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В статье методом Крылова-Боголюбова-Митропольского изуча-

ется поведение нелинейной волны малой, но конечной амплитуды,

возникающей в системе плазма-пучок при движении через плазму

моноэнергетического электронного пучка. Для амплитуды возбуж-

даемой водны получено нелинейное уравнение Шредингера, исходя

из которого получено условие модуляционной устойчивости или

неустойчивости плоской монохроматической волны.
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In the vioxk the behaviour of the nonlinear wave of small

bub finite amplitude arising in the plasma-beam system when

passing through the monoenergetic electron bean plasma is

studied using the siethod of Krylov-Bogoliubcv-Mitropolsky.

For the excited wave amplitude the Schrodinger nonlinear equa-

tion is obtained proceeding from which the condition of modu-

lational stability or instability of the plane monochromatic

wave is obtained.
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In ref [1] the foundations of the nonlinear theory of

numoenergetic electron beam interaction with plasraa for the

case of the system stationary oscillations were laid down. It

was shown that in such a system there may be produced under

л certain conditions a nonlinear electrostatic wave of s\ fici-

ently high amplitude, which in of practical interest fc>. v.

number of problems in accelerator technique and plasma elect-

ronics. Refs [2~3] are the natural continuation and oevelop-

r.̂ nt of re?, [i] . In ref. [4]
 ;
 •- authors took into account

] the electron beam thermal spread effc-ct and indicated the pos-
t

y of the existence of solvtar;.- v/aves in the plasma-beam

srrstem. In ref. [5] гНе state of in stable waves is investi-

gated in such a system. In all the above-citoci v/orks th« mo-

tion of plasma electrons is described by li-jear equations,

whereas the occurance of nonlinear v/aves is uue tc he plasma

influence on the motion of the beam electrons.

Here we investigated, using the asymptotic method of Kry-
Г Л

lov-BO'TOliubov-Mitropolsky L~'J, the behavio ;.• ' the nonli-

near wave of small finite aaaplitx:.;!? occ;rr
:
 i in t'.-c plasnja-

baam system at passage of the monoenerge ••.:;.• electro:; bf.am



through the plasma. In this ease from the very beginning the

stationer!ty of the emerged oscillations is not assumed, and

the motion of electrons of both the beam and plasms, is des-

cribed by nonlinear equations. This statement of a problem is

of certain interest in connection with already availableIJ

and possible future experiments. For the excited-ware ampli-

tude a nonlinear Schrodinger equation is cotained, following

which the condition of modulations! stability or instability

of a plane monochromatic ware is obtained.

1. The initial equations that describe the interaction

of the irfinite cool electron beam of aonperturbated density

ftg
#
aoving along the 7. axis with the initial velocity

with the cool infinite plasma of electron density П
ео

immobile ions are: motion equations and equations of plasma

and beam electron continuity, and the Poissen equation for

field 3 of wave

-3US-.--E.4Bt. -А

* ri. - a e

Here the electron densities of plasma end bees: are meesured

in the units of the nonperturbated density 1̂ © of plasna

electrons, velocities are measured in the units or the initial.

velocity of the electron beaa Ц^о , and field Ь - in the

units of ^ U ^ ^ L where (Je г урЩ^ЕжГ} i = We t , ? н |
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2. ?o investigate the nonlinear behaviour of wave solu-

tions of the set of equations (1) of small finite enplitude

slowly varying in time and space, we shall use, a? stated abov*

the Krylov-Bogoliubov-JCLtropolslcy method - i Тпз •. lplitude

saallness aeans that the distances passed by thv- vxectron in

the wave field are siaall ae compared with the cr- -acteristic

oneа с This leads to the condition that the electric field

amplitude must be far less than ~—Ь ,
ц
е_

 t
 x,et us intro-

duce "a saall parameter" б that characterizes the ratio

of the typical length of the wave or period to the typical

length or interval of tine for modulations, and look for the

solution of the equation set (1) in the form of expansion in

powers £,:
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Since the wave amplitude is assumed small, the wave will not

differ much from the sinusoidal one, i.e. higher harmonics

that are in equilibrium with the main one are small. Then the

wave «ay be characetrized by the wave number К and freq-

uency (j of the main harmonic, and the main averaged non-



linear effect for sv.ch a wave is the dependence of frequer.';;*

on amplitude l°J• As following from this we choose С as a

plane monochromatic wave

- (i) i* - -i +

E = ae t a e
 #

where a. is the complex amplitude normalised for —=ftt

i.e. Q, « "f » CL is the complex-conjugated of d ,

v|/»K?-wfc
 i s t5le

 phase where the frequency (J and the

wave number К satisfy the linear dispersion equation

Kach of the values n
e

( t )
 , M
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being in expansion (2) in powers б depends or.

