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In the work the beheviour of the nonlinear weve of small
puv finite amplitude arising in the plasme-beam systenm ﬁhen
passing through the monoenergeiic electron bean plasma is
studied using the method of Krylov-Bogeoliubcv-Mitropolsky.
For the excited wave amplitude the Schrodinger nonlinear equa-
tion is obtained proceeding from which the condition of modu-

lational stebility or instability of the plane monochrometic

wave is obtalined.
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In ref [1] the foundations of the nonlinear theory of
monoenergctic electron bLeam interaction with plasme for the
case of the system stationary oscillations were 1laid down, It
weg shown thsat in such 2 system there may be produced under

3_ certain conditions & nonlinear electrostatic wave of si... fici-
| ently bhigh emplitude, which is of practical interest fuv.- =2
number of problems in accelerator technique end plasma slect-

ronics. Refs [2~3] are the natural continuation snd develop-

sent of ref. [1] . In ref. [4] +: authors fock into account
? ine electron beam thermal spread eff-ct and indicated the pos-
%~ c1h1lity of the existsnce of colitar;” waves in the plasma-hean
sr8iem, In ref. {5] ithe state of i.stable wave:z is invesii-
? gated in such e system. In e8ll ithe obove-ciitad works ihe mo-

tion of plasma electronsz is described by linear equetions,
whereas the occurance of nomnlinear waves ig tue tc "he pluam

influence on the motion of the beam electrons.

0

Here we investigated, using the csymptotiic method of Ilry-
[6-7]

lov-Bogoliubov-Mitropolsky . the behavio: - the nonli-

nesr wave of smsll finite anmplitvdsz ocaivr: i in thc plasua-

cam system at passage of the moucenerge~l: clectipcon beram
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tarough ithe plasma, In this case {rom the very beginning the
stationarity of the emerged oscillations is not assumed, and
ihe motion of elecirons of boih the beam and ﬁlalma is dec-
cribed by nonlinear equations., This statement of a problem is
of certain intereat in conneciion with already availablets}
and possible future experimenta. For the excited-wave ampli-
tude & nonlinear Schrodinger squetion is c¢bisined, following
which the condition of modulational stability or instability
of 2 plane monochromatiic wave is obiteined.

1. The initial equations that describe the interaction
of the irfinite cool electron beam of unonperturbated cdensity
Ng, moving along the 7 axis with the initiel velocity Ug,
with the cool infinite plasma of electron density e, and
immobile ions are: ﬁotion equstions and equations of plasaa
and beam electron c¢ontinuity, and the Poisson equation for

field B of wave

a ue + uc "'aéuq E » aa?e * 'aaz (n! ue) = o’

QuUg ,y, Ble g B, 3y yg-0 P
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Bere the electron densities of plasma and besxz are meesuresd
in the unitis of the nonperturbated denaity llegp, of plasma
electrons, velocities mre meesured in the units or the initiel

velocity of the eleciron beam Ug, , and field I - in the

P
units of rn____u%:,_u_)_g‘ where (W, :(-‘ﬂ%—ﬁﬁﬂ ; t= wgt,ZE%
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2. Yo investigate the ronlinear behaviour of weve solu-
tions of the set of equations (1) of smell finite emplitude
slowly varying in time and space, we shall use, as ~iated above
the Krylov-Bogoliubov-Xitropolsky method - - 71 Th2 . plitude
smallness means that the distances passed by the z.ectron in
the wave field are small zss compared with tre cr- ~acteristiec
ones. This leads to the condition thet the electric field
e=plitude must be far less than ———‘ev_“’t— . Let us intro-
éuce "e small parameter” &  that characterizes the ratio
of tne typical length of the wave or period to the typical
iength or intervel of time for modulations, and look for the

solutior of the equation sex (1) ir ize form of expanmion iz

powers & : W
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Since the wave amplitude is essumed sﬁall, the wave will not
differ much from the sinusoidal one, i.e. higher harmonics
that are in equilibrium with the main one are small. Then the
wave may bs characetrized by the wave number K and freg-

uency () of the main harmoniec, and the mein averaged non~
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linear effect for such a wave is the dependence of frequenrt::
i
ori amplitude [9] As following from this we choose E” as a

plane monochromatic weve
|’ iq” - "|.4‘
EY: ae v+ @ae’”, (3)
wnere Q is the complex amplitude normaeiized far m—u!é-“’_'
i.e. Q0 << 1 , @ 1is the complex-coniurated of Q@ ,
{2K2~wt is the phase where the frequency and the

wave number K setisfy the linear dispersion equation

4.4 Ngo  _ -~ (8)
I wE W K)E C,
z-.vherew;—;g: , K= Kzyg .

Each of the values ne“) , ns‘”, Ue(”, Ug(“ and Ew(i=1,e,3/‘
being in expansion (2) in powers &€  depends or

