ,(oo) - ~ K.t(a) - F; Ka (t) , 
il,K. , v I y ( 4.1) 

-10-

x [ 2 ln a - .f ( n +1) - f ( -Y- n) - f ( Y - n) + f (- n + f ~ -* K~ (a); 
I ; 

(2.2a) 

Kor.l(a + v - ~ - i = n - a. -1 ;. n' +- v - l - i I: n• - ~ - i t. n"' 
- lZ ':t 'Z% ':12 

f
00

t~K,2(tJdt= 
)a Y 

(- 1 )n+1 "Ji 1/.if(±v-n)((!~Y-n) x 

'in!{(tv-n+f) 

x [~!,;a ~ f ( n + 1) - f (t. v-n)- f(t.Zv-n) + +(±v-n+ f#-f~a) 
I ' 

( 2.26) 

3,l(ec:& qi. ,(a) eCTb i ,(a) 38 BliqeTOM 06pall(810l!lel'OCH B 6eCKO-
A,K, 11,k, 

He'!HOCT:O qn:eaa B (2.5). f -norap11Cpu.11qecKaa npo.11sBo,l(-

HaH OT r BMMB-qJYHIU.il'l.11: f ( Z) : fr fn r ( Z) 
.ifomi- Q < 0 1 TO p8CCll8Tp!rn8ellb!~ .llHTerpaJI CXO,l(.llTCH IIpli yc­

JIOB.11.11 (2.I) .II ,l(aeTCH rpopwyno~ (2.2) Ilp.11 HapyllleHK.11 (2.I) HBC06-

CTBeHH~~ liHTerpan He cyll(eCTDyeT. 0'AH8KO, ecn:.11 np.11 3TOll Cyll(6CT-

ByeT ero rJiaBHOe 3HaqeHK6 ( IlPli /? e (A+ n > D ' Re ( :t ;z Ii)> 0' 

ecJI11 +: ~v+;J+f -,l(eifcTB. qeTH., np.ll Re(A+-f)~o, ecJI.K 

A+ 1 - 'Ae~cT:a. qeTH., ~ v -,l(B.iiCTB. qeTH. ) ' TO He-

TPY.l(HO y6e.l(HT:oca, qTo OHO ,l(aeTcH rrpaBoif qacTb~ (2.2) K cne.l(yIO­

ll(HX .113 Hee WOPMYJI (2.2a), (2.26) KT.~., B npe,l(Il01!0ll8HK!i 1 qTO 

a IlO,l( norapll~MOM (eCJIH OH BXO,l(HT B OTBeT) IIOHHMaeTCH B Cllh!C­

Jie a6comoTHoro 3HaqeHHH. 

BHpaxeH.116 (2.2) H BHTeK8Dl!lKe .113 Hero rpopMyJIH,XOTlf K HBJIRDrOH 
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06m11M11 *) • HO rrpaRT114eCKl1 Y'A06H~ np11 HeOOllbillllX a 

3. Ac11MnToT11qecKoe paano~ett11e 

l1p11 60llbill l1X I a I paccMaTpirnaeMbfi1 11HTerpan npe'ACT8BR.!leTCR 

ac11MnToT11qecR11M11 pR'AaM11. 

B cnyqa e, KOr'Aa v HeBen11Ko, rrp11 a> o pememrn nonyqaeTCR 
;i .t 

noqneHHhlM 11ttTerp11, tt11eM ac11MrrTOT11qecKoro paanoxett11H t Kv (t] 
c nocne.zzyDmei1 IlO'ACTaHOBKOU Bhlpa~eHKH [ 4] ~nH HenonHott ra.Ml4a -

-!lJYHRI.iJ4H { ( il - m, ~a) np11 60ilbillKX a 

(oo ~ ~ JI A-1 e-~<I oo (-1)m·r(->.+m+1) 
.) t Kv ( t J dt rv Ta ; ~o " 

a 

rr u 1)(( "1 '[( ' M 1){( ' U 1) ,,, 1 m' / V+m+r -V+m+,;) Y+m-m+-;: -)l+m~+l, • 
>< 2:: ~ "I ( ' 11 l Ir~ 1 r~ 1 n1:o((- ;:J+m'+f) m":o m. m-m;. (v+-x)1 (-v+~) 

(3.I) 