H ana "t through CL, di and ^ »
 an<
^ tbe complex amp-

litude CL as a slowly varying
1
 function of time and- coordi-

nates, is determined by the following differential equations:

. . . , (5)

- ^ - s 6 b i [CL,cu)rtzIbs ( a , d ) + . . . . (6)

The unknown functions A
t
 /5, /?

г
 ft

e
 are determined,

as usual, from the requirement of disappearance of secularly

growing terms in <xp jasions (2) in powers £ . Substituting

expansions (2) into expansion sex' (1) anc equating the terms

at equal powers £ we obtain a 3<st of equations for the

first, second and third approximations of the unknowns. In



the first approximation we have a dispersion relation (4) and

the following expressions for densities and velocities of

plasma and beam electrons:

(•) iK
a e •" -yrlae - ае )

 t
 (7)

(8)

(9)

feo

Making use of the f i r s t approximation ( 3 ) , (7)-{10) we

obtain in the second approxisation a set of differential equa-
(a) (i) <г) (г) г (г)"

tions for П
с
 , !ZB

 )
 tig

 f
 u^ and с from

which the differential equation for £ ' follows:

« - к л> ь ) - к ^ ] е *

where С- С. denotes complex conjugation. In order that £ '

would contain no resonance terms we have to require the coef-

ficients before в vanish, i.e.

A, +1/9 ft, * 0 (12)

where 1f«
 s
 ^ - = ^ (^ " ̂  is the wave group velocity.

With the help of (5) and (6) we can in the first order over 6



and 3-represent A, and Di respectively ая — ~

where -fc, - 6* , £,*£ Z . Then eq.(l2) will be written as

9 2, * 0, (13)

Eq.(13) shows that in the lower approximation over 6 the

wave amplitude Ct remains invariable in the systera of refe-J-

renos moving with the group velocity Vq • Keeping in mind

(13) and linear dispersion relation (4) we here for the un-

knowns in the second approximation the following free from

resonance teraso expressions:

(16)

6» i*
C.C.

6 "" P,,* " % ( O - K J
(17)
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where complex functions {•;> аюс5 fe and reel furcticns Q1are indepenclent of 'y' and dspendont on

Gl and O, only. They.will be determlued froa the require-

ment of absence of зесгд1^г1у growing -fcerms in the equations

of s higher approximation,

3. Consider now the equations in the third approximation.

Making uso of the solution of the first (3)» ("O-C'KO ana se-

cond (14)-(1B) approximations we obtain a set of differential

equations for fig . M^ ; Ug , '.U and fc.
l
 '' which con-

tain secular berms of t;/o types; secular cor̂ stsiite and secu-

lar-resonance torms. After avare^-ing over rapioily oscillating

phase ^ тге obtain tbe number of equations necessary to de-

termine the functions C
s
 , С

г
 , С-з , C

; y
 which arc- given

by the following formulae?

1
 *"

ао-к ,% ̂  к ( ^ ! ) ( З с , 6 с х - 2 к ( и т 5 к )

where d. , c/j and Q^ are constants irsdspendent of •/'

a and a



•The requirement as to expression for С not to con-

tain resonance terms brings to the following equation:

where

ак(</-<) j г » , м " г у ]

Using (5) and (6) eq. (22) can be written as a nonlinear

Schrodinger equation for the amplitude Q i

C\
Z
n • '

 г

Q|a| a^Rg (24)

wnere

Arbitrary constants d, c(
3
 and d^ that involve in the

expression for R must be determined from initial or boun-

dary conditions. However, since the term Ra describes the

linear interaction, it brings but the wave phase shift and

may be excluded from eq. (25) by replacing J10]

. a -*aexp(-i jRle-'jcfT'J. (26)



-hus, as it follows fron eq.(2£), the consideration of

electron nonlinearity in the Langnrair oscillations et the

electron bean: interaction with plasma leads to the dependence

of oscillation frequency on the amplitude.

At 1» = 0 ("switching off" the bean) Q" 0 (one nrast
bo

take into account the conditions of hydrodynanie application

of the problem 'Ш-Г- L^iHs. consideration where V
T
g i3 the

beam thermal spread), i.e. the nonlinear correction to the

Langmuir oscillation frequency vanishes, which is in agreement

•with the well-known results t ' J .