2 and T through a, a and ¢ , -and the complex nmp-v

litude @ as a slowly varyving function of time and coordi-

nates, is determined by the following differentisl egquaiions:

28 <eA,(a.a) €%, (@ @), ()
%‘56a(°~-i)*6aﬁa(a,i)+--- ‘ (8

The unknown functions A, 3, , Ay, B, are determined,
as usuel, from the vequirement of diseppearance of. s_secularly
growing terms in oxp msions (2) in powers £ . Substituting
expansions {2} into =xpansion sei (1) anc cquating the terms
at equal powers € we obitain a set of equations for the
first, second end third approximations of the unknowns. In

6.



the first approximation we have a dispersion relation (4) and
the following expressions for densities and velocities of

plasma and beam electrons:

Ng =- 5 (ae -de ), (7)
n,"s Jf,_ (1- wa)(aef{ aetV), (8)
TR -a—i (ae"‘#- aet?), ‘ (9)
' ./ 2 . )
(i, . l.\{’ [73) )(GJ‘K ) ,/ ll!l— —- -'_;P (10)
VL 7wt (ae - ae")

Making use of the first approzimaticn (3), (7)-{10) we

obtain in the second zpproximation e set of differentiel equa<+

t2) (2) (2) (2 (2)’
tioms for i, , g Ue |, U.@_ J end E ) from
2
which the éifferential equation for E( ) follows:
20 (3) - ‘ , .
d°E L e 2 W’ K PRI P L
dy? W3 Jo-K Tt ow-K '] (113

. - 2 ;
dixal (g, Uow®) )oY, ¢

+
wh Ny
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where C.C., denctes complex conjugation. In order thet £ ©

would coniein no resonance terms we have to require the coef-

RS 4
ficients before € vanish, i.e.
A+ Vg B =0 (12)
2
where q = dw _ wu(;‘) '; 1) is the wave group velocity.

With the help of (5) and (6) we can in the first order over &
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da and 2a

2t XY
where t, = €t Z,=€2 . Then eq.(12) will be written eas

represeni A. and EJ: respectively as

2a_ fa (13)
3ty * Vg J2, 0.

Eq.(13) shows that in the lower approximation over & ihe
wave anplitude Q remaing invarisble in the syestem of refel
rence moving with the group velocity US . Xeeping in mind
(13) and linear dispersion relation {4) we heve for the un-
knowns in the second approximation the following free from
resonance LeImd expressicng:

P ' Q. 2 _ i 2 :
gL, Lka (14-—(‘-9’ t) Je Yipe'tc.c (14)
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(18)

wkare complax funeations l"v and E and resl funciicons C,
C,., €5 and C.q are indepencent of \;f and dependent ox
G and @& only. They will be determived froam the require-
ment of ebsence of secularly growing terms in the equations
of & higher spprocximsation.

3. Consider now the ejquetions in the thi:d apgproximetion.
Meking use of the aolubtion of the first (3}, (7)-(1u) and se-
cond (143<(18) approximations we obimin & set of dl.gferern.tie.l
equations for N {3)_,, T?.gf”; ueu'],, 11{:” end &7 which con-
tain secular terms of two types: secular conatsute and gecu-
lar-resorance torma. ATter averacing over rapidly osclllating
pnase \jl wc obtaia thie number of egustlions necessary ty de-
termine the functioms C; L Cel Ty, f'?,, which arv given

by the following formulue:

- ; L ) PN . 3 &
Coa o ad k(Wi Hw - K} 3w - 6w-2rard), 1 (19)
) =~ w xR A T A SR TR TG (
¢ W w k) 3wt B)

C e~k 1o, xl3el-fo- 2 SILELIR I (20)
27 (wenphT CJ"((;J"-bu’w.T;) RS
2.
L) WA ) (206w -2KwHIN) L 5 e
Cy=- 205 [ <l i aL y fre -—-—2+d,, (e
4 w?  wH{w-k R w ~.3,&) v 3) ,
where d., d3 and Cill, are congtents independent of 4
. and L
2
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The requirement as to expression for E( ) not to con-

tain resonance terms brings to the following ecguation:

A+ Uy Be)+P(B, 22 4 B, 220) ulalafRa, (22)

la‘
where
po i dlUp 3 W (wi-1) (- k)
T2 dK 2 (w?-K)>

(223

Rego 4 2 w?e 2
Q ba*(w®- K)(w-K)(c.)" dar2+3) { 3Kl(w '“‘3(""5) (f- (U-K}a)+

t4
+ ( )(1 (- K)a) ZKG) j } '
(w-K) [eklw=1) 2K LW
R= :‘;(w -K)[ ok At de (1 (@- K'a 'd]

Using (5) and (6) eq. (22) can be written as a nonlineajy

Schrodinger equation for ithe amplitude d

. da a° o ¢

oo P TE = Q[a]ad?o. (24)
where

§=€(2_-U'9.t) ) t’a éa‘t‘ (25)

Arbitrary constants d, d, and d , ‘that involve in the
expression for R  must ve determined from initial or boun-
dary conditions. However, since the term Rg -describes the

linear interaction, it brings but the wave phase shift and

may be excluded from eq. (25) by replacmg T1o]

a -« aexp -uJ’R(C’)d‘T} .(26)

A0




Thus, es it follows from eq.(24), the considers<ion of
electron nonlinearity in the Langmuir osciliaiions et the
electron beem interactior with plasma leads to the dependence
of oscillation Zrequency on the amplitude.