IlOCKOilbKY KCXO~Hoe Bhlpa~eH11e 'AilH 8C11MITTOT114eCKOro paano~eHl1H 

ITO'AhlHTerpailbHOtt qiyHKU1111 B 'A8HHOM cnyqae 11weeT c11ny K8K 'AilR rro­

IlO~HTeilbHWC, Ta K 11 ~IlR OTPHUaTeilbHhlX t • TO HeTpy~HO Il0K838Tb, 

qTo, np11 6onbm11x 0Tp11uaTeilbHb!X a TaKse, HHTerpan 11 era rnaB­

ttoe 3Ha4eHl16 (ecn11 OHl1 CYllleCTBYDT, CM.§ 2) 'A8DTCH rrpaBoi1 qaCTbD 

(3.I), 

Bhlrr11•ew ttaqanblihle qneHhl paanoaett11H (3.I). 

*) HeTpy,l!;HO y6e'Al1TDCH ,B qacTHOCTl1, 4TO np11 A= 1 (2.2) ecu 
r 00 .t t a.tr ,: ( • .t ] xoporno 113BeCTH8H !lJopizyna: J. t Ky (t)d = r K. (a)- {+*·)Ky (a) . 
a 

- 8 -

1Ip11 Ji=n, Y=n', y-n'-n-1=2n" 

~ ' tn •l(t))f..(t)dt rv (-1<'2n-1(n+n")!(~+n~n')! {'rq{l .9.. 
JV!' ll 'JT~n'n"t(n'+n ")! L" n!l + 

a 

n" 1 n'+n" 1 n+n" 1 n+n'.n" 1 J.% n 
1 +C) - L: - - 2:: - - L: - -.L - +2 L. - + 

K=1K K=1K 1<.==n+1K K"n+1K 1<=1K~ 

ll • 11 II I 11 

n 1 n +n 1 n+n 1 n + n + n J , , 
+ L. -:: + L -2 - L. -~ - L .i~ - cP.. (OJ- F (~). 

k=1 K k.=1 K K=n+1 K K=n•1 I< ~~,ff, n,~,.K'(I!.7c) 

~ (aJ = '%2 {e-i(-)'-V+>.+~>¥ 
ii, K.l',K• luinJ'rffinvJi cf? (ia) -

~,J_J',J_, 

_ -e-i()'-v+.>.+·1}¥ ck (itl) _ e-i(-)'+ll+A+1) x 

i>i!JJ' ,J_, 

x ck (ia) + 
)l,J_",J" 

e-i()'+V+A+·f)f ~ (ia)] 
il,J.i.,J• J 

l
oo )I ;>,-~ 

t K (t)k (tJdt = -~-f(f+f+f+f)" 
I' v /(A+1) 

. a 
(I!.8) 

xr(~-f+}+f)/(-f•f+f•f)f(-~-f+f+f)- ~K v(O}· 
CO I jAJr\y 

Ilp11 a < o ( cyll(eCTByeT, ecJm Re ()I+ 1)> IR e<rJI + IR e (v)/; 
Ja s~ npH Re()l.f) ~ /Re(f)/+/RetvJ/cYllleCTByeT , ecn11: 

a 
I) / Re(;\+1 )/ ~ //Re(Y.)/ -/Re(Y)ll; ; y. + v + ;. + 1 'AettcTB. 

qeTH., Re(!/'} ~ · o, /Re(J)/ ~ /Re(v)/ , v = p 
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2) IRe(lt+~Jl>l/Re(f)/-/R e Mll, Re ()+1 )>,;.0; +)'-;Y+) .,./ 

,lle~CTB .l!eTH ., r~e (!f) ~ 0 , Re ('t JI ) >,;. u 

3) /Re 0 + 1 )/ > JI Re ff)/ - IR e ( v )//, k' e ( h 1) ~ 0 ; y, 11, ;, + 1 

,llelicTB.uenhle l!acna c l!eTHO~ cyW!o~. 