The solutions of the Schroainger nonlinear equation are

intensively studied L ̂ ' J in connection with the available

appendices of theory of waves in plasma and also in connection

with the appendices in other fields of physics. As it follows

from the Schrodinger nonlinear equation theory L » ~J the

plane wave is modulatingly stable if P Q > 0 and instable,

if p Q < С Here the maximum increment of the aodulationa}

instability increase is given by the expression

.
 < 2 7 )

where P is the wave initial amplitude.

Assuming that frequency CJ is a real number and solving

the dispersion relation (4) v/ith respect to the wave vector К

we obtain:

см

Substituting (26) into the product p Q we shall find the re-

nf raodulational in*»tRbility over frequency 6) in the

11



frequency region ( О > 1 ) where both the waves К and К

&г»з stable in the linear approximation (Fig3 1-2). For

the first wave K. there are two regions of modulational

instability (I and IIT) (Pig. 1) practically for ell densitiea

ft, up to unitj' ( II is the modulation»I instability region)

whereas the second wave К is instable in the region I

(Fig, 2).

In Fig» 3-5 the dependences of the modulationai instabi-

lity increase incramenta determined by the expression (27)

upon frequaney U) for varioue values o£ W.^ whence it is

seen that the махзлпгиз value of tfce increasa increment decrea-

ses as !he density ft* of the boam electrons grows. Рог

sufficiently large frequencies CJ » 1 the increase increment

tsnds to the conetant iralua y ^ . з/̂  Besides

there have been quantitatively found the eoiutions of the dis-

persion rel»tiou (4) with respeet to (J end aubatittited in

the ех&гезвгапв tor the product PQ and the region* o.f ?ao-

dulafcional instability Тот the dispersion relation foiir "bran-

ches heve been found which are presented in Figs (7-10). The

f 1 in Figs S extd 9 corr»3poTids to the ipinimuia value of

the wava jromber K m
 =
 ( i * ̂ fe

o
^

3
) "" bbove wiica these two

of thf disye^n-ion relation &j-e etabls in liosar ap-

In the modulational instability regions the Sohrodinger

nonlinear aquation (24) admits the following eoliton solution

for the envelopaa L J;

^ f ^ ] (29)



where P is coupled with the complex amplitude by the rela-

tion (X*p(f,tje С f «ad В ate real). In the

formula (29) Ug = с Рк , Km * (jfj")'^
 is th

* ***lmm vain*

of the modulation wave veo.tojn, The eoliton given by the for-

mula (29) ie a stable formation. It is a solitary wave packet

propagating with velocity 1Г ~ U.& without form distortion.
J

The aoliton amplitude oaxiraum vein* ie V^J-^ Let us give a

typical numerical example. At M g
0
 2 •f0cm'

3
and electron energy

!Hi^&?- fQ
K
eV

 tlle
 electrostatic fields in plasma owing to toe

modulational instability development can reach the values of

the order of Е^Ю'^ст at f
o
= 0,1 and E

 (
'~ Ю /cm

at p
e
 a 0, 0 1 •

In conclusion the fflt$bors would like to thenk A.Ts.Ama-

tuni and A.A.Etildiadae for discuseJ.ng th» results.
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?ig. 1 Regions of modulational instability (T and III) аз

functions of the frequency £JC for the wave К

(in the region II the wave is stable).

1 тог

?ig. 2 Region of the modulational instability (I) aa a

function of critical frequency CJ
C
 for the ware

(in the region II the wave is stable).

M!
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Fig. 3

Pig. 4

toe to<> Ю б to$

Dependence of the maximum increase increment %
m
/f»

г

of the modulaiional instability on the frequency CJ

for various values of Ц» for the wave К in

the region I.

nt.-o.os

0.1
•6 <8 а г ~- e.e ag

Dependence of the maximum increase increment |f
m
/p

o

of the modialational instability on the frequen u>

for the wave К ir. the region III.
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?ig. 5 Dependence of the maximum increase increment Ф*

of the nodulational instability on the frequency

for the wave К

з t-*-
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IV

Pig. 6 Dispersion currea for П, * 0,01
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?ig. 7 Region of modulation»! Inrtability (II) ел a fur.c-

tion of the wave number K
c
 for the dispersion

curve first branch (see ?ig# 6).
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Fig. 8 Region of raodulational instability (region II) e.a a

function of the wave number K
c
 for the dispersion

curve second- branch.
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