At Ny = 0 (“switching off" the te=n) Q= O (one must
take into account the conditions of hydrodynemic epplicetion
of the problem 'i"—}&»%ﬁ consideration where b’?g iz the
besm thermel spread-), i.e. 51':’1'1e nonlinear correction to the
Langmuir oscillation freguency vanishes, which is In esgreement
with the well-known results @1'12] .

The solutions of the Schrodinger ronlinear eguation are
intensively siudied [13’15j in connection with the evailable
appendices of theory of waves in plasma and also in connection
with the appendices in cther fielids of phyéics. £8 :Lt' follows
from the Schrodinger nonlineer equation theory BG’13] the
plane wave is modulatingly stable if pQ >0 end instable,
if PQ < C Here the maximum increment of the modulational

instabilisy increase is ziven by the expression

X, = Q Poa : (27)
where fa is the wave initiel emplitude.
Assuming that frequency G is & real number and Solving
the dispersion relation (4) with respecti to the waveAvecto'r K

we obtain:

Y
K"’:u(1+_“‘zf-’i), K‘a’=w(1-_%l/i)_ (28)

AR Vw1

Substituting (28) into the product P() we shall find the re-
gions of modulational inetability over frequency &)  in the

"



fraquency region ( () > 1 ) where both the waves K ) and K @
ers sisble in the linear eprroximetion (Figs 1-2). For
the firat wave H.(") thaere are iwo regions of modulational
anstability (I end IIT) (Fig. 1) practically for all densities
ﬂéu up to unity ( II is the modulationat inatability region)

2
(2) iz instnble in the region I

vherras the second wave K
(Fig., 2.

in ¥igs 5«5 the Jdependences of the moduletional instsbi-
1ity inrrease increments determined by the ezpression (27)
upon frequencey W  for various values of v'?.go whence it is
seen that the meximum vaive of the increase increment decrea-
ses ag lhe densiiy n&_n-}f of the beam 3lectrons grows. TFor
sufficiently lerge frequencies &) >> 1  the incremse increment
g /f,oa tende to the constant valus 7/41’1 Go% Besides
there have been quantiintively founs the soiutions of the dis-
peraion releticn (4} with respeet to W end substituted in
the exfresnions Foxr the product PQ snd the regions of mo-
dulational instability for the dispersisn relation four hran-
chee heve been found whlch ere pregented in Fige (7-10). The
Marve 1 in Tiga 8 eud 9 covreaponds to ihe minimum value of
the wavs number Mm = { i+ Bo ’/5)3/2 above whicia these two
hranghes of the dispersion relation are stable in linssr ap-
proximaiion.

Jn the modulationali instabi‘lity regipns the Schredinger
noniinear equetion (24) admits the following roliton so?;.ut;i.crz

for the envelopz;a [16]:
P&~ U e)=vyep, sech[Km(§- Uge) ], (29)

12



where _P ~is coupled with the complex amplitude by the relau~

tion a‘=p(§ﬁ:)eie(§’¢) ( f‘ and O ave real), In the

formula - (29) Ug= 2Pk, h/m = (-:%L’)’/ef; is the maximum value

of the modulsatiorn wave vectoms The soliton given by the for-
nule (29) ie a steble formation. It 18 a solitary wave packet
propagsting with velocity U = Ug without form distortion.
The soliton amplitude maximum valune is \Fd-.-,,fo Let us give a
typical numerical ezample. At g, = 10:m" and electron energy
MUt 10 «ey the electrostatic fields in plasmma owing to the
moeéulational instability development can reach the vaelues of
the order of E('L 10""/cm at ﬁ’= 01 and E “h 103\,/‘:'"
at Po= 0,01 . '

In conclusion the Sujhors would like to thenk A.Ts.Ama-

tuni and A.A.BEukhedze for diacuséing the resulis.
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Fig. 2 Region of the modulational instebility (I) as e
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function of eritical frequency W, for the wave i

(in the region II the wave is stable).
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Mg, 3 Dependence of the neximum increese increment K”y f.z
of the modulational instability on the frequency W
for various values of néo for the wave Km in
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Fig. 5 Dependence of the maximum increese increment KM/ P.Z

of the modulational inatability on the freguency
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curve first branch (see Fig. 6).
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Fig, 8 Region of modulational instability (region II) es a
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curve second: branch.
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