Ilpa 
I I I) 11 I II 

f=n, v=n, n+n-;,-1:.<.n, n ~n >n 

("° ~ ( 1)n"+12A-t \ t K (iJK (tJdt = - - - (lt+ n")'(n - n"-1)!(n'-n"- 1)' 
.) a 1' v n" ! >. ! x 

n" 1 n'- n'· 1 
x~(En~+C)-~K -~K 

A ~ II+ n" 1 J , 
+ L.. - - L - - c.:11. 

k=n -n" K 1<=.>..-1K ~.Kr,K, 
(II.Ba) 

B OCTonbl!blX cnyll8flX, ROr,lla npaB8ff l!OCTb (IT .B) o6pomaeTCff B 

Heorrpe,lieneHHOCT!>. 3il8'1eHl'rn neBO~ ll8C~ll ,lltl!DTCff npi!.J8,1{8 HHhD.I H 

Bblllle \{lopuyJia.MH, ecm! BOCilOJ!I>30B!!Tl>Cfi 4JopM8Jll,HJ& COOTHOID6Hl!eu: 

(""t~/<)t)/<}t)dt =·- ~ ~€d)'~>' -A - iJf{ i.°"t~(t)J)t)dt -
)a ta 

-p· ){,. (t!J{, (t}Jt • , ri·v 11%,(t)Jt . if,h1tJJ{,. ltJdtJ 

(IT.B6) 
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... 

(ct AK (t)f< (t)Jf FV 'Ji 1~-f e-:ie f!:._ (-1)m((-A+mt-1) 
J£ ')' )I l; m :.IJ ().e) I( 

m 
1 

m' l(f+m"+1Jr(-J' +m'~J)f(v+m'-m"+t)((-Y+m'-m"+}) 
•L Z m" ' ( • '''J'[( 11r-( ~I i · ( - -· ,,.,·,o {(-A-rm'+1) m"=O . m-m . J'+'J: 11-f •1Ji >'+;1)/ -Y •1) 

(IT.BB) 

.., :tArru_+f~~ .. ±J ~ 
\ eJ/ctJ)y(dt)dt= CV+A r 1f(V+1)/(~-f- ~+f) 
Ja 

x F ( .t + ~ + .a. + 1.. ' - ! + .l + .a + .i ; y + I ; Ji~) -
:< I .Z .Z :I Z :I. :I ~ % c• 

(
C)J' (d)V .J'+Y+iltl m f!;,_g)am ["( .d_J. - I I a i!::.. (-1) \ ~ ~/ 1 -m, -r-m; Y+I ; c•} 

r( v+ 1} m=O (f+ v+ll+:lm+1) m.' /(J<+m.;.1) 

(Il. 9) 

ecma c:1=d,Re(J)<1 

Ilpa a< o 

+ >i+ 1) >0 

.. f cy!llecuyeT, ecnH ,11onoJIHHT6JI:&Ho R rt Ci'• v + 
a ~ 

rrpM Re Cr .. ·1+ >i +-1) ~ o cy!lle CTByeT l ,ecnH 
a 

f+V+A+ 1 ,11e!!CTB. ll6TH. 

-)'-n-1#n', -Y-1 4' n" 

oo ~ ~ _ (-t)n+l:{''dy x 

~ t ~(ct)J)Jt)Jt - c v+J,.1 n' ((Y+ 1){(11+n+1) 

a d ;l.m 

n n' /(f'+n +4) r!V +1) (z) [itn ~a_ f(n-m+1)-
x £ m' (n-m)'f(y+ n - m+ 1)/(v+m+ t} 

ITpK -r-»- A-1 = ~n, 
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(f J1' (~r aJ'+v+.i+i '""' • Him (¥/m _ +(Ji + n - m + ~ )1 - - L - -" 
'J /(v+1) m=O (f+vr.\+~m+f) 

f .( d' -m -j' -m· Y+1· -) .< 1 } , , ,, 
x ·--

m! ((f.,.m+1) 

(II.9a) 

Ecmi C * d 

\,~ f '~ (c IJJ.{df )df 
:<-lte~-1 "' 
'JrQ L r(-A rmtl) 

m=O £ m K 

x~ 1 ~ {(c..+d/·m-< Co:1[(c+d)l-!!! . ~- m':ii} 
m'=O /(->i+m'+1) m"=O .< .< t. -

( )
m" J·A - m-i . [< d)fl }'11" V'JT m5iJ7L --1 (c- J :Jtn c- h-7+r-T~" 

r( " ~Jr '1 I) r ' " I) re ' ·• I) J' + m 1" - (- .J' 1" m • - (~· + m - m + .- / 1 -Y + m - m • 'Ji 
x .< ~ I ~ ~--~· 

m"' (m'-m"); d"'" cm'-m"/(r+1Jn-J<+Jj({¥+t){(-Y+j)(Il.96) 
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